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Preface

This is the third edition of my textbook intended for students who wish to obtain an
introduction to the theory of partial differential equations (PDEs, for short). Why
is there a new edition? The answer is simple: I wanted to improve my book. Over
the years, I have received much positive feedback from readers from all over the
world. Nevertheless, when looking at the book or using it for courses or lectures,
I always find some topics that are important, but not yet contained in the book, or
I see places where the presentation could be improved. In fact, I also found two
errors in Sect. 6.2, and several other corrections have been brought to my attention
by attentive and careful readers.

So, what is new? I have completely reorganized and considerably extended
Chap.7 on hyperbolic equations. In particular, it now also contains a treatment
of first-order hyperbolic equations. I have written a new Chap.9 on the relations
between different types of PDEs. I have inserted material on the regularity theory for
semilinear elliptic equations and systems in various places. In particular, there is a
new Sect. 14.3 that shows how to use the Harnack inequality to derive the continuity
of bounded weak solutions of semilinear elliptic equations. Such equations play an
important role in geometric analysis and elsewhere, and I therefore thought that such
an addition should serve a useful purpose. I have also slightly rewritten, reorganized,
or extended most other sections of the book, with additional results inserted here and
there.

But let me now describe the book in a more systematic manner. As an introduc-
tion to the modern theory of PDEs, it does not offer a comprehensive overview of
the whole field of PDEs, but tries to lead the reader to the most important methods
and central results in the case of elliptic PDEs. The guiding question is how one
can find a solution of such a PDE. Such a solution will, of course, depend on given
constraints and, in turn, if the constraints are of the appropriate type, be uniquely
determined by them. We shall pursue a number of strategies for finding a solution
of a PDE; they can be informally characterized as follows:

0. Write down an explicit formula for the solution in terms of the given data
(constraints). This may seem like the best and most natural approach, but this
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is possible only in rather particular and special cases. Also, such a formula
may be rather complicated, so that it is not very helpful for detecting qualitative
properties of a solution. Therefore, mathematical analysis has developed other,
more powerful, approaches.

1. Solve a sequence of auxiliary problems that approximate the given one and
show that their solutions converge to a solution of that original problem.
Differential equations are posed in spaces of functions, and those spaces are of
infinite dimension. The strength of this strategy lies in carefully choosing finite-
dimensional approximating problems that can be solved explicitly or numerically
and that still share important crucial features with the original problem. Those
features will allow us to control their solutions and to show their convergence.

2. Start anywhere, with the required constraints satisfied, and let things flow
towards a solution. This is the diffusion method. It depends on characterizing a
solution of the PDE under consideration as an asymptotic equilibrium state for a
diffusion process. That diffusion process itself follows a PDE, with an additional
independent variable. Thus, we are solving a PDE that is more complicated than
the original one. The advantage lies in the fact that we can simply start anywhere
and let the PDE control the evolution.

3. Solve an optimization problem and identify an optimal state as a solution of the
PDE. This is a powerful method for a large class of elliptic PDEs, namely, for
those that characterize the optima of variational problems. In fact, in applications
in physics, engineering, or economics, most PDEs arise from such optimization
problems. The method depends on two principles. First, one can demonstrate
the existence of an optimal state for a variational problem under rather general
conditions. Second, the optimality of a state is a powerful property that entails
many detailed features: If the state is not very good at every point, it could be
improved and therefore could not be optimal.

4. Connect what you want to know to what you know already. This is the continuity
method. The idea is that if you can connect your given problem continuously with
another, simpler, problem that you can already solve, then you can also solve the
former. Of course, the continuation of solutions requires careful control.

The various existence schemes will lead us to another, more technical, but equally
important, question, namely, the one about the regularity of solutions of PDEs. If one
writes down a differential equation for some function, then one might be inclined to
assume explicitly or implicitly that a solution satisfies appropriate differentiability
properties so that the equation is meaningful. The problem, however, with many of
the existence schemes described above is that they often only yield a solution in
some function space that is so large that it also contains nonsmooth and perhaps
even noncontinuous functions. The notion of a solution thus has to be interpreted in
some generalized sense. It is the task of regularity theory to show that the equation
in question forces a generalized solution to be smooth after all, thus closing the
circle. This will be the second guiding problem of this book.

The existence and the regularity questions are often closely intertwined. Reg-
ularity is often demonstrated by deriving explicit estimates in terms of the given



Preface vii

constraints that any solution has to satisfy, and these estimates in turn can be used
for compactness arguments in existence schemes. Such estimates can also often be
used to show the uniqueness of solutions, and, of course, the problem of uniqueness
is also fundamental in the theory of PDEs.

After this informal discussion, let us now describe the contents of this book in
more specific detail.

Our starting point is the Laplace equation, whose solutions are the harmonic
functions. The field of elliptic PDEs is then naturally explored as a generalization
of the Laplace equation, and we emphasize various aspects on the way. We shall
develop a multitude of different approaches, which in turn will also shed new light
on our initial Laplace equation. One of the important approaches is the heat equation
method, where solutions of elliptic PDEs are obtained as asymptotic equilibria of
parabolic PDEs. In this sense, one chapter treats the heat equation, so that the present
textbook definitely is not confined to elliptic equations only. We shall also treat
the wave equation as the prototype of a hyperbolic PDE and discuss its relation to
the Laplace and heat equations. In general, the behavior of solutions of hyperbolic
differential equations can be rather different from that of elliptic and parabolic
equations, and we shall use first-order hyperbolic equations to exhibit some typical
phenomena. In the context of the heat equation, another chapter develops the theory
of semigroups and explains the connection with Brownian motion. There exist
many connections between different types of differential equations. For instance,
the density function of a system of ordinary differential equations satisfies a first-
order hyperbolic equation. Such equations can be studied by semigroup theory, or
one can add a small regularizing elliptic term to obtain a so-called viscosity solution.

Other methods for obtaining the existence of solutions of elliptic PDEs, like the
difference method, which is important for the numerical construction of solutions,
the Perron method; and the alternating method of H.A. Schwarz are based on the
maximum principle. We shall present several versions of the maximum principle
that are also relevant to applications to nonlinear PDEs.

In any case, it is an important guiding principle of this textbook to develop
methods that are also useful for the study of nonlinear equations, as those present
the research perspective of the future. Most of the PDEs occurring in applications in
the sciences, economics, and engineering are of nonlinear types. One should keep in
mind, however, that, because of the multitude of occurring equations and resulting
phenomena, there cannot exist a unified theory of nonlinear (elliptic) PDEs, in
contrast to the linear case. Thus, there are also no universally applicable methods,
and we aim instead at doing justice to this multitude of phenomena by developing
very diverse methods.

Thus, after the maximum principle and the heat equation, we shall encounter
variational methods, whose idea is represented by the so-called Dirichlet principle.
For that purpose, we shall also develop the theory of Sobolev spaces, including
fundamental embedding theorems of Sobolev, Morrey, and John—Nirenberg. With
the help of such results, one can show the smoothness of the so-called weak
solutions obtained by the variational approach. We also treat the regularity theory of
the so-called strong solutions, as well as Schauder’s regularity theory for solutions in
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Holder spaces. In this context, we also explain the continuity method that connects
an equation that one wishes to study in a continuous manner with one that one
understands already and deduces solvability of the former from solvability of the
latter with the help of a priori estimates.

The final chapter develops the Moser iteration technique, which turned out to be
fundamental in the theory of elliptic PDEs. With that technique one can extend many
properties that are classically known for harmonic functions (Harnack inequality,
local regularity, maximum principle) to solutions of a large class of general elliptic
PDEs. The results of Moser will also allow us to prove the fundamental regularity
theorem of de Giorgi and Nash for minimizers of variational problems.

At the end of each chapter, we briefly summarize the main results, occasionally
suppressing the precise assumptions for the sake of saliency of the statements. I
believe that this helps in guiding the reader through an area of mathematics that
does not allow a unified structural approach, but rather derives its fascination from
the multitude and diversity of approaches and methods and consequently encounters
the danger of getting lost in the technical details.

Some words about the logical dependence between the various chapters: Most
chapters are composed in such a manner that only the first sections are necessary
for studying subsequent chapters. The first—rather elementary—chapter, however,
is basic for understanding almost all remaining chapters. Section 3.1 is useful,
although not indispensable, for Chap.4. Sections 5.1 and 5.2 are important for
Chaps. 7 and 8. Chapter 9, which partly has some survey character, connects various
previous chapters. Sections 10.1-10.4 are fundamental for Chaps. 11 and 14, and
Sect. 11.1 will be employed in Chaps. 12 and 14. With those exceptions, the various
chapters can be read independently. Thus, it is also possible to vary the order in
which the chapters are studied. For example, it would make sense to read Chap. 10
directly after Chap. 2, in order to see the variational aspects of the Laplace equation
(in particular, Sect. 10.1) and also the transformation formula for this equation with
respect to changes of the independent variables. In this way one is naturally led to a
larger class of elliptic equations. In any case, it is usually not very efficient to read
a mathematical textbook linearly, and the reader should rather try first to grasp the
central statements.

This book can be utilized for a one-year course on PDEs, and if time does not
allow all the material to be covered, one could omit certain sections and chapters,
for example, Sect. 4.3 and the first part of Sect. 4.4 and Chap. 12. Also, Chap. 9 will
not be needed for the rest of the book. Of course, the lecturer may also decide to
omit Chap. 14 if he or she wishes to keep the treatment at a more elementary level.

This book is based on various graduate courses that I have given at Bochum and
Leipzig. I thank Antje Vandenberg for general logistic support, and of course also
all the people who had helped me with the previous editions. They are listed in
the previous prefaces, but I should repeat my thanks to Lutz Habermann and Knut
Smoczyk here for their help with the first edition.
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Concerning corrections for the present edition, I would like to thank Andreas
Schifer for a very detailed and carefully compiled list of corrections. Also, I thank
Lei Ni for pointing out that the statement of Lemma 5.3.2 needed a qualification.
Finally, I thank my son Leonardo Jost for a discussion that leads to an improvement
of the presentation in Sect. 11.3. I am also grateful to Tim Healey and his students
Robert Kesler and Aaron Palmer for alerting me to an error in Sect. 13.1.

Leipzig, Germany Jiirgen Jost
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Chapter 1
Introduction: What Are Partial Differential
Equations?

As a first answer to the question, What are PDEs, we would like to give a definition:

Definition 1. A PDE is an equation involving derivatives of an unknown function
u: 2 — R, where §2 is an open subset of RY, d > 2 (or, more generally, of a
differentiable manifold of dimension d > 2).

Often, one also considers systems of PDEs for vector-valued functions u: 2 —
R¥, or for mappings with values in a differentiable manifold.

The preceding definition, however, is misleading, since in the theory of PDEs
one does not study arbitrary equations but concentrates instead on those equations
that naturally occur in various applications (physics and other sciences, engineering,
economics) or in other mathematical contexts.

Thus, as a second answer to the question posed in the title, we would like to
describe some typical examples of PDEs. We shall need a little bit of notation:
A partial derivative will be denoted by a subscript,

u
u,i:=— fori=1,...,d.
* dx!
In case d = 2, we write x, y in place of x!, x2. Otherwise, x is the vector

X = (xl,...,xd).
Examples. (1) The Laplace equation

d
Au = Z ui =0 (A is called the Laplace operator),

i=1
or, more generally, the Poisson equation

Au = f fora given function [ :2 — R.

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 1
DOI 10.1007/978-1-4614-4809-9_1,
© Springer Science+Business Media New York 2013
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For example, the real and imaginary parts u and v of a holomorphic function
u: 2 — C (2 C C open) satisty the Laplace equation. This easily follows
from the Cauchy—Riemann equations:

Uy =Vy, . .
with z=x+41iy

Uy = —vy,
implies

Upy + Uyy =0 = vy + Vyy.

The Cauchy—Riemann equations themselves represent a system of PDEs. The
Laplace equation also models many equilibrium states in physics, and the
Poisson equation is important in electrostatics.

The heat equation: Here, one coordinate ¢ is distinguished as the “time”

coordinate, while the remaining coordinates x!,...,x¢ represent spatial

variables. We consider
u:2xRY >R, QopeninRY, RY:={recR:t>0}

and pose the equation

d
u; = Au, where again Au := E Uyi i

i=1

The heat equation models heat and other diffusion processes.
The wave equation: With the same notation as in (2), here we have the equation

Uy = Au.

It models wave and oscillation phenomena.
The Korteweg—de Vries equation

Uy — 6utty 4+ tyxy =0

(notation as in (2), but with only one spatial coordinate x) models the
propagation of waves in shallow waters.
The Monge—Ampere equation

2
UxxUyy — uxy = f’

or in higher dimensions
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with a given function f, is used for finding surfaces (or hypersurfaces) with
prescribed curvature.
The minimal surface equation

(6)
(1 + ui) Uy — 2cttyityy + (14 13) uyy =0

describes an important class of surfaces in R?

The Maxwell equations for the electric field strength £ = (E, E,, E3) and
the magnetic field strength B = (By, B;, B3) as functions of

(@, x', x%, x3):

(N

div B=0
B +curl E=0

div £ = 4mp
E, —curl E = —4nj

(magnetostatic law),
(magnetodynamic law),
(electrostatic law, o = charge density),

(electrodynamic law, j = current density),

where div and curl are the standard differential operators from vector analysis
with respect to the variables (xl X2, x3) eR3

The Navier—Stokes equations for the velocity v(x, ¢) and the pressure p(x, )
of an incompressible fluid of density o and viscosity 7:

®)

3
ov! +QZvivi,- —nAv = —p,; forj =123,
i=1

divyv =0
d=3,v= 0.

The Einstein field equations of the theory of general relativity for the curvature
of the metric (g;;) of space-time:

(€))

fori,j =0,1,2,3 (the index O stands for the

1
R — —giiR = «T};
I ! time coordinate ¢ = x°).

Here, « is a constant, T;; is the energy—momentum tensor (considered as
given), while

> (9
Rij::Z akF Fz

k=0

+23:(sz

=0

- 1T ))

(Ricci curvature)
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with
I 0 ? 0
ry =3 [Z:;gk[ (Wgﬂ TS ngj)
and
(g") :=(gi;j)~" (inverse matrix)
and

3
R := Z gij R;; (scalar curvature).
ij=0

Thus R and R;; are formed from first and second derivatives of the unknown
metric (g;;).
The Schrodinger equation

hz
ihu, = ——Au+ V(x, u)
2m

(m = mass, V = given potential, u: 2 — C) from quantum mechanics is
formally similar to the heat equation, in particular in the case V' = 0. The
factori (= J—_l), however, leads to crucial differences.

The plate equation

AAu=0

even contains fourth derivatives of the unknown function.

We have now seen many rather different-looking PDEs, and it may seem hopeless
to try to develop a theory that can treat all these diverse equations. This impression
is essentially correct, and in order to proceed, we want to look for criteria for
classifying PDEs. Here are some possibilities:

@

Algebraically, i.e., according to the algebraic structure of the equation:

(a) Linear equations, containing the unknown function and its derivatives only
linearly. Examples (1), (2), (3), (7), (11), as well as (10) in the case where

V is a linear function of u.
An important subclass is that of the linear equations with constant
coefficients. The examples just mentioned are of this type; (10), however,
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only if V(x,u) = vo - u with constant vo. An example of a linear equation
with nonconstant coefficients is

d d

Z % (@ (X)) + Z % (b' (x)u) + c(x)u =0

ij=1 i=1

with nonconstant functions a'/ , b', c.
(b) Nonlinear equations.
Important subclasses:

— Quasilinear equations, containing the highest-occurring derivatives of
u linearly. This class contains all our examples with the exception of
(5).

— Semilinear equations, i.e., quasilinear equations in which the term with
the highest-occurring derivatives of u does not depend on u or its lower-
order derivatives. Example (6) is a quasilinear equation that is not
semilinear.

PDEs that are not quasilinear are called fully nonlinear. Example (5) is a fully
nonlinear equation.

Naturally, linear equations are simpler than nonlinear ones. We shall
therefore first study some linear equations.
According to the order of the highest-occurring derivatives: The Cauchy—
Riemann equations and (7) are of first order; (1), (2), (3), (5), (6), (8), (9), (10)
are of second order; (4) is of third order; and (11) is of fourth order. Equations
of higher order rarely occur, and most important PDEs are second-order PDEs.
Consequently, in this textbook we shall almost exclusively study second-order
PDEs.
In particular, for second-order equations the following partial classifications
turns out to be useful:
Let

F (X,M,Mxi,lxlxixj) =0
be a second-order PDE. We write the equation in symmetric form, that is,

replace u,i; by %(I/lxi i+ ). We then introduce dummy variables and
study the function

F (x,u,pi,pij) .

The equation is called elliptic in §2 at u(x) if the matrix
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is positive definite for all x € 2. (If this matrix should happen to be negative
definite, the equation becomes elliptic by replacing F by —F'.) Note that this
may depend on the function u. For example, if f(x) > 0in (5), the equation is
elliptic for any solution u with u,, > 0. (For verifying ellipticity, one should
write in place of (5)

UxxUyy — UxyUyx — f =0,

which is equivalent to (5) for a twice continuously differentiable u.) Examples
(1) and (6) are always elliptic.

The equation is called hyperbolic if the above matrix has precisely one
negative and (d —1) positive eigenvalues (or conversely, depending on a choice
of sign). Example (3) is hyperbolic, and so is (5), if f(x) < 0, for a solution u
with u,, > 0. Finally, an equation that can be written as

w = F(t,x,u,uyi, uyi)

with elliptic F' is called parabolic. Note, however, that there is no longer a
free sign here, since a negative definite (F),; ) is not allowed. Example (2) is
parabolic. Obviously, this classification does not cover all possible cases, but
it turns out that other types are of minor importance only. Elliptic, hyperbolic,
and parabolic equations require rather different theories, with the parabolic
case being somewhat intermediate between the elliptic and hyperbolic ones,
however.

According to solvability:We consider a second-order PDE

F(x,u,u,ui)=0foru: 2 —R,

and we wish to impose additional conditions upon the solution u, typically
prescribing the values of u or of certain first derivatives of u# on the boundary
a2 or part of it.

Ideally, such a boundary value problem satisfies the three conditions of
Hadamard for a well-posed problem:

— Existence of a solution « for given boundary values.
— Uniqueness of this solution.
— Stability, meaning continuous dependence on the boundary values.

The third requirement is important, because in applications, the boundary
data are obtained through measurements and thus are given only up to certain
error margins, and small measurement errors should not change the solution
drastically.

The existence requirement can be made more precise in various senses:
The strongest one would be to ask that the solution be obtained by an explicit
formula in terms of the boundary values. This is possible only in rather
special cases, however, and thus one is usually content if one is able to
deduce the existence of a solution by some abstract reasoning, for example
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by deriving a contradiction from the assumption of nonexistence. For such an
existence procedure, often nonconstructive techniques are employed, and thus
an existence theorem does not necessarily provide a rule for constructing or at
least approximating some solution.

Thus, one might refine the existence requirement by demanding a construc-
tive method with which one can compute an approximation that is as accurate
as desired. This is particularly important for the numerical approximation
of solutions. However, it turns out that it is often easier to treat the two
problems separately, i.e., first deducing an abstract existence theorem and then
utilizing the insights obtained in doing so for a constructive and numerically
stable approximation scheme. Even if the numerical scheme is not rigorously
founded, one might be able to use one’s knowledge about the existence
or nonexistence of a solution for a heuristic estimate of the reliability of
numerical results.

Exercise. Find five more examples of important PDEs in the literature.



Chapter 2

The Laplace Equation as the Prototype

of an Elliptic Partial Differential Equation
of Second Order

2.1 Harmonic Functions: Representation Formula
for the Solution of the Dirichlet Problem on the Ball
(Existence Techniques 0)

In this section £ is a bounded domain in R¢ for which the divergence theorem
holds; this means that for any vector field V of class C'(£2) N C°(£2),

/div V(x)dx =/ V(z) - v(z)do(2), (2.1.1)
o) 2

where the dot - denotes the Euclidean product of vectors in R?, v is the exterior
normal of 9§2, and do(z) is the volume element of d§2. Let us recall the definition
of the divergence of a vector field V = (Vl, R Vd) C Q2 — R4

4 oy
div V(x) : Z 8_

In order that (2.1.1) holds, it is, for example, sufficient that d§2 be of class C L

Lemma 2.1.1. Let u,v € C%(82). Then we have Green’s st formula

/v(x)Au(x)dx—i—/ Vu(x) - Vv(x)dx 2/ v(z)g—u(z)do(z) (2.1.2)
2 2 a2 v

(here, Vu is the gradient of u), and Green’s 2nd formula

[ @) —uavenar = [ o gto -y o] dow.
2 a2 v v
(2.13)

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 9
DOI 10.1007/978-1-4614-4809-9_2,
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Proof. With V(x) = v(x)Vu(x), (2.1.2) follows from (2.1.1). Interchanging u and
vin (2.1.2) and subtracting the resulting formula from (2.1.2) yield (2.1.3). O

In the sequel we shall employ the following notation:
B(x,r):={yeR?:|x—y| <r} (closed ball)
and
l%(x,r) ={yeR!:|x—y|<r} (open ball)

forr >0, x € R4

Definition 2.1.1. A function u € C?(£2) is called harmonic (in £2) if
Au=0 in§£2.

In Definition 2.1.1, £ may be an arbitrary open subset of R?. We begin with the
following simple observation:

Lemma 2.1.2. The harmonic functions in §2 form a vector space.

Proof. This follows because A is a linear differential operator. O

Examples of harmonic functions:

1. In RY, all constant functions and, more generally, all affine linear functions are
harmonic.
2. There also exist harmonic polynomials of higher order, for example,

u(x) = (x1)2 — (x2)2

forx = (x',...,x%) e RY
3. Let h : D — C be holomorphic for some open D C C; that means that & is
differentiable in D and satisfies

9 5 1/9 9
p—owith L= L2 ;2 214
gph = O with 52 2(ax+’ay)’ (214

where z = x +iy (withi := V-1 being the imaginary unit) is the coordinate on
Candz = x—iy. (Thus, in contrast to our standard notation, we now write (x, y)
in place of (x!, x2), as this corresponds to the convention usually employed in
complex analysis.) If we decompose 7 = u + iv into its real and imaginary
parts, (2.1.4) becomes the system of Cauchy—Riemann equations

8u_8v 8u_ av (2.1.5)
ox dy dy  ox’ o
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When u and v are twice differentiable (which, in fact, automatically follows
from (2.1.4) as one of the basic facts of complex analysis (cf., e.g., [1])—see
also Corollary 2.2.1 below), this implies

Pu Pu v 9
UL T gand 24 2, 216
2 Ty T VM T2 (2.1.6)

i.e., the real and imaginary part of a holomorphic function are harmonic.
Conversely, given a harmonic function # : D — R, as shown in complex
analysis, one may then solve (2.1.5) for v to obtain a holomorphic function
h=u+iv:D — C.

When, in analogy to (2.1.4), we also use the notation

9 zl(i_ii), 2.1.7)

we obtain the decomposition for the Laplace operator on C =~ R?

9% 9%
Froare

_ (9 .9 8+_8
— \ox lay ax lay
d d

=4——. 2.1.8
0z 0z ( )

A =

4. For x,y € RY with x # y (be careful: we revert to our original notation, i.e.,
X,y now are vectors again, not scalar components as in the previous example),
we put

1
5-log|x — y| ford =2
Fx.y)y:=T(x—yh=1"" o (2.1.9)
Mlx—ﬂ fOI'd>2,
where wy is the volume of the d -dimensional unit ball B(0, 1) C R¢.
We have

9 T y
e y) = — (¥ — ) x =y,
g L) = o (X' =) |x =yl
2

1 . ) ) .
Peey) = gl = yPoy —d (x =) (=)l =y 77

Axidx
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Thus, as a function of x, I' is harmonic in R? \ {y}. Since I is symmetric in x
and y, it is then also harmonic as a function of y in R \ {x}. The reason for the
choice of the constants employed in (2.1.9) will become apparent after (2.1.13)
below.

Definition 2.1.2. I" from (2.1.9) is called the fundamental solution of the Laplace
equation.

What is the reason for this particular solution I of the Laplace equation in R? \
{y}? The answer comes from the rotational symmetry of the Laplace operator. The
equation

Au=0

is invariant under rotations about an arbitrary center y. (If A € O(d) (orthogonal
group) and y € R, then for a harmonic u(x), u(A(x—y)+ y) is likewise harmonic.)
Because of this invariance of the operator, one then also searches for invariant
solutions, i.e., solutions of the form

u(x) = @(r) withr = |x — y|.

The Laplace equation then is transformed into the following equation for ¢ as a
function of r, with  denoting a derivative with respect to r,

d—1
¢'(r) + ——¢() = 0.

Solutions have to satisfy
¢'(r) =cr'™

with constant c. Fixing this constant plus one further additive constant leads to the
fundamental solution I"(r).

Theorem 2.1.1 (Green representation formula). If u € C2(£2), we have for
y € £2,

wn = [ {u(x)

(here, the symbol % indicates that the derivative is to be taken in the direction of
the exterior normal with respect to the variable x).

or
vy

0
(x.3) = I'(x, y)ﬁ(x)} do) + [ Ix.y)dutods
(2.1.10)

Proof. For sufficiently small ¢ > 0,
B(y.e) C £2,

since £2 is open. We apply (2.1.3) for v(x) = I'(x, y) and £2 \ B(y, €) (in place of
£2). Since I" is harmonic in §2 \ {y}, we obtain
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d
/ I'(x. ) Au(x)dx = / {r(x Do) (L y)} do(x)
2\B(y.¢) R Vy
d
+/ {F(x Vot ) —u(n L y)}do(x).
B(y.e) Vy
2.1.11)

In the second boundary integral, v denotes the exterior normal of 2\ B(y, ), hence
the interior normal of B(y, ¢).

We now wish to evaluate the limits of the individual integrals in this formula for
e — 0. Since u € C?(£2), Au is bounded. Since I" is integrable, the left-hand side
of (2.1.11) thus tends to

/ I'(x,y)Au(x)dx.
o)
On 0B(y, ¢), we have I'(x, y) = I'(¢). Thus, for ¢ — 0,

I'(x, y)—(x)do(x) < dwqe? ' (¢) sup |Vu| — 0.

0B(y.€) B(y.e)
Furthermore,
oI (x, a
- / ) EED oy = 2 re w(x)do(x)
B(y.c) R de 9B(y.c)
(since v is the interior normal of B(y, €))
ey
=— u(x)do(x) — u(y).

dwae?™" Jop(y.e) ) ) o

Altogether, we get (2.1.10). O

Remark. Applying the Green representation formula for a so-called test function
@ € C(£2)," we obtain

o) = [ T A .L12)
2
This can be written symbolically as
AT (x,y) = 0,, (2.1.13)

where A, is the Laplace operator with respect to x and &, is the Dirac delta
distribution, meaning that for ¢ € C$°(£2),

8ylel :== @ ().

LCPR(R2) :={f € C°(R), supp(f) := {x : f(x) # 0} is a compact subset of £2}.
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In the same manner, AI'( -, y) is defined as a distribution, i.e.,

AT(- )] = /Q F(x.y) Ap(x)dx.

Equation (2.1.13) explains the terminology “fundamental solution” for I", as well
as the choice of constant in its definition.

Remark. By definition, a distribution is a linear functional £ on C§° that is
continuous in the following sense:

Suppose that (¢, ),en C C$°(82) satisfies ¢, = 0 on 2\ K for all n and some fixed
compact K C §2 as well as lim,— o0 D*¢,(x) = 0 uniformly in x for all partial
derivatives D¢ (of arbitrary order). Then

lim ¢lgs] =0

must hold.

We may draw the following consequence from the Green representation formula:
If one knows Au, then u is completely determined by its values and those of
its normal derivative on d2. In particular, a harmonic function on £2 can be
reconstructed from its boundary data. One may then ask conversely whether one
can construct a harmonic function for arbitrary given values on 052 for the function
and its normal derivative. Even ignoring the issue that one might have to impose
certain regularity conditions like continuity on such data, we shall find that this is
not possible in general, but that one can prescribe essentially only one of these two
data. In any case, the divergence theorem (2.1.1) for V(x) = Vu(x) implies that
because of A = div grad, a harmonic u has to satisfy

/ %do(x) :/ Au(x)dx =0, (2.1.14)
an v 2

so that the normal derivative cannot be prescribed completely arbitrarily.

Definition 2.1.3. A function G(x, y), defined for x,y € £, x # y, is called a
Green function for §2 if:

1. G(x,y) = 0forx € 952.
2. h(x,y) := G(x,y) — I'(x, y) is harmonic in x € §2 (thus in particular also at
the point x = y).

We now assume that a Green function G(x, y) for £2 exists (which indeed is true
for all £2 under consideration here) and put v(x) = h(x, y) in (2.1.3) and subtract
the result from (2.1.10), obtaining

u(y) = /89 u(x)@do(x) + /Q G(x,y)Au(x)dx. (2.1.15)
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Equation (2.1.15) in particular implies that a harmonic u is already determined by
its boundary values u,.

This construction now raises the converse question: If we are given functions
@02 — R, f: 2 — R, can we obtain a solution of the Dirichlet problem for
the Poisson equation

Au(x) = f(x) forx € 2,

(2.1.16)
u(x) = p(x) forx € 9452,
by the representation formula
G
w) = [ o0 dow + [ feocepae @

After all, if u is a solution, it does satisfy this formula by (2.1.15).

Essentially, the answer is yes; to make it really work, however, we need to impose
some conditions on ¢ and f. A natural condition should be the requirement that
they be continuous. For ¢, this condition turns out to be sufficient, provided that
the boundary of 2 satisfies some mild regularity requirements. If £2 is a ball, we
shall verify this in Theorem 2.1.2 for the case f = 0, i.e., the Dirichlet problem
for harmonic functions. For f, the situation is slightly more subtle. It turns out
that even if f is continuous, the function u defined by (2.1.17) need not be twice
differentiable, and so one has to exercise some care in assigning a meaning to the
equation Au = f. We shall return to this issue in Sects. 12.1 and 13.1 below. In
particular, we shall show that if we require a little more about f, namely, that it
be Holder continuous, then the function u given by (2.1.17) is twice continuously
differentiable and satisfies

Au = f.
Analogously, if H(x, y) for x,y € 2, x # y is defined with?

0

1
, = —— fi c 052
B0 E

and a harmonic difference H(x, y) — I'(x, y) as before, we obtain
0) = gt [ o~ [ Hex o)
u(y) = —— u(x)do(x) — x,y)—(x)do(x
982 Joe 092 dv

+/ H(x,y)Au(x)dx. (2.1.18)
2

Here, [|082|| denotes the measure of the boundary 952 of £2; it is given as [, do(x).
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If now u; and u, are two harmonic functions with

8u1 _ 8142
v e N

applying (2.1.18) to the difference u = u; — u, yields

() — ua(y) = m /3 0 =10 o). (2.1.19)

Since the right-hand side of (2.1.19) is independent of y, u; — u, must be constant
in £2. In other words, a solution of the Neumann boundary value problem

Au(x) =0 forx € £2,

(2.1.20)
@ =g(x) forx € df2

v
is determined only up to a constant, and, conversely, by (2.1.14), a necessary
condition for the existence of a solution is

/ g(x)do(x) = 0. (2.1.21)
a2

Boundary conditions tend to make the theory of PDEs difficult. Actually, in many
contexts, the Neumann condition is more natural and easier to handle than the
Dirichlet condition, even though we mainly study Dirichlet boundary conditions
in this book as those occur more frequently. There is in fact another, even easier,
boundary condition, which actually is not a boundary condition at all, the so-called
periodic boundary condition. This means the following. We consider a domain of
the form £2 = (0, L;) x --- x (0, Ly) C R? and require for u : 2 — R that

u(xl,...,xi_l,L,-,x,-+1,...,xd) = u(xl,...,x,-_l,O,x,-+1,...,xd) (2122)

forall x = (x1,...,xq) € £2, i = 1,...,d. This means that u can be periodically
extended from £2 to all of R?. A reader familiar with basic geometric concepts will
view such a u as a function on the torus obtained by identifying opposite sides in
£2. More generally, one may then consider solutions of PDEs on compact manifolds.

Anyway, we now turn to the Dirichlet problem on a ball. As a preparation, we
compute the Green function G for such a ball B(0, R). For y € R, we put

2
__ )iy fory #0,
y = y
%) for y = 0.
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(y is the point obtained from y by reflection across dB(0, R).) We then put

rlx=yh =1 (Y1 —51) fory#o,
I'(|x])—=T'(R) fory = 0.

G(x,y) = (2.1.23)

For x # y, G(x,y) is harmonic in x, since for y € 5(0, R), the point y lies in
the exterior of B(0, R). The function G(x, y) has only one singularity in B(0, R),
namely, at x = y, and this singularity is the same as that of I"(x, y). The formula

)

I3 20,12
G@w>=r(0ﬂ?+wf—mwﬁ )—r (”'W'+4v_zxy)

R2
(2.1.24)
then shows that for x € dB(0, R), i.e., |x| = R, we have indeed
G(x,y)=0.

Therefore, the function G(x, y) defined by (2.1.23) is the Green function of B(0, R).
Equation (2.1.24) also implies the symmetry

G(x,y) =G(y,x). (2.1.25)

Furthermore, since I"(|x — y|) is monotonic in |x — y|, we conclude from (2.1.24)
that

G(x,y) <0 forx,y e B(0,R). (2.1.26)
Since for x € dB(0, R),
2.2
X
Wy —2ey = EERE g oy,
R
(2.1.24) furthermore implies for x € dB(0, R) that
9 0 x| Ll P
—G(x,y) = —G(x,y) = — -
guy OO = g G = g x—y[  dwgx—y? R

R -y’ 1
dogR |x —y|*

Inserting this result into (2.1.15), we obtain a representation formula for a harmonic
u € C%(B(0, R)) in terms of its boundary values on dB(0, R):

R — |y u(x)
u(y) = ~— 1 Y o). (2.1.27)
») doqR  Jopo.r |x — y|* (x)
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The regularity condition here can be weakened; in fact, we have the following
theorem:

Theorem 2.1.2. (Poisson representation formula; solution of the Dirichlet prob-
lem on the ball): Let ¢ : 0B(0, R) — R be continuous. Then u, defined by

2142 X r
Rdw,BtJ faB(o,R) \x(p—(uy)\d do(x) fory e B(0.R).
0(y) fory € dB(0, R),

u(y) ;== (2.1.28)

is harmonic in the open ball lo}(O, R) and continuous in the closed ball B(0, R).

Proof. Since G is harmonic in y, so is the kernel of the Poisson representation
formula

R — |y

—d
_— X — .
dor R lx — vl

G
K(x,y):= 5

(x,y) =

Thus u is harmonic as well.
It remains only to show continuity of u on dB(0, R). We first insert the harmonic
function # = 1 in (2.1.27), yielding

/ K(x,y)do(x) =1 forally e 12’(0, R). (2.1.29)
dB(O,R)

We now consider yo € dB(0, R). Since ¢ is continuous, for every & > 0 there exists
8 > 0 with

&
lp(x) —@(yo)| < 3 for |x — yo| < 26. (2.1.30)
With
= sup |o(y)|.
y€dB(0.R)

by (2.1.28) and (2.1.29) we have for |y — yo| < 4 that
uoo—uwwjzyf K(x.9) (0(x) = ¢(30)) do(x)
3B(O,R)
<[ K@ - e00ldot)
[x—yo|<28

+/ K(x. ) 10(x) — 9(30)| do(x)
[x—yo[>28

£ 2 12\ pd—2¢—d
§2+2u(R |y|)R 5. (2.1.31)
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For estimating the second integral, note that because of |y — yo| < &, for
|x —yo| > 26 also |x —y| > §. Having chosen ¢, we have fixed 6. Then, for
showing continuity, we may assume that y is sufficiently close to y. Thus, since
|yo| = R, for sufficiently small |y — yy|, then also the second term on the right-hand
side of (2.1.31) becomes smaller than &/2, and we see that u is continuous at yy. O

Corollary 2.1.1. For ¢ € C°B(0, R)), there exists a unique solution u € C?
(;}(0, R)) N C°(B(0, R)) of the Dirichlet problem

Au(x) =0 for x € l;(O, R),
u(x) = ¢(x) forx € dB(0, R).

Proof. Theorem 2.1.2 shows the existence. Uniqueness follows from (2.1.15);
however, in (2.1.15) we have assumed u € C?(B(0, R)), while more generally, here
we consider continuous boundary values. This difficulty is easily overcome: Since u

is harmonic in lc}(O, R), itis of class C? in lOR(O, R), for example, by Corollary 2.1.2
below. Consequently, for |y| < r < R, applying (2.1.27) with r in place of R,
e P u(x)
dwar Jior) |x — y|?
and since u is continuous in B(0, R), we may let r tend to R in order to get the
representation formula in its full generality. O

u(y) = do(x),

Corollary 2.1.2. Any harmonic function u : 2 — R is real analytic in 2.

Proof. Let z € £2 and choose R such that B(z, R) C £2. Then by (2.1.27), for
Yy € B(z, R),

R —|y -2’ u(x)
uy) = — 2 2 _do(v),
doaR — Joper) |x —y|
which is a real analytic function of y € g(z, R). O

2.2 Mean Value Properties of Harmonic Functions.
Subharmonic Functions. The Maximum Principle

Theorem 2.2.1 (Mean value formulae). A continuous or, more generally, a
measurable and locally integrable u : §2 — R is harmonic if and only if for any
ball B(xy,r) C £2,

1

M(.X()) = S(M,X(),r) = W

/ u(x)do(x) (spherical mean), (2.2.1)
dB(xp,r)
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or equivalently, if for any such ball,

u(xo) = K(u, xo,r) := / u(x)dx (ball mean). (2.2.2)
B(xo.r)

wqr?

Proof. “=":

Let u be harmonic. (By definition, « then is twice differentiable, hence continuous,
but see Corollary 2.2.1 below on this point.) Then (2.2.1) follows from Poisson’s
formula (2.1.27) (since we have written (2.1.27) only for the ball B(0, R), take the
harmonic function v(x) := u(x + xo) and apply the formula at the point x = 0).
Alternatively, we may prove (2.2.1) from the following observation:

Letu € C2(B(y,7)), 0 < 0 < r. Then by (2.1.1)

/ Au(x)dx :/ %(x)do(x)
B(v.0) 9B(y.0) OV

9
= / 2+ ow)o" dw
0

B(0,1) do
in polar coordinates w = =y
Q
a-1 9
=0 u(y + ow)dw
do 9B(0,1)
d-1 0 1—d
=0 -\ u(x)do(x)
do 3B(y.0)
0
=dwg0"™ FPRGE) (2.2.3)

If u is harmonic, this yields a%S(u, y,0) = 0, and so S(u, y, 0) is constant in p.
Because of

u(y) = lim S(u, y, 0), (2.2.4)
Q—)

for a continuous u this implies the spherical mean value property. Because of

d [’ _
K(u, xo, 1) = = / S(u, x0, 0)0" 'do, (2.2.5)
0

we also get (2.2.2) if (2.2.1) holds for all radii ¢ with B(xg, ) C £2.
4‘¢9’:
We point out that in the argument to follow, we do not need the continuity of u; it
suffices that u be measurable and locally integrable.

We have just seen that the spherical mean value property implies the ball mean
value property. The converse also holds:
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If K(u, xo, r) is constant as a function of r, i.e., by (2.2.5)
ad d d
0= _K(M, X0, r) = _S(u7 X0, r) - _K(uv X0, I‘),
or r r

then S (u, xo, r) is likewise constant in r, and by (2.2.4) it thus always has to equal
u(xop).

Suppose now (2.2.1) for B(xo,r) C §2. We want to show first that u then has to
be smooth. For this purpose, we use the following general construction:
Put

1 .
: > fo<t<l,
o(t) ;Z{Cdexp(rz—l) ifo=r<

otherwise,

where the constant ¢, is chosen such that

/ o(lxdx = 1.
]Rd

The reader should note that o(|x|) is infinitely differentiable with respect to x. For
f € L'(22), B(y,r) C 2, we consider the so-called mollification

1 [y — x|
fr(y) = r_d/QQ (T) S(x)dx. (2.2.6)

Then f, is infinitely differentiable with respect to y.
If now (2.2.1) holds, we have

v = [ , / o (5) ot

1
rdo

0 (i) dwgs®'S(u, y, s)ds
;
1
—u(») [ e@)dwso’ o
0

= u(y) /B RICIE

= u(y).
Thus a function satisfying the mean value property also satisfies

u,(x) = u(x), providedthat B(x,r) C 2.

Thus, with u, also u is infinitely differentiable. We may thus again consider (2.2.3),
ie.,
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/ Au(x)dx = dwdgd_liS(u, y,0). 2.2.7)
B(y.0) do

If (2.2.7) holds, then S(u, xo, 0) is constant in g, and therefore, the right-hand side
of (2.2.7) vanishes for all y and o with B(y, o) C £2. Thus, also

Au(y) =0

forall y € £2, and u is harmonic. O
With this observation, we easily obtain the following corollary:

Corollary 2.2.1 (Weyl’s lemma). Let u : 2 — R be measurable and locally
integrable in §2. Suppose that for all ¢ € C§°(82),

/ u(x)Agp(x)dx = 0.
Q

Then u is harmonic and, in particular, smooth.

Proof. We again consider the mollifications

w =7 [ o B )ua

For ¢ € C5° and r < dist(supp(¢), 9§2), we obtain

(1 [y — x|
[wwapwar= [ [ oM uoarapw

=/MWM%@My
2

exchanging the integrals and observing that (A¢), = A(e,),
so that the Laplace operator commutes with the mollification

=0,

since by our assumption for r also ¢, € C5°(£2).
Since u, is smooth, this also implies

/ Au, (x)p(x)dx =0 forall p € C5°(£2,),
2

with 2, := {x € £ : dist(x, 082) > r}.
Hence,
Au, =0 in$2,.

Thus, u, is harmonic in £2,.
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We consider R > 0and 0 < r < %R. Then u, satisfies the mean value property
on any ball with center in §2, and radius < %R. Since

[ L |x =yl
/Qr lur(y)| dy _/Qr - /_QQ(—r )Iu(x)|dxdy

< /Q ()] dx

obtained by exchanging the integrals and using [p, rldg (I":—”) dy = 1, the u, have

uniformly bounded norms in L'(£2), if u € L'(£2). If u is only locally integrable,
the preceding reasoning has to be applied locally in §2, in order to get the local
uniform integrability of the u,. Since this is easily done, we assume for simplicity
ue L'(R).

Since the u, satisfy the mean value property on balls of radius %R, this implies
that they are also uniformly bounded (keeping R fixed and letting r tend to 0).
Furthermore, because of

1 /2\¢ ;
Jur(x1) — 1y (x2)] or \ R PRV L4 SOl

UB(x2.R/2)\B(x1.R/2)

IA

1

d
a)_d (%) sup |u,| 2Vol (B(x1, R/2) \ B(x2, R/2)),

IA

the u, are also equicontinuous. Thus, by the Arzela—Ascoli theorem, for r — 0, a
subsequence of the u, converges uniformly towards some continuous function v. We
must have u = v, because u is (locally) in L'(£2), and so for almost all x € £2, u(x)
is the limit of u,(x) for r — 0 (cf. Lemma A.3). Thus, u is continuous, and since
all the u, satisfy the mean value property, so does u. Theorem 2.2.1 now implies the
claim. O

Definition 2.2.1. Let v : £ — [—00,00) be upper semicontinuous, but not
identically —oo. Such a v is called subharmonic if for every subdomain £2" CC §2
and every harmonic function u : 2’ — R (we assume u € C°(£2’)) with

v<u ondf’,
we have

v<u onf2.

A function w : £ — (—o00,0¢0], lower semicontinuous, w # oo, is called
superharmonic if —w is subharmonic.
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Theorem 2.2.2. A function v : 2 — [—00, 00) (upper semicontinuous, ¥ —o0) is
subharmonic if and only if for every ball B(xy,r) C 2,

v(xo) < S(v,x0,7), (2.2.8)
or, equivalently, if for every such ball

v(xo) < K(v, xo,7). (2.2.9)

Proof. “="

Since v is upper semicontinuous, there exists a monotonically decreasing sequence
(Vi)nen of continuous functions with v = lim, ey v,. By Theorem 2.1.2, for every
v,, there exists a harmonic

u, : B(xg,r) > R
with
Un|9B(xo.r) = ValoBoor) (= V0oBor))
hence, in particular,

S(uy, x0,7) = S(vy, Xo,7).
Since v is subharmonic and u,, is harmonic, we obtain
v(x0) <ty (x0) = S(uy, X0,7) = SV, X0, 7).
Now n — oo yields (2.2.8). The mean value inequality for balls follows from that

for spheres (cf. (2.2.5)). For the converse direction, we employ the following lemma:

Lemma 2.2.1. Suppose v satisfies the mean value inequality (2.2.8) or (2.2.9) for
all B(xg,r) C §2. Thenv also satisfies the maximum principle, meaning that if there
exists some xy € §2 with

v(x9) = sup v(x),
xeN

then v is constant. In particular, if 2 is bounded and v € C°(82), then

v(x) < max v(y) forall x € £2.
yEINR

Remark. We shall soon see that the assumption of Lemma 2.2.1 is equivalent to v
being subharmonic, and therefore, the lemma will hold for subharmonic functions.

Proof. Assume
v(xp) = sup v(x) =: M.
XESR
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Thus,
QM =y e :v(y) =M} #0.

Let y € 2™, B(y.r) C £. Since (2.2.8) implies (2.2.9) (cf. (2.2.5)), we may
apply (2.2.9) in any case to obtain

0=v(y)—M < ! - / (v(x) — M)dx. (2.2.10)
War® JBy.r)

Since M is the supremum of v, always v(x) < M, and we obtain v(x) = M for all
x € B(y,r). Thus 2M contains together with y all balls B(y,r) C $£2, and it thus

has to coincide with §2, since §2 is assumed to be connected. Thus u(x) = M for
all x € 2. O

We may now easily conclude the proof of Theorem 2.2.2:
Let u be as in Definition 2.2.1. Then v—u likewise satisfies the mean value inequality,
hence the maximum principle, and so

v<u in £/,

if v <uondf'. O

Corollary 2.2.2. A function v of class C*($2) is subharmonic precisely if
Av>0 in £2.

Proof. “<":
Let B(y,r) C £2,0 < o < r. Then by (2.2.3)

ad
0 < / Av(x)dx = d(l)de_l —S(V, Vs Q)
B(y.0) do

Integrating this inequality yields, for0 < o <7,
S .0 =S, y.r),
and since the left-hand side tends to v(y) for ¢ — 0, we obtain
v(y) = S, y.7).

By Theorem 2.2.2, v then is subharmonic.
“=": Assume Av(y) < 0. Since v € C%(£2), we could then find a ball B(y,r) C 2

with Av < 0 on B(y, r). Applying the first part of the proof to —v would yield

v(y) > S, y,r),



26 2 The Laplace Equation

and v could not be subharmonic. O
Examples of subharmonic functions:

1. Letd > 2. We compute
Alx|" = (da + oo —2)) |x|*72.

Thus |x|* is subharmonic for & > 2 — d. (This is not unexpected because |x|>~¢
is harmonic.)
2. Letu : £2 — R be harmonic and positive, f > 1. Then

d

Al =y (B i+ BB = D )

i=1

d
= ZIB(IB - l)uﬂ_zblxiuxi,

i=1

since u is harmonic. Since u is assumed to be positive and 8 > 1, this implies
that u# is subharmonic.
3. Letu : £2 — R again be harmonic and positive. Then

d

d
Uy i Uyi Uyi Uyi Uyi
Alogu=y_ (Z =20 ) = 3=,

i=1 i=1

since u is harmonic. Thus, log u is superharmonic, and —log u then is subhar-
monic.

4. The preceding examples can be generalized as follows:
Letu : 2 — R be harmonic, f : u(£2) — R convex. Then f ou is subharmonic.
To see this, we first assume f € C 2 Then

d

Afux) =Y (f'@oeDug + £ @lx)ugin)

i=1

d
= Z " (u(x)) (uyi)*  (since u is harmonic)

i=1

207

since for a convex C2-function f” > 0. If the convex function f is not of class
C?, there exists a sequence ( f;),en of convex C2-functions converging to f
locally uniformly. By the preceding, f, o u is subharmonic, and hence satisfies
the mean value inequality. Since f, o u converges to f o u locally uniformly,
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f o u satisfies the mean value inequality as well and so is subharmonic by
Theorem 2.2.2.

We now return to studying harmonic functions. If u is harmonic, # and —u both
are subharmonic, and we obtain from Lemma 2.2.1 the following result:

Corollary 2.2.3 (Strong maximum principle). Let u be harmonic in S2. If there
exists xo € §2 with

u(xo) = supu(x) or u(xp) = inf u(x),
xen XER

then u is constant in §2.
A weaker version of Corollary 2.2.3 is the following:

Corollary 2.2.4 (Weak maximum principle). Let 2 be bounded and u € C°(£2)
harmonic. Then for all x € 2,

min #(y) < u(x) < max u(y).
min, () =ulx) = max ()
Proof. Otherwise, u would achieve its supremum or infimum in some interior point

of 2. Then u would be constant by Corollary 2.2.3, and the claim would also hold
true. 0

Corollary 2.2.5 (Uniqueness of solutions of the Poisson equation). Let [ €
C(2), 2 bounded, uj,u, € C°(82) N C%(2) solutions of the Poisson equation

Aui(x) = f(x) forxe 2 (I =12).
Ifu1(z) < us(z) forall 7z € 382, then also
u1(x) <up(x) forall x € 2.

In particular, if

Urlo = U298,

then
uy = uj.
Proof. We apply the maximum principle to the harmonic function u; — u5,. O
In particular, for f = 0, we once again obtain the uniqueness of harmonic

functions with given boundary values.
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Remark. The reverse implication in Theorem 2.2.1 can also be seen as follows:
We observe that the maximum principle needs only the mean value inequalities.
Thus, the uniqueness of Corollary 2.2.5 holds for functions that satisfy the mean
value formulae. On the other hand, by Theorem 2.1.2, for continuous boundary
values there exists a harmonic extension on the ball, and this harmonic extension
also satisfies the mean value formulae by the first implication of Theorem 2.2.1.
By uniqueness, therefore, any continuous function satisfying the mean value
property must be harmonic on every ball in its domain of definition §2, hence on
all of £2.

As an application of the weak maximum principle we shall show the removability
of isolated singularities of harmonic functions:

Corollary 2.2.6. Let xo € 2 C RY(d > 2), u : 2\ {xo} — R harmonic and
bounded. Then u can be extended as a harmonic function on all of §2; i.e., there

exists a harmonic function
u:2—->R

that coincides with u on §2 \ {xo}.

Proof. By a simple transformation, we may assume xo = 0 and that 2 contains the
ball B(0,2). By Theorem 2.1.2, we may then solve the following Dirichlet problem:

Ai=0 in B(0,1),
u=u ondB(,1).

We consider the following Green function on B(0, 1) for y = 0:

1
5= log | x| ford = 2,

— 2
G0 = 1 (x]*—1) ford >3
d—d)wy =2

For ¢ > 0, we put
u(x) ;= u(x)—eG(x) O<|x|<1).
First of all,
us(x) = u(x) = u(x) for |x| =1. (2.2.11)

Since on the one hand, « as a smooth function possesses a bounded derivative along
|x| = 1, and on the other hand (with r = |x|), %G(x) > 0, we obtain, for
sufficiently large ¢,

ug(x) > u(x) for0 < |x| <1.

But we also have

lir%us(x) =o0o fore>0.
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Since u is bounded, consequently, for every ¢ > 0 there exists r(g) > 0 with
us(x) > u(x) for |x| <r(e). (2.2.12)
From these arguments, we may find a smallest &g > 0 with
ug,(x) > u(x) for |x| <1.

We now wish to show that g = 0.
Assume g9 > 0. By (2.2.11) and (2.2.12), we could then find zo, 7 (§) < |zo| < 1,
with
uzg (z0) < u(zo)-

This would imply

min u%(x) — u(x)) <0,
er}(o,l)\B(o,r(%))

while by (2.2.11), (2.2.12)

min (u%(y) — u(y)) =0.

y€0B(0.1)UdB(0.r (L))

This contradicts Corollary 2.2.4, because u @ —u is harmonic in the annular region
considered here. Thus, we must have gy = 0, and we conclude that

u<uy=u in B(0,1)\ {0}.
In the same way, we obtain the opposite inequality
u>u in B(0,1)\ {0}.

Thus, u coincides with z in B(0, 1) \ {0}. Since u is harmonic in all of B(0, 1), we
have found the desired extension. O

From Corollary 2.2.6 we see that not every Dirichlet problem for a harmonic
function is solvable. For example, there is no solution of

Au(x) =0 in B(0.1)\ {0},
u(x) =0 for |x| =1,
u(0) = 1.
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Namely, by Corollary 2.2.6 any solution « could be extended to a harmonic function

on the entire ball ]_?3(0, 1), but such a harmonic function would have to vanish
identically by Corollary 2.2.4, since its boundary values on dB(0, 1) vanish, and
so it could not assume the prescribed value 1 at x = 0.

Another consequence of the maximum principle for subharmonic functions is a
gradient estimate for solutions of the Poisson equation:

Corollary 2.2.7. Suppose that in §2,

Au(x) = f(x)

with a bounded function f. Let xo € §2 and R := dist(xo, 52). Then

d R
luyi(xo)] < —= sup |u|+ —= sup |f| fori=1,...,d. (2.2.13)
R 5B(xo.R) 2 B(xo.R)

Proof. We consider the case i = 1. For abbreviation, put

w:i= sup |ul, M:= sup |f].
3B(xo,R) B(x0,R)

Without loss of generality, suppose again xo = 0. The auxiliary function

v(x) = % x>+ x' (R —x") (‘;_l; + %)
satisfies, in B(0, R),
Av(x) = —-M,
v(O,xz,...,xd) >0 forall x2,...,x%,

v(x) > pn for |x| = R, x> 0.
We now consider
u(x) := % (u(x",. ..,xd) —u(—x"x%,. ..,xd)).
In B(0, R), we have

|[Au(x)| = M,
ﬁ(O,xz,...,xd) =0 forallxz,...,xd,

lu(x)] < p forall |x|] = R.
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We consider the half-ball BT := {|x| < R, x' > 0}. The preceding inequalities
imply
A(v+i)<0 inBT,
viia>0 ondB*.

The maximum principle (Lemma 2.2.1) yields
lul <v in BT,
We conclude that

—(+1
,0,...,0
lu,1(0)] = lim ”(x—l)
x11—>00 X

ie., (2.2.13). O
Other consequences of the mean value formulae are the following:

Corollary 2.2.8 (Liouville theorem). Letu : RY — R be harmonic and bounded.
Then u is constant.

Proof. For x1,x, € RY, by (2.2.2) for all r > 0,

u(xy) —u(xy) = wdlrd (/Bm’r) u(x)dx — /B(mr) u(x)dx)

1
= i (/ u(x)dx —/ u(x)dx) .
wqr B(x1,r)\B(x2.r) B(x2,r)\B(x1.r)
(2.2.14)

By assumption
u(x)[ = M,

and for r — oo,

"z Vol (B(x1,7) \ B(xa,r)) — 0.

This implies that the right-hand side of (2.2.14) converges to 0 for r — oo.
Therefore, we must have
u(xy) = u(x2).

Since x; and x; are arbitrary, u has to be constant. O

Another proof of Corollary 2.2.8 follows from Corollary 2.2.7:
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By Corollary 2.2.7, forall xo € R, R > 0,i = 1,....d,

d
it ()| = 5 sup .
R4

Since u is bounded by assumption, the right-hand side tends to 0 for R — oo, and
it follows that u is constant. This proof also works under the weaker assumption

1
lim — sup |u| =0.
R—oo R B(xo,R)

This assumption is sharp, since affine linear functions are harmonic functions on R?
that are not constant.

Corollary 2.2.9 (Harnack inequality). Let u : 2 — R be harmonic and
nonnegative. Then for every subdomain 2' CC 2 there exists a constant ¢ =
c(d, $2,82") with

supu < cinfu. (2.2.15)
o Q'

Proof. We first consider the special case 2" = Z.?(xo, r), assuming B(xo, 4r) C £2.
Let y1, y2 € B(xp,r). By (2.2.2),

1
u(y) = —— / u(y)dy
Wdar” JBy.r)

1
i / u(y)dy,
wqr B(x0.,2r)

since u > 0 and B(y;,r) C B(xo,2r)

3d
=— u(y)dy
@a(3r)? Jp(xo2r)
3d
u(y)dy,

= wa(3r) )

since u > 0 and B(x¢,2r) C B(y», 3r)
= 3du(y2)v

and in particular,

sup u§3d inf u,
B(xo.r) B(xo.r)

which is the claim in this special case.
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For an arbitrary subdomain §2’ CC §2, we choose r > 0 with
1 . ,
r< 1 dist(£2’, 052).

Since £2’ is bounded and connected, there exists m € N such that any two points
V1, y2 € £2’ can be connected in £2’ by a curve that can be covered by at most m
balls of radius r with centers in £2’. Composing the preceding inequalities for all
these balls, we get

u(y1) < 3™ u(yy).

Thus, we have verified the claim for ¢ = 39, O
The Harnack inequality implies the following result:

Corollary 2.2.10 (Harnack convergence theorem). Let u, : 2 — R be a
monotonically increasing sequence of harmonic functions. If there exists y € S2 for
which the sequence (u,(y))nen is bounded, then u, converges on any subdomain
2" CC 82 uniformly towards a harmonic function.

Proof. The monotonicity and boundedness imply that u,(y) converges for n — co.
For ¢ > 0, there thus exists N € N such that forn >m > N,

0 <upy(y) —um(y) <e.

Then u, — u, is a nonnegative harmonic function (by monotonicity), and by
Corollary 2.2.9,

sup(u, — uy) < ce, (wlogy € '),
Q/

where ¢ depends on d, £2, and £2’. Thus (u,),en converges uniformly in all of £2'.
The uniform limit of harmonic functions has to satisfy the mean value formulae as
well, and it is hence harmonic itself by Theorem 2.2.1. O

Summary

In this chapter we encountered some basic properties of harmonic functions, i.e., of
solutions of the Laplace equation

Au=0 in$2,
and also of solutions of the Poisson equation
Au=f inf2

with given f.
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We found the unique solution of the Dirichlet problem on the ball (Theorem 2.1.2),
and we saw that solutions are smooth (Corollary 2.1.2) and even satisfy ex-
plicit estimates (Corollary 2.2.7) and in particular the maximum principle (Corol-
lary 2.2.3, Corollary 2.2.4), which actually already holds for subharmonic functions
(Lemma 2.2.1). All these results are typical and characteristic for solutions of
elliptic PDEs. The methods presented in this chapter, however, mostly do not readily
generalize, since they have used heavily the rotational symmetry of the Laplace
operator. In subsequent chapters we thus need to develop different and more general
methods in order to show analogues of these results for larger classes of elliptic
PDEs.

Exercises

2.1. Determine the Green function of the half-space

(x=x"....xHeR: x' >0
2.2. On the unit ball B(0,1) C RY, determine a function H(x, y), defined for
x # y, with

(i) 5-H(x,y) = 1forx € 9B(0,1)
(ii) H(x,y) — I'(x,y) is a harmonic function of x € B(0, 1). (Here, I'(x, y) isa
fundamental solution.)

2.3. Use the result of Exercise 2.2 to study the Neumann problem for the Laplace
equation on the unit ball B(0, 1) C R¢:

Let g : 0B(0,1) — R with fBB(O,l) g(y)do(y) = 0 be given. We wish to find a
solution of

Au(x) =0  forx € B(0,1),
ou

a—(x) = g(x) forx € dB(0,1).
v

24. Let u : B(0,R) — R be harmonic and nonnegative. Prove the following
version of the Harnack inequality:

R72(R —|x]) R7(R + |x|)

R+ it O =) =~ 4 ©)

for all x € B(0, R).

2.5. Letu : R — R be harmonic and nonnegative. Show that u is constant (Hint:
Use the result of Exercise 2.4.).
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2.6. Let u be harmonic with periodic boundary conditions. Use the maximum
principle to show that u is constant.

2.7. Let 2 C R¥\ {0}, u : 2 — R harmonic. Show that
v(xl,xz,x3) — 1 ( x! x2  x3 )

L S S
el 27 127 ]x]2

is harmonic in the region 2’ := {x eR3: ("—1 X V—}) € .Q}

[x[22 [x[?> 1x[?

— Is there a deeper reason for this?
— Is there an analogous result for arbitrary dimension d ?

2.8. Let £2 be the unbounded region {x € R? : |x| > 1}. Letu € C2(£2) N C°(2)
satisfy Au = 0 in £2. Furthermore, assume

lim u(x) =0.
|x|—o00

Show that
Sup |¢u| = max |uj.
| | P | |

2.9. (Schwarz reflection principle):
Let 21 C {x? > 0},

Y=t n{x? =0} #£0. (2.2.16)

Let u be harmonic in 27, continuous on 2% U ¥, and suppose u = 0 on X. We
put

a(x', .. x?) = u(x',...x ) for x? >0,
—u(x',...,—x%) forx? <O0.
Show that i is harmonic in 2% U ¥ U 27, where 27 := {x e R? : (x!,..., —x9)

e Rt

2.10. Let 2 C R_d be a bounded domain for which the divergence theorem holds.
Assume u € C2(£2),u = 0 on 3£2. Show that for every £ > 0,

2/9 |Vu(x)|>dx < 8/Q(Au(x))2 dx + é/ﬁuz(x) dx.



Chapter 3
The Maximum Principle

Throughout this chapter, £2 is a bounded domain in R?. All functions u are assumed
to be of class C2(£2).

3.1 The Maximum Principle of E. Hopf

We wish to study linear elliptic differential operators of the form

d

d
Lu(x) = Z a’ (X)uyi i (x) + Zbi(x)uxi (x) 4+ c(x)u(x),

ij=1 i=1

where we impose the following conditions on the coefficients:

1. Symmetry: a” (x) = a’/!(x) foralli, j and x € §2 (this is no serious restriction).
2. Ellipticity: There exists a constant A > 0 with

d
AEP < Z a’ (x)e'g) forallx € 2,& € R?
ij=1

(this is the key condition).

smallest eigenvalue is greater than or equal to A.
3. Boundedness of the coefficients: There exists a constant K with

\aij(x)i , \bi(x)\ Je(x)] < K foralli,jandx € 2.
Obviously, the Laplace operator satisfies all three conditions. The aim of this chapter

is to prove maximum principles for solutions of Lu = 0. It turns out that for

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 37
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that purpose, we need to impose an additional condition on the sign of c(x),
since otherwise no maximum principle can hold, as the following simple example
demonstrates: The Dirichlet problem
u”(x) +u(x) =0 on (0, ),
u(0) =0 = u(w),
has the solutions
u(x) = asinx
for arbitrary o, and depending on the sign of «, these solutions assume a strict
interior maximum or minimum at x = /2. The Dirichlet problem
u”(x) —u(x) =0,
u(0) =0 = u(n),
however, has 0 as its only solution.

As a start, let us present a proof of the weak maximum principle for subharmonic
functions (Lemma 2.2.1) that does not depend on the mean value formulae:

Lemma 3.1.1. Leru € C*(2) N C°%(2), Au> 0in 2. Then

sup # = max u. (3.1.1)
Q 082

(Since u is continuous and §2 is bounded, and the closure Q thus is compact, the
supremum of u on §2 coincides with the maximum of u on §2.)

Proof. We first consider the case where we even have
Au >0 in£2.

Then u cannot assume an interior maximum at some xy € §2, since at such a
maximum, we would have

Ui i(xg) <0 fori =1,...,d,

and thus also
Au(xy) < 0.

We now come to the general case Au > 0 and consider the auxiliary function
Xl
vix) =e",

which satisfies
Av =v > 0.



3.1 The Maximum Principle of E. Hopf 39

For each ¢ > 0, then
A(u+ev) >0 in$2,

and from the case studied in the beginning, we deduce

sup(u 4 ev) = max(u + ev).
I?) 82

Then
supu + ¢infv < maxu + ¢ maxv,
o Q2 EX?) EXe;
and since this holds for every ¢ > 0, we obtain (3.1.1). ]

Theorem 3.1.1. Assume c(x) = 0, and let u satisfy in §2

Lu>0,
ie.,
d d
> a (ug + Y b (u = 0. (3.1.2)
ij=1 i=1
Then also
sup u(x) = max u(x). (3.1.3)
xen X€082

In the case Lu < 0, a corresponding result holds for the infimum.

Proof. As in the proof of Lemma 3.1.1, we first consider the case
Lu > 0.
Since at an interior maximum X, of #, we must have
uyi(xo) =0 fori=1,...,d,

and
(uyiri(X0)); j=1,.4 negative semidefinite,

and thus by the ellipticity condition also

d
Lu(xo) = Z a'l (x0)ttyi i (xg) <0,

ij=1

such an interior maximum cannot occur.
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Returning to the general case Lu > 0, we now consider the auxiliary function
1
v(x) = e**

for « > 0. Then
Lv(x) = (aza“(x) + otbl(x)) v(x).

Since £2 and the coefficients b’ are bounded and the coefficients satisfy a’’ (x) > A,
we have for sufficiently large o,
Lv >0,

and applying what we have proved already to u 4 ev
(L(u+ev) > 0),

the claim follows as in the proof of Lemma 3.1.1. The case Lu < 0 can be reduced
to the previous one by considering —u. O

Corollary 3.1.1. Let L be as in Theorem 3.1.1, and let f € C°(2), ¢ € C°(082)
be given. Then the Dirichlet problem

Lu(x) = f(x) forx € $2, 3.1.4)
u(x) = ¢(x) forx € 9ds2,

admits at most one solution.

Proof. The difference v(x) = u;(x) — ua(x) of two solutions satisfies

Lv(x) =0 in$2,
v(x) =0 onadf2,

and by Theorem 3.1.1 it then has to vanish identically on 2. O
Theorem 3.1.1 supposes ¢(x) = 0. This assumption can be weakened as follows:

Corollary 3.1.2. Suppose c(x) < 0in 2. Let u € C*(£2) N C°(82) satisfy
Lu>0 inS2.
With u™ (x) := max(u(x), 0), we then have

supu+ < maxu™. (3.1.5)
Q a2

Proof. Let 2% := {x € £ : u(x) > 0}. Because of ¢ < 0, we have in 27,
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d d
Z a’ (xX)uyiy; + Zbi(x)uxi >0,
ij=1 i=1

and hence by Theorem 3.1.1,

supu < maxu.
o+ 0+

We have

u=0 ond2t N (by continuity of u),

max u < maxu,
1R2+tNaw 082

and hence, since 021 = (32T N 2) U (02T N 3N),

max u < max u+.

R+ 82

Since also

suput = supu,
2 ot

(3.1.5) follows from (3.1.6) and (3.1.7).
We now come to the strong maximum principle of E. Hopf:

Theorem 3.1.2. Suppose c(x) = 0, and let u satisfy in 2,

Lu > 0.

41

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

If u assumes its maximum in the interior of §2, it has to be constant. More generally,
if c(x) <0, u has to be constant if it assumes a nonnegative interior maximum.

For the proof, we need the boundary point lemma of E. Hopf:

Lemma 3.1.2. Suppose c¢(x) < 0 and
Lu>0 inQ2 CRY,

and let xy € 0§2". Moreover, assume

(i) uis continuous at x.
(ii) u(xo) = 0ifc(x) # 0.
(iii) u(xo) > u(x) forall x € 2'.

(iv) There exists a ball l;(y, R) C 2/ with xy € dB(y, R).
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We then have, with r := |x — y|,
d
—u(xo) > 0,
or

provided that this derivative (in the direction of the exterior normal of §2') exists.

Proof. We may assume
dB(y, R) N 92" = {xo}.

For 0 < p < R, on the annular region loi(y, R) \ B(y, p), we consider the auxiliary
function
V(x) 1= el e rR?

We have

d
Lyv(x) = {4% Yo adl ) (¢ =) (=)

ij=1

d
—2y Y a () + b () (v — ) § e 7ol

i=1

+ c(x) (e_yl"_y|2 - e_VRz) :

For sufficiently large y, because of the assumed boundedness of the coefficients of
L and the ellipticity condition, we have

Lv=0 in B(y,R)\ B(y,p). (3.1.10)

By (iii) and (iv),
u(x) —u(xo) <0 forx € B(y, R).

Therefore, we may find ¢ > 0 with
u(x) —u(xo) +ev(x) <0 forx € dB(y, p). (3.1.11)

Since v = 0 on dB(y, R), (3.1.11) continues to hold on dB(y, R). On the other
hand,

L (u(x) — u(xo) + ev(x)) > —c(x)u(xp) > 0 (3.1.12)

by (3.1.10) and (ii) and because of ¢(x) < 0. Thus, we may apply Corollary 3.1.2
on loi(y, R)\ B(y, p) and obtain

u(x) —u(xo) +ev(x) <0 forx € lg(y, R)\ B(y, p).
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Provided that the derivative exists, it follows that

% (u(x) —u(xo) + ev(x)) > O0atx = xo,

and hence for x = xo,

0 v(x) R
Eu(x) > —ST =& (ZVRC ) > 0. O

Proof of Theorem 3.1.2: We assume by contradiction that u is not constant but has
a maximum m (> 0 in case ¢ # 0) in £2. We then have

Q' =xeQ ux)<m#£0

and
002" N2+ 0.

We choose some y € £2’ that is closer to 02’ than to 9£2. Let lc}(y, R) be the
largest ball with center y that is contained in §2’. We then get

u(xg) = m forsome xy € dB(y, R)

and
u(x) < u(xg) forx e 2.

By Lemma 3.1.2,
Du(xo) # 0,

which, however, is not possible at an interior maximum point. This contradiction
demonstrates the claim. O

3.2 The Maximum Principle of Alexandrov
and Bakelman

In this section, we consider differential operators of the same type as in the previous
one, but for technical simplicity, we assume that the coefficients ¢(x) and b’ (x)
vanish. While similar results as those presented here continue to hold for vanishing
b’ (x) and nonpositive c(x), here we wish only to present the key ideas in a situation
that is as simple as possible.
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Theorem 3.2.1. Suppose that u € C*(2) N C°(2) satisfies

d

Lu(x) = Y a¥ (ugy = f(x), 3B2.1)

ij=1

where the matrix (a” (x)) is positive definite and symmetric for each x € £.
Moreover, let

Sl
We then have
diam(2) ([ 1f )
sgpu < n{}gxu + da);/d (/Q det (@ (1) dx) . (3.2.3)

In contrast to those estimates that are based on the Hopf maximum principle (cf.,
e.g., Theorem 3.3.2 below), here we have only an integral norm of f on the right-
hand side, i.e., a norm that is weaker than the supremum norm. In this sense, the
maximum principle of Alexandrov and Bakelman is stronger than that of Hopf.

For the proof of Theorem 3.2.1, we shall need some geometric constructions. For
v € C(£2), we define the upper contact set

TT):={yeR:IpeR? Vxel:v(x)<v()+p-(x—y)}. (324

The dot “ here denotes the Euclidean scalar product of R?. The p that occurs in
this definition in general will depend on y; that is, p = p(y). The set Tt (v) is that
subset of £2 in which the graph of v lies below a hyperplane in R?*! that touches
the graph of v at (y,v(y)). If v is differentiable at y € Tt (v), then necessarily
p(y) = Dv(y). Finally, v is concave precisely if 77 (v) = £2.

Lemma 3.2.1. Forv € C?(2), the Hessian

is negative semidefinite on T (v).
Proof. For y € T (v), we consider the function
w(x) = v(x) =v(y) = p(y) - (x = ¥).

Then w(x) < 0 on £2, since y € TH(v) and w(y) = 0. Thus, w has a maximum
at y, implying that (w,:; (y)) is negative semidefinite. Since v,i,; = w,i,; for all
i, j, the claim follows. O
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If v is not differentiable at y € T (v), then p = p(y) need not be unique,
but there may exist several p’s satisfying the condition in (3.2.4). We assign to
y € T (v) the set of all those p’s, i.e., consider the set-valued map

() i={peR :Vxe 2 :v(x) <v(y)+p-(x—y)}.
Fory ¢ TT(v), we put 7,(y) := 0.
Example 3.2.1. 2 = B(0,1), 8 > 0,
v(x) = B —|x]).
The graph of v thus is a cone with a vertex of height 8 at 0 and having the unit

sphere as its base. We have T (v) = 12’(0, 1),

B(0,B8) fory =0,

v = {_'Bli_l} for y # 0.

For the cone with vertex of height § at x( and base dB(x,, R),

v(x) = B (1—”_—Rx°|)

and 2 = §(x0, R), and analogously,
T (lc}(xO, R)) = 7y(x0) = B(0, B/R). (3.2.5)

We now consider the image of £2 under 7,,

w(@) = [Jni) cR.

yER

We will let £; denote d-dimensional Lebesgue measure. Then we have the
following lemma:

Lemma 3.2.2. Letv € C2(22) N C°(£2). Then

L4 (5(92) < /

|det (v,ij(x))] dx. (3.2.6)
T+

Proof. First of all,

0(2) = o (TT (1) = DT T (), (3.2.7)
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since v is differentiable. By Lemma 3.2.1, the Jacobian matrix of Dv : 2 — RY,
namely, (v,i,,), is negative semidefinite on 7 (v). Thus Dv — ¢ Id has maximal
rank for & > 0. From the transformation formula for multiple integrals, we then get

L ((Dv —£1d) (TF () 5/ det (v, (x) — £8;), ,_, d‘ dx. (3.2.8)
T+®) R
Letting ¢ tend to 0, the claim follows because of (3.2.7). O

We are now able to prove Theorem 3.2.1. We may assume
u<0 onaf2

by replacing u by u — maxjg, u if necessary.

Now let xo € £2, u(xo) > 0. We consider the function k, on B(x¢,d) with
8 = diam($2) whose graph is the cone with vertex of height u(x) at xo and base
dB(xo, §). From the definition of the diameter § = diam 2,

2 C B(X(), 8)
Since we assume u < 0 on 052, for each hyperplane that is tangent to this cone
there exists some parallel hyperplane that is tangent to the graph of u. (In order to
see this, we simply move such a hyperplane parallel to its original position from
above towards the graph of u until it first becomes tangent to it. Since the graph of
u is at least of height u(xy), i.e., of the height of the cone, and since u < 0 on 952
and 0£2 C B(xo,§), such a first tangency cannot occur at a boundary point of £2
but only at an interior point x;. Thus, the corresponding hyperplane is contained in
7,(x1).) This means that
Tie,, (£2) C w($2). (3.2.9)
By (3.2.5),
Te,, (£2) = B (0, u(x0)/$) . (3.2.10)

Relations (3.2.6), (3.2.9), and (3.2.10) imply
L4 (B (0.u(x0)/8)) < / et ()] A,
T (u)

and hence
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$ 1/d
u(xo) < 7 (/ |det (i i (x))| dx)
w, T+ (u)
1) 1/d
= 1 (/ (—1)? det (i s (x)) dx) (3.2.11)
W, T+ (u)

by Lemma 3.2.1. Without assuming # < 0 on 92, we get an additional term
maxyg u on the right-hand side of (3.2.11). Since the formula holds for all x € §2,
we have the following result:

Lemma 3.2.3. Foru e C*(2) N C°(R),

diam(£2)
supu < maxu + —ad
2 982 w,

1/d
(/ (—l)ddet(uxixj(x))dx) . (3212
T+ ()

In order to deduce Theorem 3.2.1 from this result, we need the following elementary
lemma:

Lemma 3.2.4. On T (u),

d

d
(—1)? det (uyi,s (x)) < ldet (a” (x)) —%Zaij(x)uxixj(x) . (3.2.13)
i.j=1

Proof. Tt is well known that for symmetric, positive definite matrices A and B,

1 d
detAdet B < (E trace AB) ,

which is readily verified by diagonalizing one of the matrices, which is possible if
that matrix is symmetric.

Inserting A = (—u,i,j), B = (a”) (which is possible by Lemma 3.2.1 and the
ellipticity assumption), we obtain (3.2.13). O

Inequalities (3.2.12) and (3.2.13) imply
1/d

dx

diam(£2) / (_ Z:i,j=1 al (XY i (x))d
T+ ()

supu < maxu + —
A I det (a (x))

(3.2.14)
In turn (3.2.14) directly implies Theorem 3.2.1, since by assumption, — Y a'/

uu; < —f,and the left-hand side of this inequality is nonnegative on T (u)
by Lemma 3.2.1. O
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We wish to apply Theorem 3.2.1 to some nonlinear equation, namely, the two-
dimensional Monge—Ampere equation.
Thus, let §2 be open in R? = {(x', x?)}, and let u € C?(£2) satisfy

Uyt (OU2,2(x) — 12, 5(x) = f(x)  in L2, (3.2.15)

with given f. In order that (3.2.15) be elliptic:

(i) The Hessian of u must be positive definite, and hence also
(i1) f(x) > 0in £2.

Condition (3.2) means that u is a convex function. Thus, # cannot assume a
maximum in the interior of £2, but a minimum is possible. In order to control the
minimum, we observe that if u is a solution of (3.2.15), then so is (—u). However,
Eq. (3.2.15) is no longer elliptic at (—u), since the Hessian of (—u) is negative and
not positive, so that Theorem 3.2.1 cannot be applied directly. We observe, however,
that Lemma 3.2.3 does not need an ellipticity assumption and obtain the following
corollary:

Corollary 3.2.1. Under the assumptions (3.2) and (3.2), a solution u of the Monge—
Ampére equation (3.2.15) satisfies

igfu > Iglxgnu— di&\/;{?) (/9 f(x)dx)z.

The crucial point here is that the nonlinear Monge—Ampere equation for a
solution u can be formally written as a linear differential equation. Namely, with

1 1
a“(x) = Euxzxz(x)s alZ(x) = aZl(-x) = Euxlxz(-x)v

1
a22(x) = Euxlxl (X)

(3.2.15) becomes

2
> aT g (x) = f(x),
ij=1
and is thus of the type considered. Consequently, in order to deduce properties of a
solution u, we have only to check whether the required conditions for the coefficients
a'’ (x) hold under our assumptions about u. It may happen, however, that these
conditions are satisfied for some, but not for all, solutions u#. For example, under
the assumptions (i) and (ii), (3.2.15) was no longer elliptic at the solution (—u).
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3.3 Maximum Principles for Nonlinear Differential
Equations

We now consider a general differential equation of the form
Flu] = F(x,u, Du, D*u) = 0, (3.3.1)

with F 1 § := 2 x R xR? x S(d,R) — R, where S(d,R) is the space of
symmetric, real-valued, d x d matrices. Elements of S are written as (x, z, p,r);
here p = (p1,....pq) € R, r = (rij)ij=1...a € S(d,R). We assume that F is
differentiable with respect to the r;;.

Definition 3.3.1. The differential equation (3.3.1) is called elliptic at u € C?(R2) if

(a—F (x,u(x), Du(x), Dzu(x))) is positive definite. (3.3.2)

orij ij=1,..d

For example, the Monge—Ampere equation (3.2.15) is elliptic in this sense if the
conditions (i) and (ii) at the end of Sect. 3.2 hold.

It is not completely clear what the appropriate generalization of the maximum
principle from linear to nonlinear equations is, because in the linear case, we always
have to make assumptions on the lower-order terms. One interpretation that suggests
a possible generalization is to consider the maximum principle as a statement
comparing a solution with a constant that under different conditions was a solution
of Lu < 0. Because of the linear structure, this immediately led to a comparison
theorem for arbitrary solutions u;, u; of Lu = 0. For this reason, in the nonlinear
case, we also start with a comparison theorem:

Theorem 3.3.1. Let ug, u; € C%(£2) N C°(2), and suppose

(i) FeC'(S).
(ii) F is elliptic at all functions tu; + (1 — t)up, 0 <t < 1.
(iii) For each fixed (x, p,r), F is monotonically decreasing in z.

If

u <uy onoas2

and
Flu)] > Flug] in$2,

then either
up <uy in$2

or
Uugp = Up in$2.

Proof. We put
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Vi=up — U,

u=tuy + (1 —=tug for0<r =<1,

1
a’(x) ::/0 g—F (x, u; (x), Duy(x), Dzu,(x)) dr,

tij

1
b (x) ::/0 3—5 (x, u; (x), Duy(x), Duy (x)) dt,

LoF
c(x) ::/ = (x.u;(x), Dug(x), D?uy(x)) dt
0 Z
(note that we are integrating a total derivative with respect to t,
namely, %F (x,u;(x), Duy(x), D?u;(x)), and consequently, we can
convert the integral into boundary terms, leading to the correct
representation of Lv below; cf. (3.3.3)),

d

d
Lv:= Z a (x)vyi g (x) + Zbi(x)vxi (x) + c(x)v(x).

ij=1 i=1
Then
Lv = Flu;]— Flup] >0 in £2. (3.3.3)

The operator L is elliptic because of (ii), and by (iii), ¢(x) < 0. Thus, we may apply
Theorem 3.1.2 for v and obtain the conclusions of the theorem. |

The theorem holds in particular for solutions of F[u] = 0. The key point in the
proof of Theorem 3.3.1 then is that since the solutions o and u; of the nonlinear
equation F[u] = 0 are already given, we may interpret quantities that depend on ug
and u; and their derivatives as coefficients of a linear differential equation for the
difference.

We also would like to formulate the following uniqueness result for the Dirichlet
problem for F[u] = f with given f:

Corollary 3.3.1. Under the assumptions of Theorem 3.3.1, suppose uy = uy on 052
and
Fluy) = Fluy] in $2.

Then ug = uy in S2.

As an example, we consider the minimal surface equation: Let 2 C R?> =
{(x, ¥)}. The minimal surface equation then is the quasilinear equation

(142 e = 2ty + (14 1)y, = 0. (33.4)

Theorem 3.3.1 implies the following corollary:
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Corollary 3.3.2. Let uy, u; € C*(82) be solutions of the minimal surface equation.
If the difference uy — uy assumes u maximum or minimum at an interior point of §2,
we have

Uy —up = const in 2.

We now come to the following maximum principle:

Theorem 3.3.2. Let u € C*(22) N C%(2) and let F € C?(S). Suppose that for
some A > 0, the ellipticity condition

d

OF o
AEP =Y 5.z p ' (3.3.5)

ij=1 Y

holds for all £ € RY, (x,z, p.r) € S. Moreover, assume that there exist constants
1, Lo such that for all (x, z, p),

F(x,z, p,0)sign(z
(.2 p ) sign@ _ 4 2 (3.3.6)
A A
If
Flul=0 in$2,
then
2

sup |u| < max |u| + ¢ 3.3.7)
Q 982

T )
where the constant ¢ depends on (| and the diameter diam(§2).

Here, one should think of (3.3.6) as an analogue of the sign condition c(x) < 0
and the bound for the b(x) as well as a bound of the right-hand side f of the
equation Lu = f.

Proof. We shall follow a similar strategy as in the proof of Theorem 3.3.1 and shall
reduce the result to the maximum principle from Sect. 3.1 for linear equations. Here
v is an auxiliary function to be determined, and w := u—v. We consider the operator

d d
Lw:= Z a’ (x)ywyi; + Zb’(x)wxi

ij=1 i=1

with
. " oF )
a'l (x) ::/ P (x, u(x), Du(x), tD*u(x)) dr, (3.3.8)
o Orij

while the coefficients b’ (x) are defined through the following equation:
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Zb X)w = Z / x u(x), Du(x), tDzu(x))

i,j=1

B ;TF (x, u(x), Dv(x), tDzu(x)))dt Vi
ij

+ F (x,u(x), Du(x),0) — F (x,u(x), Dv(x),0).  (3.3.9)

(That this is indeed possible follows from the mean value theorem and the
assumption F € C?2. It actually suffices to assume that F is twice continuously
differentiable with respect to the variables r only.) Then L satisfies the assumptions
of Theorem 3.1.1. Now

Lw=Lu-—v)
d 1
=L (/ g (000, D). 1D (0) dt) s+ F(x,u(x), Du(x), 0)
ij=1 0 Tij

— Z (/ x u(x), Dv(x), tDzu(x))dt) Vi —F(x,u(x), Dv(x),0)

i,j=1
= F (x,u(x), Du(x), D*u(x))

d
Y @ (x)viies + F (x.u(x). Dv(x).0) | . (3.3.10)
i.j=1

with
’ a )
a’(x) = [ — (x,u(x), Dv(x),tD*u(x)) dt (3.3.11)
0 8rij
(this again comes from the integral of a total derivative with respect to ¢). Here by

assumption

d
AEP < ) @ (0)EE forallx € 2.8 e RY. (3.3.12)
i,j=1

We now look for an appropriate auxiliary function v with

My =" (X)vup + F(x,u(x), Dv(x),0) < 0. (3.3.13)
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We now suppose that for § := diam(s2), §2 is contained in the strip {0 < x! < §}.
We now try

() = maxu + % (e(’““)s - e<#1+l>X‘) (3.3.14)

(ut(x) = max(0, u(x))).
Then

My =— % G+ D2 ()e™ D 1 Fx u(x), Dv(x), 0)

! 1
< — o (i + D7 oy (uy + 1) e DT 4 gy
<0

by (3.3.6) and (3.3.12). This establishes (3.3.13). Equation (3.3.10) then implies,
even under the assumption F[u] > 0 in place of F[u] = 0,

Lw > 0.
By definition of v, we also have
w=u—v<0 ondf2.

Theorem 3.1.1 thus implies
u<v in$2

and (3.3.7) follows with ¢ = e TDdiam(@) _ 1 More precisely, under the
assumption F[u] > 0, we have proved the inequality

sgpu < nggxu*’ + c%, (3.3.15)

but the inequality in the other direction of course follows analogously, i.e.,

. - 2%
fu> —c— 3.3.16
infu = minu~ —c~ ( )

(u™(x) := min(0, u(x))). O

Theorem 3.3.2 is of interest even in the linear case. Let us look once more at the
simple equation

F7(x) +kf(x) =0 forx € (0,m),
f(0) = f(r) =0,
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with constant k. We may apply Theorem 3.3.2 with A = 1, u; = 0,

K Sup o |f] forx >0,
0 forx < 0.

It follows that
sup [ f| < ck sup | f];
(0.7) (0.7)

i.e., if

1

K< -,

¢
we must have f = 0. More generally, in place of x, one may take any function ¢ (x)
with ¢(x) < « on (0, ) and consider f”(x) + ¢(x) f(x) = 0, without affecting
the preceding conclusion. In particular, this allows us to weaken the sign condition
¢(x) < 0. The sharpest possible result here is that f = 0 if « is smaller than the
smallest eigenvalue A of % on (0, ), i.e., 1. This analogously generalizes to other

linear elliptic equations, for example,

Af(x) +«f(x) =0 in$2,
f(y) =0 onos2.

Theorem 3.3.2 does imply such a result, but not with the optimal bound A;.
A reference for this chapter is Gilbarg—Trudinger [12].

Summary and Perspectives

The maximum principle yields examples of so-called a priori estimates, i.e.,
estimates that hold for any solution of a given differential equation or class of
equations, depending on the given data (boundary values, right-hand side, etc.),
without the need to know the solution in advance or without even having to
guarantee in advance that a solution exists. Conversely, such a priori estimates
often constitute an important tool in many existence proofs. Maximum principles
are characteristic for solutions of elliptic (and parabolic) PDEs, and they are not
restricted to linear equations. Often, they are even the most important tool for
studying certain nonlinear elliptic PDEs.

Exercises

3.1. Let £2,,62, C R? be disjoint open sets such that £, N 2, contains a smooth
hypersurface T, for example,
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Q2 ={(" . x) x| < 1,x! > 03,
2, ={(x" ... xD) x| < 1,x! <0},

T ={(x"....x") x| <1,x' = 0}.
Letu € CO(S_21 U Qz) N Cz(.Ql) N CZ(.QZ) be harmonic on £2; and on £2,, i.e.,
Au(x) =0, x € £2,U82,.

Does this imply that u is harmonic on £, U £2, U T'?

3.2. Let £2 be openin R? = {(x, y)}. For a nonconstant solution u € C?(£2) of the
differential equation
uyy =0 ing2,

is it possible to assume an interior maximum in §27?

3.3. Let £2 be open and bounded in R%. On
2 x[0,00) cRIT = {(x",....x%, 1)},
we consider the heat equation

d 32
u; = Au, where A = ZW

i=1
Show that for bounded solutions u € C%(£2 x (0, 00)) N C%(2 x [0, 00)),

sup u =< sup u.
£2%[0,00) (2x{0}HU(8£2x[0,00))

34. Letu : 2 — R be harmonic, 2’ cC £2 c R?. We then have, for all i, j
between 1 and d,

sup |u|.

2d 2
dist(2/,02) ) ¢

sup |Mxi xJ | =
Q/

Prove this inequality. Write down and demonstrate an analogous inequality for
derivatives of arbitrary order!

3.5. Let 2 C R? be open and bounded. Let u € C%(£2) N C°(£2) satisfy

Au =1, x €S2,

u=0, xe€oisf.

Show that u = O in 2.
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3.6. Prove a version of the maximum principle of Alexandrov and Bakelman for

operators
n

Lu= Z a’ (x)uyi i (x),

ij=1
assuming in place of ellipticity only that det(a” (x)) is positive in £2.

3.7. Control the maximum and minimum of the solution u of an elliptic Monge—
Ampere equation
det(“xi xJ (X)) = f(.X)

in a bounded domain £2.

3.8. Letu € C?(£2) be a solution of the Monge—Ampére equation

det(uyi v (x)) = f(x)

in the domain §2 with positive f. Suppose there exists xo € §2 where the Hessian
of u is positive definite. Show that the equation then is elliptic at « in all of £2.

39. Let R? := {(x',x)}, 2 := B(0,R») \ B(0,R,) with R, > R, > 0. The
funct_i0n¢(x1, x2) := a+blog(|x|) is harmonic in §2 forall @, b. Letu € C2(£2)N
C°(£2) be subharmonic, i.e.,

Au>0, xe€f.
Show that

vy < MEDToE(E) + MR o)
V= log(%2)

with
M(r) =
(r) amax u(x)

and Ry <r < R,.

3.10. Let
o1
u =g+ SO+,
301
U= 5 - E(x2 +y%).

Show that #; and u; solve the Monge—Ampere equation

2
UsxUyy — Usy, = 1
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and
uy =u, =1 onaB(O, 1)

Is this compatible with the uniqueness result for the Dirichlet problem for nonlinear
elliptic PDEs?

3.11. Let 27 := £ x (0,T), and suppose u € C2(£27) N C°(27) satisfies
u = Au+u> inf2r,
u(x,t) >c>0 for (x,1) € (£2 x {0}) U (952 x [0, T)).

Show that

(a) u > cforall (x,1) € 27.
(b) If in addition u(x, ) = u(x,0) for all x € 052 and all ¢, then T < oo.



Chapter 4
Existence Techniques I: Methods Based
on the Maximum Principle

4.1 Difference Methods: Discretization of Differential
Equations

The basic idea of the difference methods consists in replacing the given differential
equation by a difference equation with step size /& and trying to show that for
h — 0, the solutions of the difference equations converge to a solution of the
differential equation. This is a constructive method that in particular is often applied
for the numerical (approximative) computation of solutions of differential equations.
In order to show the essential aspects of this method in a setting that is as simple as
possible, we consider only the Laplace equation

Au=0 (4.1.1)

in a bounded domain in £2 in R?. We cover R? with an orthogonal grid of mesh size
h > 0;i.e., we consider the points or vertices

(xl,...,xd) = (nih,...,ngh) 4.1.2)
with ny,...,ny € Z. The set of these vertices is called RZ, and we put
Q5= 2NRY. (4.1.3)

We say that x = (n1h,...,ngh) and y = (mih,...,mgh) (all n;,m; € 7Z) are
neighbors if

d
> lni—mi| =1, (4.1.4)
i=1
or equivalently
|x —y| = h. (4.1.5)
J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 59
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.

(L1~ N

Fig. 4.1 x (cross) and its neighbors (open dots) and an edge path in (_2;, (heavy line) and vertices
from I, (solid dots)

The straight lines between neighboring vertices are called edges. A connected union
of edges for which every vertex is contained in at most two edges is called an edge
path (see Fig.4.1).

The boundary vertices of $2;, are those vertices of £2;, for which not all their
neighbors are contained in $2,,. Let I, be the set of boundary vertices. Vertices in
2 that are not boundary vertices are called interior vertices. The set of interior
vertices is called £2j,.

We suppose that §2;, is discretely connected, meaning that any two vertices in £2;,
can be connected by an edge path in £2;,. We consider a function

ulgh%R

andput, fori = 1,....d,x = (x',...,x%) € 2,
1 . . .
ui (x) ;== 7 (u(xl,...,x’_l,x’ +h,x’+1,...,xd)—u(xl,...,xd)),

1 . . .
up(x) := m (u(xl,...,xd)—u(xl,...,x’_l,x’ —h,x’+l,...,xd)). 4.1.6)

Thus, u; and u; are the forward and backward difference quotients in the ith
coordinate direction. Analogously, we define higher-order difference quotients, for
example,

uiz(x) = uz; (x) = (ur); (x)

1 )
:ﬁ(”(xlm--,xl +hoooxDy = 2ux!, . x)
el x = by x ), @.1.7)

If we wish to emphasize the dependence on the mesh size h, we write u", u", u’.

place of u, u;, u;;, etc.

in
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The main reason for considering difference quotients, of course, is that for
functions that are differentiable up to the appropriate order, for 7 — 0, the difference
quotients converge to the corresponding derivatives. For example, for u € C?(£2),

2

(x), (4.1.8)

. h _
Rt i () = iyt

if x;, € £2, tends to x € 2 for h — 0. Consequently, we approximate the Laplace
equation
Au=0 in {2

by the difference equation

d
A" = "uls =0 in ), 4.1.9)

i=1

and we call this equation the discrete Laplace equation. Our aim now is to solve the
Dirichlet problem for the discrete Laplace equation

Al =0 in 2y,
W' =g" only, (4.1.10)

and to show that under appropriate assumptions, the solutions "

0 to a solution of the Dirichlet problem

converge for h —

Au=0 1in S2,
u=g onds2, 4.1.11)

where g’ is a discrete approximation of g. Considering the values of u” at the
vertices of £2;, as unknowns, (4.1.10) leads to a linear system with the same number
of equations as unknowns. Those equations that come from vertices all of whose
neighbors are interior vertices themselves are homogeneous, while the others are
inhomogeneous.

It is a remarkable and useful fact that many properties of the Laplace equation
continue to hold for the discrete Laplace equation. We start with the discrete
maximum principle:

Theorem 4.1.1. Suppose
Ahuh >0 inS$2,

where $2y, as always, is supposed to be discretely connected. Then

max " = maxu”. 4.1.12)
ot I

If the maximum is assumed at an interior point, then u" has to be constant.
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Proof. Let x( be an interior vertex, and let x|, ..., xp4 be its neighbors. Then
I
A (x) = W (Zl W' (xq) — 2duh(x0)) . (4.1.13)
If Aju”(x) > 0, then
h I+ h
u' (x0) < ﬁ;u (X), 4.1.14)

i.e., u" (xo) is not bigger than the arithmetic mean of the values of «” at the neighbors
of x¢. This implies

u" (x0) < max u" (x4), (4.1.15)

with equality only if
W (xo) = u(xq) foralla €{l,...,2d}. (4.1.16)

Thus, if u assumes an interior maximum at a vertex Xy, it does so at all neighbors
of xo as well, and repeating this reasoning, then also at all neighbors of neighbors,
etc. Since §2;, is discretely connected by assumption, u;, has to be constant in S_2h.
This is the strong maximum principle, which in turn implies the weak maximum
principle (4.1.12). O

Corollary 4.1.1. The discrete Dirichlet problem

Ahuh =0 in .Qh,

uh:gh oth,

for given g" has at most one solution.

Proof. This follows in the usual manner by applying the maximum principle to the
difference of two solutions. O

It is remarkable that in the discrete case this uniqueness result already implies an
existence result:

Corollary 4.1.2. The discrete Dirichlet problem
Ahuh =0 in .Qh,
u' = gh onl’ h,

admits a unique solution for each g" : I}, — R.
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Proof. As already observed, the discrete problem constitutes a finite system of
linear equations with the same number of equations and unknowns. Since by
Corollary 4.1.1, for homogeneous boundary data g” = 0, the homogeneous solution
u" = 0 is the unique solution, the fundamental theorem of linear algebra implies the
existence of a solution for an arbitrary right-hand side, i.e., for arbitrary g”. O

The solution of the discrete Poisson equation
A" = f* in 2" (4.1.17)

with given £ is similarly simple; here, without loss of generality, we consider only
the homogeneous boundary condition

W"=0 onI, (4.1.18)

because an inhomogeneous condition can be treated by adding a solution of the
corresponding discrete Laplace equation.

In order to represent the solution, we shall now construct a Green function
G"(x, y). For that purpose, we consider a particular /" in (4.1.17), namely,

fh(x) — 01 for x 7é Y,

n forx =y,

for given y € £2;,. Then G”(x, y) is defined as the solution of (4.1.17) and (4.1.18)
for that f". The solution for an arbitrary f” is then obtained as

W'(x) =1 GMx.y) (). (4.1.19)

YES2),

In order to show that solutions of the discrete Laplace equation Aju" = 0 in
£2, for h — 0 converge to a solution of the Laplace equation Au = 0 in £2,
we need estimates for the u” that do not depend on /. It turns out that as in the
continuous case, such estimates can be obtained with the help of the maximum
principle. Namely, for the symmetric difference quotient

1 . . .
up(x) 1= ﬁ(u(xl,...,x’_l,x’ +h,x T x D)

—u(x, XX —h,xi+1,...,xd))

1
=3 (ui (x) + uz (x)) (4.1.20)
we may prove in complete analogy with Corollary 2.2.7 the following result:

Lemma 4.1.1. Suppose that in §2,

A (x) = f(x). (4.1.21)
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Let xo € $2p, and suppose that xy and all its neighbors have distance greater than
or equal to R from I'},. Then

d R
|u(x0)| < 7 Max |u"| + - max | £ (4.1.22)

Proof. Without loss of generalityi = 1, xo = 0. We put

e h . h
u.—rrxl?ahxiu ,M.—n}ix|f \

We consider once more the auxiliary function

d M
V(x) = % 2 4+ x'(R = x") (R—’; + 7) .
Because of

d
AplxP =) hl—z (" + 1) + (' = k)’ —2(x')?) = 2d,

i=1

we have again

A (x) = —M
as well as
vh(O,xz,...,xd) >0 forall x2,...,x%,
vh(x) >u for |[x]| >R, 0% x!' <R.
Furthermore, for i (x) := J(u"(x", ... . x?) —u"(—x', x2,... . x9)),

\Ahﬁh(x)\ < M for those x € £2,, for which this expression is
defined,

ﬁ”(O,xz,...,xd) =0 forall x%, ..., x%,

|i"(x)| < for x| =R, x'>=0.
On the discretization B," of the half-ball BT := {|x| < R,x! > 0}, we thus have
Ay (V") <0

as well as

vt >0 on the discrete boundary of B;’
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(in order to be premse here one should take as the discrete boundary all vertices in

the exterior of B+ that have at least one neighbor in B+) The maximum principle
(Theorem 4.1.1) yields

|a"| <V in B},
and hence
|@mn:lmwhamim5%wmanm

du R
<Hy M+—n—mh
R o

For solutions of the discrete Laplace equation

A =0 in 2, (4.1.23)
we then inductively get estimates for higher-order difference quotients because if
u" is a solution, so are all difference quotients uf’, h uhulhl-, Uz, etc. For example,

from (4.1.22) we obtain for a solution of (4.1.23) that if x is far enough from the
boundary I}, then
d d n d? N
|ul(xo)| < 7 ax |ul| < —2ij |u"| = Fn}g}}x\u |. (4.1.24)
Thus, by induction, we can bound difference quotients of any order, and we obtain
the following theorem:

Theorem 4.1.2. If all solutions u" of
Ahuh =0 in$2,

are bounded independently of h (i.e., maxp, |uh‘ < W), then in any subdomain
Q CC 2, some subsequence of u" converges to a harmonic function as h — 0.

Convergence here first means convergence with respect to the supremum

norm, i.e.,

lim max |u,, (x) —u(x)| =0,

n—>0x€
with harmonic u. By the preceding considerations, however, the difference quotients
of u, converge to the corresponding derivatives of u as well.

We wish to briefly discuss some aspects of difference equations that are
important in numerical analysis. There, for theoretical reasons, one assumes that
one already knows the existence of a smooth solution of the differential equation
under consideration, and one wants to approximate that solution by solutions of
difference equations. For that purpose, let L be an elliptic differential operator and
consider discrete operators L, that are applied to the restriction of a function u to
the lattice £2;,.
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Definition 4.1.1. The difference scheme L, is called consistent with L if

lim (Lu — Lyu) =0
h—0

forall u € C3(R2).
The scheme L, is called convergent to L if the solutions u, ul of
Lu=f inf2,u=¢onds2,
Ly = f b in £, where " is the restriction of f to £2,,
u" = ¢" on I, where ¢ is the restriction to 2, of a

continuous extension of ¢,

satisfy

lim max |u" (x) — u(x)| = 0.
h—>0x€9;,| ( ) ( )|

In order to see the relation between convergence and consistency we consider the
“global error”

o(x) :=u"(x) — u(x)

and the “local error”
s(x) := Lpu(x) — Lu(x)

and compute, for x € §2,
Lyo(x) = Ly (x) — Lyu(x) = f"(x) — Lu(x) — s(x)
= —s(x), since /" (x) = f(x) = Lu(x).

Since

lim sup |o(x)| =0,

h— xerly,

the problem essentially is

Lyo(x) = —s(x) in £2y,
o(x)=0 on [}.

In order to deduce the convergence of the scheme from its consistency, one thus
needs to show that if s(x) tends to 0, so does the solution o (x), and in fact uniformly.
Thus, the inverses L,:l have to remain bounded in a sense that we shall not make
precise here. This property is called stability.
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In the spirit of these notions, let us show the following simple convergence result:

Theorem 4.1.3. Let u € C%(82) be a solution of
Au= f in$2,
u=¢ onas2.
Let u" be the solution
Al = ' in 2,
u = qoh on Iy,
where f"andg" are defined as above. Then
)1(22}272 |uh(x) — u(x)‘ —0 forh—0.
Proof. Taylor’s formula implies that the second-order difference quotients (which

depend on the mesh size /) satisfy

%u

1 i—1 i i il d
(ax—i)z(x,...,x Cxt 468 x ,...,x),

uip(x) =

with —h < 8" < h. Since u € C*(£2), we have

9%u | . ) d %u ) d
sup —(x', ..., x4+, xY) = — (x', L x L x ))—)O
51‘5h((3x’)2 (0x7)?

for h — 0, and thus the above local error satisfies
sup|s(x)| - 0 forh — 0.

Now let £2 be contained in a ball B(xy, R); without loss of generality xo = 0.
The maximum principle then implies, through comparison with the function R>—
|x|2, that a solution v of

Ahv =1n in .Qh,

v=0 only,

satisfies the estimate

sup [l (o (2
el = S (R = 1xP?).

Thus, the global error satisfies

2
suplo(x)] = 57 sup |s(x)] .

hence the desired convergence. O
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4.2 The Perron Method

Let us first recall the notion of a subharmonic function from Sect. 2.2, since this will
play a crucial role:

Definition 4.2.1. Let 2 C R?, f : 2 — [—00, 00) upper semicontinuous in 2,
f # —oo. The function f is called subharmonic in §2 if for all 2’ CC £2, the
following property holds:

If uis harmonicin £2" and f < uon d£2’, thenalso /' < u
in £2/.
The next lemma likewise follows from the results of Sect. 2.2:
Lemma 4.2.1. (i) Strong maximum principle: Let v be subharmonic in §2. If there
exists xo € 2 with v(xo) = supg v(x), then v is constant. In particular, if
v e C%R), then v(x) < maxyo v(y) forall x € £2.
(ii) If vi, ..., v, are subharmonic, so is v := max(vi, ..., vy).

(iii) If v € C%82) is subharmonic and B(y,R) CC £2, then the harmonic
replacement v of v, defined by

50 v(x) forx € 2\ B(y, R),
V(X) = 2 e y? v
£ dv‘\;dRy‘ faB(y,R) ﬁd()(z) forx € B(y, R),

is subharmonic in 2 (and harmonic in B(y, R)).

Proof. (i) This is the strong maximum principle for subharmonic functions.
Although we have not written it down explicitly, it is a direct consequence
of Theorem 2.2.2 and Lemma 2.2.1.

(ii) Let 2’ CC £, u harmonicin £2’, v < u on d£2’. Then also

vi<u ondf2 fori=1,...,n,
and hence, since v; is subharmonic,
vi<u onf2.
This implies

vi<u onf2,

showing that v is subharmonic.
(iii) First v < v, since v is subharmonic. Let £2’ CC £2, u harmonic in 2,9 < u
on 982’. Since v < v, also v < u on 052, and thus, since v is subharmonic,

v < uon £ and thus v < uon £\ lg(y,R). Therefore, also v < u on
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2’ N 0B(y, R). Since Vv is harmonic, hence subharmonic on 2’ N B(y, R), we
get v < uon 2’ N B(y, R). Altogether, we obtain v < u on §2’. This shows
that v is subharmonic. O

For the sequel, let ¢ be a bounded function on £2 (not necessarily continuous).

Definition 4.2.2. A subharmonic function u € C°(£2) is called a subfunction with
respect to ¢ if

u<g¢ forallx € df2.

Let S, be the set of all subfunctions with respect to ¢. (Analogously, a superhar-
monic function u € C(£2) is called superfunction with respect to ¢ if u > ¢
on 052.)

The key point of the Perron method is contained in the following theorem:

Theorem 4.2.1. Let

u(x) := sup v(x). (4.2.1)

VES,

Then u is harmonic.

Remark. If w € C2(£2) N C°(£2) is harmonic on £2 and if w = ¢ on 982, the
maximum principle implies that for all subfunctions v € §,, we have v < w in £2
and hence
w(x) = sup v(x).
VES,
Thus, w satisfies an extremal property. The idea of the Perron method (and the

content of Theorem 4.2.1) is that, conversely, each supremum in S, yields a
harmonic function.

Proof of Theorem 4.2.1: First of all, u is well defined, since by the maximum
principle v < supyo¢ < oo for all v € S,. Now let y € £2 be arbitrary.
By (4.2.1) there exists a sequence {v,} C S, with lim, 0 v,(y) = u(y). Replacing
v, by max(vy,...,v,,infyo ¢), we may assume without loss of generality that
(vi)nen is a monotonically increasing, bounded sequence. We now choose R with
B(y,R) CC £2 and consider the harmonic replacements v, for B(y, R). The
maximum principle implies that (v,),en likewise is a monotonically increasing
sequence of subharmonic functions that are even harmonic in B(y, R). By the
Harnack convergence theorem (Corollary 2.2.10), the sequence (v,) converges
uniformly on B(y, R) towards some v that is harmonic on B(y, R). Furthermore,

Tim 5, () = v(») = u(y), (4.22)

since u > v, > v, and lim,_, o v,(y) = u(y). By (4.2.1), we then have v < u in
B(y, R). We now show that v = u in B(y, R). Namely, if

v(z) < u(z) forsomez € B(y,R), (4.2.3)
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by (4.2.1), we may find u € S, with
v(z) < i(2). (4.2.4)
Now let
wy, i= max(v,, it). 4.2.5)

In the same manner as above, by the Harnack convergence theorem (Corollary
2.2.10), w, converges uniformly on B(y, R) towards some w that is harmonic on
B(y, R). Since w, > v, and w,, € S,

v<w<u in B(y,R). 4.2.6)
By (4.2.2) we then have

w(y) =v(y), 4.2.7)

and with the help of the strong maximum principle for harmonic functions
(Corollary 2.2.3), we conclude that

w =vin B(y, R). (4.2.8)
This is a contradiction, because by (4.2.4),
w(z) = lim w,(z) = lim max(v,(z),@(z)) > i(z) > v(z) = w(z).
n—oo n—o0

Therefore, u is harmonic in 2.

Theorem 4.2.1 tells us that we obtain a harmonic function by taking the
supremum of all subfunctions of a bounded function ¢. It is not clear at all, however,
that the boundary values of u coincide with vp. Thus, we now wish to study the
question of when the function u(x) := sup,¢ S, v(x) satisfies

X—>

11;2139 u(x) = @(§).

For that purpose, we shall need the concept of a barrier.

Definition 4.2.3. (a) Let £ € 9£2. A function 8 € C°(£2) is called a barrier at £
with respect to £2 if

(i) B> 0in 2\ {£}; B(E) = 0.

(ii) B is superharmonic in £2.
(b) & € 012 is called regular if there exists a barrier 8 at & with respect to £2.
Remark. The regularity is a local property of the boundary d£2: Let 8 be a local
barrier at £ € 042; i.e., there exists an open neighborhood U(§) such that 8 is a

barrier at £ with respect to U N £2. If then B(§, p) CC U and m := infy\p ) B,
then
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5. )ym for x € 2\ B(E, p),
min(m, B(x)) forx € 2N B(E, p),

is a barrier at £ with respect to £2.

Lemma 4.2.2. Suppose u(x) := SUP,cs, v(x) in 2. If € is a regular point of 052
and ¢ is continuous at &, we have

lirng u(x) = p(&). (4.2.9)

Proof. Let M := sup,, |¢|. Since & is regular, there exists a barrier 8, and the
continuity of ¢ at & implies that for every ¢ > 0 there exists § > 0 and a constant
¢ = c(e) such that

lo(x) — &) <e for |x — &| < 8, (4.2.10)
cB(x)>2M for|x—&|>§ (4.2.11)

(the latter holds, since inf},_¢>5 B(x) =: m > 0 by definition of 8). The functions

@) + &+ cp(x),
9(§) —e—cp(x),

then are super- and subfunctions, respectively, with respect to ¢, by (4.2.10) and
(4.2.11). By definition of u thus

9(€) —e—cp(x) < u(x),
and since superfunctions dominate subfunctions, we also have
u(x) = @(§) + &+ cpx).
Hence, altogether,
lu(x) — @(§)| < & + cB(x). (4.2.12)

Since lim, ¢ B(x) = 0, it follows that lim, ¢ u(x) = ¢(§). O
Theorem 4.2.2. Let 2 C RY be bounded. The Dirichlet problem
Au=0 inS2,
u=¢ onodf2,

is solvable for all continuous boundary values ¢ if and only if all points & € 052 are
regular.
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Proof. If ¢ is continuous and 952 is regular, then u := sup,¢ s,V solves the Dirichlet
problem by Theorem 4.2.1. Conversely, if the Dirichlet problem is solvable for all
continuous boundary values, we consider § € 92 and ¢(x) := |x — &|. The solution
u of the Dirichlet problem for that ¢ € C°(3£2) then is a barrier at £ with respect
to §2, since u(£) = ¢(¢) = 0 and since miny, ¢(x) = 0, by the strong maximum
principle u(x) > 0, so that & is regular. O

4.3 The Alternating Method of H.A. Schwarz

The idea of the alternating method consists in deducing the solvability of the
Dirichlet problem on a union §2; U £2, from the solvability of the Dirichlet problems
on £21 and §2,. Of course, only the case £2; N £2, # @ is of interest here.

In order to exhibit the idea, we first assume that we are able to solve the
Dirichlet problem on §2; and §2, for arbitrary piecewise continuous boundary data
without worrying whether or how the boundary values are assumed at their points
of discontinuity. We shall need the following notation (see Fig. 4.2):

Then 052 = I'1U T, and since we wish to consider sets £2;, £2, that are overlapping,
we assume 02* = y; U y, U (17 N I3). Thus, let boundary values ¢ by given on
02 =1 UFZ.Weput

vi=¢ln (=12),

:=1infg,

m = infe

M := supg.
a2

We exclude the trivial case ¢ = const. Letu; : £2; — R be harmonic with boundary
values

uilp, = @1, uily, = M. 4.3.1)
Next, let u, : 2, — R be harmonic with boundary values

’42|F2 - @27 M2|}/2 - Mll}/z' (432)

I

Fig. 4.2
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Unless ¢; = M, by the strong maximum principle,
uy <M in2h (4.3.3)
hence in particular,
usly, <M, (4.3.4)
and by the strong maximum principle, also
u <M in §2, (4.3.5)

and thus in particular,
M2|y1 < Mllyl- (4.3.6)

If ¢; = M, then by our assumption that ¢ = constis excluded, ¢, # M, and (4.3.6)
likewise holds by the maximum principle. Since by (4.3.2), u; and u, coincide on
the partition of the boundary of §£2*, by the maximum principle again

U, <u; in 2%,
Inductively, forn € N, let
Ut 8§21 = Rougpqr 2 20 - R,
be harmonic with boundary values
Uptilr, = @1, Uangily, = Uanly,, (4.3.7)
Upt2|r, = @2, Uangaly, = Uansily,. (4.3.8)

From repeated application of the strong maximum principle, we obtain

Uon43 < Uppqa < Uppy1 ON 2%, (4.3.9)
Upn+3 < Uzp+1 on £21, (4.3.10)
Up+4 < UDp+42 on .Qz. (4311)

Thus, our sequences of functions are monotonically decreasing. Since they are also
bounded from below by m, they converge to some limit

u:S$2 — R.

'The boundary values here are not continuous as in the maximum principle, but they can easily
be approximated by continuous ones satisfying the same bounds. This easily implies that the
maximum principle continues to hold in the present situation.
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The Harnack convergence theorem (Corollary 2.2.10) then implies that u is har-
monic on £2; and §2;, hence also on §2 = £2; U §2,. This can also be directly
deduced from the maximum principle: For simplicity, we extend u,, to all of £2 by
putting

. *
Up+1 -= Up on .Qz\.Q s

. *
Udp+2 = Udp+1 on .Ql \.Q .

Then u,,,+ is obtained from u,, by harmonic replacement on £2;, and analogously,
Uzn+o is obtained from uy,4+; by harmonic replacement on §2,. We write this
symbolically as

Urn+1 = Prugy, (4.3.12)
U2 = Pougyyr. (4.3.13)

For example, on £2; we then have
u= lim uy, = lim Piuy,. (4.3.14)
n—>oo n—>o0

By the maximum principle, the uniform convergence of the boundary values
(in order to get this uniform convergence, we may have to restrict ourselves to an
arbitrary subdomain £2] CC §2) implies the uniform convergence of the harmonic
extensions. Consequently, the harmonic extension of the limit of the boundary
values equals the limit of the harmonic extensions, i.e.,
Py lim up, = lim Piuyy,. (4.3.15)
n—od n—>oo
Equation (4.3.14) thus yields
u= Pu, (4.3.16)

meaning that on £2, u coincides with the harmonic extension of its boundary values,
i.e., is harmonic. For the same reason, u is harmonic on £25.

We now assume that the boundary values ¢ are continuous and that all boundary
points of £2; and £2, are regular. Then first of all it is easy to see that u assumes its
boundary values ¢ on d§2 \ (I} N ;) continuously. To verify this, we carry out the
same alternating process with harmonic functions vo,—1 : 21 = R, vy, : £, - R
starting with boundary values

vilm =1, vily, =m 4.3.17)

in place of (4.3.1). The resulting sequence (v, ),en then is monotonically increasing,
and the maximum principle implies

Vv, <u,in§2 foralln. (4.3.18)
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Since we assume that d§2; and 0£2; are regular and ¢ is continuous, u, and v, then
are continuous at every x € 952 \ (I'1 N I2). The monotonicity of the sequence (u,,),
the fact that u,(x) = v,(x) = ¢(x) for x € 32 \ (I1 N I?) for all n, and (4.3.18)
then imply that # = lim,—  u, at x as well.

The question whether u is continuous at d£2; N 92, is more difficult, as can
be expected already from the observation that the chosen boundary values for u;
typically are discontinuous there even for continuous ¢. In order to be able to treat
that issue here in an elementary manner, we add the hypotheses that the boundaries
of 2, and £2, are of class C! in some neighborhood of their intersection and that
they intersect at a nonzero angle. Under this hypotheses, we have the following
lemma:

Lemma 4.3.1. There exists some q < 1, depending only on §2, and $2,, with the
Jollowing property: If w : §21 — R is harmonic in §2, and continuous on the closure
§2y and if

w=0 onli,

lw| <1 ony,
then
Wl <gq onys, (4.3.19)

and a corresponding result holds if the roles of §2\ and §2, are interchanged.

The proof will be given in Sect. 4.4 below.

With the help of this lemma we may now modify the alternating method in such
a manner that we also get continuity on 9§2; N d§2,. For that purpose, we choose an
arbitrary continuous extension ¢ of ¢ to y;, and in place of (4.3.1), for u; we require
the boundary condition

uilp, = @1, uily, = @, (4.3.20)

and otherwise carry through the same procedure as above. Since the boundaries 042,
and 062, are assumed regular, all u, then are continuous up to the boundary. We put

M,y = max [t2n 41 — uzp—1] .
2

Moy, s = n}ax [t2n 42 — un] .
1

On y,, we then have
Up+2 = Udp+1, U2p = U2p—1,

hence
Upp+2 — Udp = Up+1 — U2p—1,
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and analogously on y,

Udp+3 — Udp+1 = Udp+2 — Up-

(L‘211+3_u2n+1)

Thus, applying the lemma with w = T —

, we obtain

My43 < qMop4s

and analogously
Moyt2 < qMop+1.

Thus M,, converges to 0 at least as fast as the geometric series with coefficientg < 1.
This implies the uniform convergence of the series

o0
up + E (ont1 —uzp—1) = lim up, 4
n—>oo

n=1

on 2}, and likewise the uniform convergence of the series

o0
up + E (t2n42 — U2p) = lim uy,
1 n—>00
e

on £2,. The corresponding limits again coincide in £2*, and they are harmonic on
£21, respectively £2,, so that we again obtain a harmonic function u on £2. Since all
the u,, are continuous up to the boundary and assume the boundary values given by
@ on 082, u then likewise assumes these boundary values continuously.

We have proved the following theorem:

Theorem 4.3.1. Let §2, and §2, be bounded domains all of whose boundary points
are regular for the Dirichlet problem. Suppose that §2\ N §2, # @ and that §2, and
$2, are of class C' in some neighborhood of 3§2; N 382, and that they intersect
there at a nonzero angle. Then the Dirichlet problem for the Laplace equation on
§2 := §2, U £2, is solvable for any continuous boundary values.

4.4 Boundary Regularity

Our first task is to present the proof of Lemma 4.3.1:
In the sequel, with r := |x — y| # 0, we put

ln} ford =2,

D(r):=—dwsI(r) =
) ) ﬁrd%z ford > 3.

(4.4.1)
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We then have for all v € R”,
d 1
—P(r)=VP.-v=——(x—y)- . (4.4.2)
v rd

We consider the situation depicted in Fig. 4.3.

Thatis, x € £2;y € y,a # 0,7,08,,002, € C'. Let dy;(y) be an
infinitesimal boundary portion of y; (see Fig.4.4).

Let dw be the infinitesimal spatial angle at which the boundary piece dy;(y) is
seen from x. We then have

dyi(y)cos B = |x -y dw (4.4.3)

and cos 8 = 6:3 - v. This and (4.4.2) imply

ad
h(x) := /yl B—UCD(r)dyl(y) = /yl dw. 4.4.4)

The geometric meaning of (4.4.4) is that fyl %%(r)dyl (y) describes the spatial
angle at which the boundary piece y; is seen at x. Since derivatives of harmonic
functions are harmonic as well, (4.4.4) yields a function / that is harmonic on £2;
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I A
\ N
gt "
B\ T
Fig. 4.5

and continuous on 062 \ (/7 N I%). In order to make the proof of Lemma 4.3.1
geometrically as transparent as possible, from now on, we only consider the case
d = 2 and point out that the proof in the case d > 3 proceeds analogously.

Let A and B be the two points where I'] and I intersect (Fig. 4.5). Then 4 is not
continuous at A and B, because

lim h(x) = B, 4.4.5)
ery
ILII/IQ h(x) =B+ m, (4.4.6)
iEVl
lin/l4 h(x) =a + B. (4.4.7)
iéyz

Let

p(x):=n forx ey
and

p(x):=0 forx el.
Then h|ye, — p is continuous on all of 952, because

tim ((x) = p(x)) = lim h(x) —0 = B,

X€n X€n
lin/l4 (h(x) — p(x)) = lin}1 hx)—nm=Bf+n—-—n=4.
en en

By assumption, there then exists a function u € C2(£2;) N C°(£2,) with
Au=0 in 21,
u=l’l|agl—p ona.Ql.
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For
v(x) = ——— (4.4.8)

we have

Av =0 forx e £,
v(x) =0 forx eI,

vix) =1 forx e y,.

The strong maximum principle thus implies

v(x) <1 forall x € 2y, (4.4.9)
and in particular,
v(x) <1 forall x € y,. (4.4.10)
Now
. .. o
lim v(x) = — (hm h(x) —,3) =— <1, 4.4.11)
x—A T x—A T
X€yy X€yy

since ¢ < 7 by assumption. Analogously, lim.—5 v(x) < 1, and hence since y; is
XE€y2
compact,

v(x) <g<1 forallx €y, (4.4.12)
for some g > 0. We put m := v — w and obtain

m(x) =0 forx eI,

m(x) >0 forx e y.
Since m is continuous in 9521 \ (I N I;) and 92, is regular, it follows that
Xli_)n;()m(x) =m(xg) forall xo € 082\ (I'1NI3).
By the maximum principle, m(x) > 0 for all x € £2;, and since also
,31—131 m(x) = Yll_rg1 v(x) —w(A) = 31—131 v(x) > 0 (w is continuous),

we have for all x € y»,

wx) <v(x) <g<1. (4.4.13)
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a B(xz,s)

Fig. 4.6

The analogous considerations for M := v + w yield the inequality
—w(x) <v(x) <g<1; (4.4.14)

hence, altogether,
w(x)] <g <1 forall x € ps.

We now wish to present a sufficient condition for the regularity of a boundary
point y € 082:

Definition 4.4.1. (2 satisfies an exterior sphere condition at y € 952 if there exists
xo € R" with B(xo, p) N 2 = {y}.

Examples. (a) All convex regions and all regions of class C? satisfy an exterior
sphere condition at every boundary point. (See Fig.4.6a.)
(b) Atinward cusps, the exterior sphere condition does not hold. (See Fig. 4.6b.)

Lemma 4.4.1. If §2 satisfies an exterior sphere condition at y, then 052 is regular
aty.

Proof.

ﬂ(x) . ,Dd+2 — W ford > 3,
ln@ ford =2,

yields a barrier at y. Namely, 8(y) = 0 and f is harmonic in R" \ {xo}, hence
in particular in £2. Since for x € £ \ {y}, |[x —xo| > p, also f(x) > 0 for all
x e 2\ {y}. O

We now wish to present Lebesgue’s example of a nonregular boundary point,
constructing a domain with a sufficiently pointed inward cusp.
Let R? = {(x,y,2)}, x € [0,1], p? := y? + 22,

u(x,y,2): dxo = v(x,p) —2xInp

_/1 X0
0 +/(xo—x)2+ p?



4.4 Boundary Regularity 81

Fig. 4.7

Fig. 4.8
with
v(x.p) = V(1 = x)2 + p? — Vx2 + p?
+xln‘<1—x+ \/(l—x)z—i—pz) (x+ x2+p2)).
We have

lim v(x,p) = 1.
g0

The limiting value of —2x In p, however, crucially depends on the sequence (x, p)
converging to 0. For example, if p = |x|", we have

x—0
—2xInp = —2nxIn|x| — 0.
On the other hand, if p = e_ﬁ, k,x > 0, we have

Iim (—2xInp) =k > 0.
(x,p)—>0( 2

The surface p = e has an “infinitely pointed” cusp at 0. (See Fig.4.7.)
Considering u as a potential, this means that the equipotential surfaces of u for the
value 1+ k come together at 0, in such a manner that f’(0) = 0 if the equipotential
surface is given by p = f(x). With £2 as an equipotential surface for 1 4 k, then u
solves the exterior Dirichlet problem, and by reflection at the ball (x — %)2 + 2+
2= }1, one obtains a region £2’ as in Fig. 4.8.

Depending on the manner, in which one approaches the cusp, one obtains
different limiting values, and this shows that the solution of the potential problem
cannot be continuous at (x, y,z) = (—%, 0,0), and hence 0£2’ is not regular at

(-1.0.0).
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Summary

The maximum principle is the decisive tool for showing the convergence of various
approximation schemes for harmonic functions. The difference methods replace
the Laplace equation, a differential equation, by difference equations on a discrete
grid, i.e., by finite-dimensional linear systems. The maximum principle implies
uniqueness, and since we have a finite-dimensional system, then it also implies the
existence of a solution, as well as the control of the solution by its boundary values.

The Perron method constructs a harmonic function with given boundary values
as the supremum of all subharmonic functions with those boundary values. Whether
this solution is continuous at the boundary depends on the geometry of the boundary,
however.

The alternating method of H.A. Schwarz obtains a solution on the union of two
overlapping domains by alternately solving the Dirichlet problem on each of the two
domains with boundary values in the overlapping part coming from the solution of
the previous step on the other domain.

Exercises

4.1. Employing the notation of Sect.4.1, let xo € $2, C R% have neighbors
X1,...,Xx4. Let x5,...,xg be those points in R3 that are neighbors of exactly two
of the points xi, ..., x4. We put

2, = {xo €2, X1,...,X8 € .Qh).
Foru: 2, > R, xo € Qh, we put

4 8
A~hu(x0) = # 42 u(xy) + Z u(xg) — 20u(xo)
a=1 B=5

Discuss the solvability of the Dirichlet problem for the corresponding Laplace and
Poisson equations.

4.2. Let Xo € £2), have neighbors xi, ..., x,,. We consider a difference operator
Luforu: £2;, — R,

2d
Lu(xo) = Y _ bytt(xy).
a=0

satisfying the following assumptions:

2d 2d
by >0 fora=1,...,2d, Zbd >0, Zba <0.
=1 a=0
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Prove the weak maximum principle: Lu > 0 in £2;, implies

max u < max u.
25 I

4.3. Under the assumptions of Sect. 4.2, assume in addition
by >0 fora=1,...,2d,

and let £2;, be discretely connected. Show that if a solution of Lu > 0 assume its
maximum at a point of £2p, it has to be constant.

4.4. Carry out the details of the alternating method for the union of three domains.

4.5. Let u be harmonic on the domain £2, xg € £, B(xp,R) C 2,0 <r <p <
R,,o2 = rR. Then

/ u(xo + rH)u(xo + RY)dv = / u*(xo + p)dd.
[91=1 [9]=1

Conclude that if u is constant in some neighborhood of xy, it is constant on all of 2.



Chapter 5
Existence Techniques II: Parabolic Methods.
The Heat Equation

5.1 The Heat Equation: Definition and Maximum Principles

Let 2 € R¥ be open, (0,T) C R U {oo},
QT = Q X (07 T)v

027 = (£ x {0}) U (asz x (0, T)). (See Fig. 5.1.)

We call 0* 27 the reduced boundary of 7.

For each fixed t € (0,T) let u(x,t) € C%*(£2), and for each fixed x € £ let
u(x,t) € C'((0,T)). Moreover, let f € C°(3*27), u € C°(27). We say that u
solves the heat equation with boundary values f if

u(x,t) = Acu(x,t) for (x,t) € 27,
u(x,t) = f(x,t) for (x,t) € 9" 27. (5.1.1)

Written out with a less compressed notation, the differential equation is

9 S
EM(X, l) = IZ; a—xfzu(x, t)

Equation (5.1.1) is a linear, parabolic partial differential equation of second order.
The reason that here, in contrast to the Dirichlet problem for harmonic functions, we
are prescribing boundary values only at the reduced boundary is that for a solution
of a parabolic equation, the values of u on £2 x {T'} are already determined by its
values on 0* 27, as we shall see in the sequel.

The heat equation describes the evolution of temperature in heat-conducting
media and is likewise important in many other diffusion processes. For example, if
we have a body in R? with given temperature distribution at time ¢y and if we keep

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 85
DOI 10.1007/978-1-4614-4809-9_5,
© Springer Science+Business Media New York 2013
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Fig. 5.1

the temperature on its surface constant, this determines its temperature distribution
uniquely at all times # > 7. This is a heuristic reason for prescribing the boundary
values in (5.1.1) only at the reduced boundary.

Replacing ¢ by —t in (5.1.1) does not transform the heat equation into itself.
Thus, there is a distinction between “past” and “future.” This is likewise heuristically
plausible.

In order to gain some understanding of the heat equation, let us try to find
solutions with separated variables, i.e., of the form

u(x,t) = v(x)w(t). (5.1.2)
Inserting this ansatz into (5.1.1), we obtain

wi () Av(x)
w(t) — v(x)

Since the left-hand side of (5.1.3) is a function of ¢ only, while the right-hand side
is a function of x, each of them has to be constant. Thus

(5.1.3)

Av(x) = —Av(x), (5.1.4)
we(t) = —Aw(t), (5.1.5)

for some constant A. We consider the case where we assume homogeneous boundary
conditions on 452 x [0, 00), i.e.,

u(x,t) =0 forx € 982,
or equivalently,

v(x) =0 forx € d52. (5.1.6)

From (5.1.4) we then get through multiplication by v and integration by parts

/Q|Dv(x)|2dx = —/Qv(x)Av(x)dx = /\/Qv(x)zdx.
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Consequently,
A>0

(and this is the reason for introducing the minus sign in (5.1.4) and (5.1.5)).

A solution v of (5.1.4) and (5.1.6) that is not identically 0 is called an
eigenfunction of the Laplace operator, and A an eigenvalue. We shall see in
Sect. 11.5 that the eigenvalues constitute a discrete sequence (A,),en, Ay — 00
for n — oo. Thus, a nontrivial solution of (5.1.4) and (5.1.6) exists precisely if
A = Ay, for some n € N. The solution of (5.1.5) then is simply given by

w(t) = w(0)e ™.

So, if we denote an eigenfunction for the eigenvalue A, by v,,, we obtain the solution

u(x, 1) = v (x)w(0)e !
of the heat equation (5.1.1), with the homogeneous boundary condition

u(x,t) =0 forx € d2
and the initial condition

u(x,0) = v, (x)w(0).

This seems to be a rather special solution. Nevertheless, in a certain sense, this
is the prototype of a solution. Namely, because (5.1.1) is a linear equation, any
linear combination of solutions is a solution itself, and so we may take sums of such
solutions for different eigenvalues A,. In fact, as we shall demonstrate in Sect. 11._5,

any L2-function on £2, and thus in particular any continuous function f on £2,
assuming £2 to be bounded, which vanishes on 92, can be expanded as

) = (), (5.1.7)

neN

where the v, (x) are the eigenfunctions of A, normalized via

/ va(x)2dx =1
Q

and mutually orthogonal:

/ Ve (X)v(x)dx =0 forn # m.
Q2



88 5 Existence Techniques II: Parabolic Methods. The Heat Equation

Then «;,, can be computed as

a = [ s,
2
We then have an expansion for the solution of

u(x,t) = Au(x,t) forx € 2,t >0,
u(x,t) =0 forx € 082,¢t > 0,

u(x,0) = f(x) (: Zanvn(x)), for x € 2, (5.1.8)

namely,

u(x,t) = Zane_k”’vn(x). (5.1.9)

neN

Since all the A,, are nonnegative, we see from this representation that all the “modes”
o,V (x) of the initial values f are decaying in time for a solution of the heat
equation. In this sense, the heat equation regularizes or smoothes out its initial
values. In particular, since thus all factors e *! are less than or equal to 1 forz > 0,
the series (5.1.9) converges in L?(£2), because (5.1.7) does.

If instead of the heat equation we considered the backward heat equation

u; = —Au,

then the analogous expansion would be u(x,t) = Y a,e*'v,(x), and so the
modes would grow, and differences would be exponentially enlarged, and in fact,
in general, the series will no longer converge for positive . This expresses the
distinction between “past” and “future” built into the heat equation and alluded to
above.

If we write

g y.0) =Y e M (x)va(y). (5.1.10)

neN

and if we can use the results of Sect. 11.5 to show the convergence of this series, we
may represent the solution u(x, t) of (5.1.8) as

e, = e ) [ w0y by 619

neN

=qu»0ﬂww. (5.1.11)
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Instead of demonstrating the convergence of the series (5.1.10) and that u(x, ¢) given
by (5.1.9) is smooth for # > 0 and permits differentiation under the sum, in this
chapter, we shall pursue a different strategy to construct the “heat kernel” g (x, y, t)
in Sect. 5.3.

Forx,y e R", t,1y € R, t # ty, we define the heat kernel at (y, 7o) as

1 Lx=*
A(x’y’t7t0) = —de4(to}—t)_
(4 |t —1o])?
We then have
d =yl
A ’ ’t’t :_—A tt —A ’ ’t,t ’
t(x Yy 0) 2(1_ ) (x, Y, 0) + 4(t ) (x y 0)
xi —yi
A ; N ,[,t = —A , ,t,[ ,
x (X, y,1,10) 2o 1) (x, y.t.10)
(x' = y')?

1
S Ax, y,1,10) + = ——A(x, y,1, 1),
2o —1)? (x.y 0)+2(to—t) (x,y.1.1)

Axixi (xa Y, Z‘,IO)

i.e.,

x —yP? d
Ay A(x, y,t,t =—A LT —A LV, LT
< A(x, y,1.1) 2o —1) (x.y.1.10) + =1 (x. y.1.1)
= A/(x, y,t,1)).

The heat kernel thus is a solution of (5.1.1). The heat kernel A is similarly important
for the heat equation as the fundamental solution I" is for the Laplace equation.

We first wish to derive a representation formula for solutions of the (homoge-
neous and inhomogeneous) heat equation that will permit us to compute the values
of u at time 7 from the values of u and its normal derivative on 9*$27. For that
purpose, we shall first assume that u solves the equation

ur(x,1) = Au(x,t) + o(x,t) in 27

for some bounded integrable function ¢(x, ¢) and that 2 C R? is bounded and such
that the divergence theorem holds. Let v satisfy v, = —Av on §27. Then

/ v dx dt :/ v(u; — Au) dx dt
.QT -QT

:/Q (/OTv(x,t)ut(x,t)dt) dx—/OT (/QvAudx) dr
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T
:/ [v(x, TYu(x,T) — v(x,0)u(x,0) — / ve(x, Hu(x, Z)dti| dx
Q 0

_/0 (/ uAvdx)dt //(v%_u_) Jods
S e N e

(5.1.12)

For v(x,t) := A(x,y,T + &,t) with T > 0and y € £22¢ fixed we then have,
because of v; = —Av,

/ Audx:/ A(pdxdt+/ Audx
2x{T} 2r £2x{0}

T
+/ (/ (A% —ua—A) do) dr. (5.1.13)
0 R v av

For & — 0, the term on the left-hand side becomes

lim | A(x,y, T +¢& Tu(x,T)dx = u(y,T).

e—>0 0

Furthermore, A(x, y, T + ¢, t) is uniformly continuousin ¢, x, ¢ fore > 0, x € 052,
and0 <t < T orforx € £2,¢t = 0. Thus (5.1.13) implies, letting ¢ — 0,

u(y,T) =/Q Alx,y, T, t)p(x,t)dx dt +/K2A(x,y,T, 0)u(x,0)dx
T

T B(x n aA(x,y,T,t)) )

(5.1.14)

This formula, however, does not yet solve the initial boundary value problem, since
in (5.1.14), in addition to u(x,t) for x € 952, t > 0, and u(x, 0), also the normal
derivative %(x,t) for x € 382, t > 0, enters. Thus we should try to replace
A(x,y,T,t) by a kernel that vanishes on 92 x (0, c0). This is the task that we
shall address in Sect.5.3. Here, we shall modify the construction in a somewhat
different manner. Namely, we do not replace the kernel, but change the domain of
integration so that the kernel becomes constant on its boundary. Thus, for © > 0,
we let

1 lx—y|?

My, T;n) :=4(x,s) € R? x Rs<T:—————e T > .
4 (T —s))2
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Forany y € £2,T > 0, we may find o > 0 such that for all & > py,
M(y,T;pn) C 2 x[0,T].
We always have

».T)ye M(y,T; ),

and in fact, M(y, T; ) N {s = T'} consists of the single point (y, T'). For ¢ falling
below T, M(y, T; ) N {s = t} is a ball in R? with center (y, #) whose radius first
grows but then starts to shrink again if 7 is decreased further, until it becomes 0 at a
certain value of 7.

We then perform the above computation on M(y, T; u) (u > o) in place of
27, with

vix,t) = A(x,y, T +et)—pu,
and as before, we may perform the limit ¢ \ 0. Then
v(x,t) =0 for(x,t) € IM(y,T; ),
so that the corresponding boundary term disappears.

Here, we are interested only in the homogeneous heat equation, and so, we put
¢ = 0. We then obtain the representation formula

A
u(y, T) = —/ u(x,t)—x,y, T,t)do(x,t)
OM(y.T3p0) vy
lx — y|
= ,u/ u(x,t)———do(x,1), (5.1.15)
OM(y.Tsp0) AT —1)
since
A lx — y| [x — y|
S Ay W A IM(y, T: 1b). 5.1.16
e 2T —1) Tl MO T (>.1.16)

In general, the maximum principles for parabolic equations are qualitatively dif-
ferent from those for elliptic equations. Namely, one often gets stronger conclusions
in the parabolic case.

Theorem 5.1.1. Let u be as in the assumptions of (5.1.1). Let 2 C R? be open and
bounded and

Au—u; >0 in Q7. (5.1.17)
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We then have

supu = sup u. (5.1.18)
or 0*Qr

(If T < oo, we can take max in place of sup.)

Proof. Without loss of generality 7" < co.

@

(i)

Suppose first
Au—u, >0 in £27. (5.1.19)

For 0 < ¢ < T, by continuity of u# and compactness of 5_27_8, there exists
(X(), t9) € 27—, with

u(xo, tp) = max u. (5.1.20)
Q7 —¢

If we had (xo, %)) € 27—, then Au(xg, t9) < 0, Vu(xo, t0) = 0, u;(xo,20) =
0 would lead to a contradiction; hence we must have (x¢,#)) € 0§27_.. For

t =T —¢and x € 2, we would get Au(xg,1y) < 0, us(xo,1) > 0, likewise
contradicting (5.1.19). Thus we conclude that

max ¥ = max u, (5.1.21)
27—, 0* Q27—

and for ¢ — 0, (5.1.21) yields the claim, since u is continuous.
If we have more generally Au —u, > 0, we letv := u — et, ¢ > 0. We have

Vvi=u—&e<Au—eg= Av—¢g < Ay,
and thus by (i),
maxu = max(v 4+ et) <maxv + eT = max v+ T < maxu + 7T,
r Qr Qr 8*QT 8*QT

and ¢ — 0 yields the claim.

Theorem 5.1.1 directly leads to a uniqueness result:

Corollary 5.1.1. Let u, v be solutions of (5.1.1) with u = v on 3* Qr, where 2 C
RY is bounded. Then u = v on 7.

Proof. We apply Theorem 5.1.1 to u — v and v — u. O
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This uniqueness holds only for bounded 2, however. If, for example, 2 = R4,
uniqueness holds only under additional assumptions on the solution u.

Theorem 5.1.2. Let 2 = R? and suppose
Au—u, >0 in 27,

u(x,t) < MeM""|2 in 27 for M, 1 > 0,

u(x,0) = f(x) xef =R (5.1.22)
Then
supu < sup f. (5.1.23)
2r Rd

Remark. This maximum principle implies the uniqueness of solutions of the
differential equation

Au = u, on 27 = R? x (0,7),
u(x,0) = f(x)  forx eR?,

u(x, 1) < M for (x,1) € 27

The condition (5.1.22) is a condition for the growth of u at infinity. If this condition
does not hold, there are counterexamples for uniqueness. For example, let us choose

(n)
I/t(x, Z) Z g(zn()t') 2n

with

—1
e ¢t >0, forsomek > 1,

g(t) =
0 =0,

v(x,t):=0 forall (x,7) € R x (0, 00).

Then u and v are solutions of (5.1.1) with f(x) = 0. For further details we refer to
the book of John [14].

Proof of Theorem 5.1.2: Since we can divide the interval (0, T') into subintervals of

length 7 < it suffices to prove the claim for 7' < because we shall then get

41’ 4/\’

sup u < sup u<---<sup f(x).
R4 x[0,k7] R4 x[0,(k—1)7] R4
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Thuslet T < We may then find € > 0 with

L
ax-

1
T — 5.1.24
+e< N ( )

For fixed y € R? and § > 0, we consider
V(x, 1) = u(x,t) —8A(x,y,t,T +¢), 0<t<T. (5.1.25)
It follows that
V- AV =, — Au <0, (5.1.26)

since A is a solution of the heat equation. For £2# := B(y, p), we thus obtain from
Theorem 5.1.1

V(y, 1) < max . (5.1.27)
Qe
Moreover,
Vo (x,0) < u(x,0) < sup f, (5.1.28)
R4
and for [x — y| = p,
1 2
V(x,1) < M g y exp( p )
An(T +e—1)° 4T +e—1)

< M+ g

()
4n(T +¢)? Plar+o)

Because of (5.1.24), for sufficiently large p, the second term has a larger exponent
than the first, and so the whole expression can be made arbitrarily negative; in
particular, we can achieve that it is not larger than supp. f. Consequently,

Vv <sup £ ond*Q*. (5.1.29)
]Rd

Thus, (5.1.27) and (5.1.29) yield

1
(T +e—1))%

V() =u(y.t) —8A(y.y.t.T + &) = u(y.t) — 8

<sup f.
R4

The conclusion follows by letting § — 0.
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Actually, we can use the representation formula (5.1.12) to obtain a strong
maximum principle for the heat equation, in the same manner as the mean value
formula could be used to obtain Corollary 2.2.3:

Theorem 5.1.3. Let 2 C RY be open and bounded and
Au—u, =0 inQ27r,

with the regularity properties specified at the beginning of this section. Then if there
exists some (xo, ty) € 2 x (0, T] with

u(xo, to) = maxu (or with u(xo, o) = rninu) ,
Qr Qr

then u is constant in §2y,.

Proof. The proof is the same as that of Lemma 2.2.1, using the representation
formula (5.1.12). (Note that by applying (5.1.15) to the function u = 1, we obtain

lx — y|
M/ XN o) = 1,
om(y, Ty 2(T —1)

and so a general u that solves the heat equation is indeed represented as some

average. Also, M(y,T;u2) C M(y,T;py) for uy < pp, and as u — oo, the
sets M(y, T'; ) shrink to the point (y, 7).) O

Of course, the maximum principle also holds for subsolutions, i.e., if
Au—u; >0 in Q7.
In that case, we get the inequality “<” in place of “="in (5.1.15), which is what is
required for the proof of the maximum principle. Likewise, the statement with the
minimum holds for solutions of

Au—u, <0.

Slightly more generally, we even have

Corollary 5.1.2. Let 2 C R? be open and bounded and
Au(x,t) + c(x,Hu(x,t) —u(x,t) >0 in 27,
with some bounded function

c(x,1) <0 in Q7. (5.1.30)
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Then if there exists some (xo, ty) € §2 x (0, T] with

u(xo, tp) = maxu > 0, (5.1.31)
2r

then u is constant in §2y,.

Proof. Our scheme of proof still applies because, since ¢ is nonpositive, at a
nonnegative maximum point (xo, o) of u, c¢(xo, to)u(xo, to) < 0 which strengthens
the inequality used in the proof. O

Again, we obtain a minimum principle when we reverse all signs.

For use in Sect. 6.1 below, we now derive a parabolic version of E.Hopf’s boundary
point Lemma 3.1.2. Compared with Sect. 3.1, we shall reverse here the scheme of
proof, i.e., deduce the boundary point lemma from the strong maximum principle
instead of the other way around. This is possible because here we consider less
general differential operators than the ones in Sect.3.1 so that we could deduce
our maximum principle from the representation formula. Of course, one can also
deduce general Hopf type maximum principles in the parabolic case, in a manner
analogous to Sect. 3.1, but we do not pursue that here as it will not yield conceptually
or technically new insights.

Lemma 5.1.1. Suppose the function c is bounded and satisfies c(x,t) < 0 in §27.
Let u solve the differential inequality

Au(x,t) + c(x,Hu(x,t) —u(x,t) >0 in 27,

and let (xg, ty) € 0*R27. Moreover, assume:

(i) u is continuous at (x, ty).
(ii) u(xo,t9) = 0 ifc(x) # 0.
(iii) u(xo, to) > u(x,t) forall (x,t) € 27.

(iv) There exists a ball l;((y, t1), R) C Q27 with (xo,1y) € 0B((y,11), R).

We then have, with r 1= |(x,t) — (y,11)],
du
—(x0,1%) >0, (5.1.32)
ar

provided that this derivative (in the direction of the exterior normal of §2r) exists.

Proof. With the auxiliary function

v(x) = e VP yR

the proof proceeds as the one of Lemma 3.1.2, employing this time the maximum
principle Theorem 5.1.3. O
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I do not know of any good recent book that gives a detailed and systematic
presentation of parabolic differential equations. Some older, but still useful,
references are [9, 23].

5.2 The Fundamental Solution of the Heat Equation.
The Heat Equation and the Laplace Equation

We first consider the so-called fundamental solution

1 lx—y[?

e, (5.2.1)
(4rt)>

K(x,y,t) = A(x, y,t,0) =

and we first observe that for all x € R, ¢ > 0,

d / e rd Ydr = —dwd/ e~ 597 1ds
1

=, e—|Y‘2dy = 1. (5.2.2)
T2 JR

/ K(x,y,t)dy =
Rd

For bounded and continuous f : R¢ — R, we consider the convolution

u(x,t) = / K(x,y,t) f(y)dy = ! i / e (5.2.3)
R4 (4mt)2 Jrd
Lemma 5.2.1. Let f : RY — R be bounded and continuous. Then
) = [ Ky £y
is of class C™ on R x (0, 00), and it solves the heat equation
= Au. (5.2.4)

Proof. That u is of class C* follows, by differentiating under the integral (which
is permitted by standard theorems), from the C°° property of K(x, y,t). Conse-
quently, we also obtain

d d
2 utxt) = /R K0 )y = /R CAK( .0 [y = At )

|
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Lemma 5.2.2. Under the assumptions of Lemma 5.2.1, we have for every x € R?

tli_l}(l)u(x, t) = f(x).

Proof.

| f(x) —ulx,1)]

1= [ Koy 0]

= /Rd K(x, y.0)(f(x) — f(Y))dy‘ with (5.2.2)

= ! o2 i B
B (4m)‘é/o € /Sd_1 (f(x) = f(x +rE))do(E)dr

_ L oo —s2 d—1 _ d
A /Sd_l (F@) = fx +2v/is8)) do &) ds

T2

_ /OM+/M°°‘

< sup |f(x) = SO+ 2sup|f]
yEB(x.2+/TM) R4

A

da)d
d
2

o0 2
/ e 5471 ds.
M

Given ¢ > 0, we first choose M so large that the second summand is less than ¢/2,
and we then choose 7y > 0 so small that for all  with 0 < ¢ < ¢, the first summand
is less than ¢/2 as well. This implies the continuity. O

T

By (5.2.3), we have thus found a solution of the initial value problem
u(x,t) — Au(x,t) =0 forx e Rd, t >0,
u(x,0) = f(x),

for the heat equation. By Theorem 5.1.2 this is the only solution that grows at most
exponentially.

According to the physical interpretation, u(x,t) is supposed to describe the
evolution in time of the temperature for initial values f(x). We should note,
however, that in contrast to physically more realistic theories, we here obtain an
infinite propagation speed as for any positive time ¢ > 0, the temperature u(x, ?)
at the point x is influenced by the initial values at all arbitrarily faraway points y,
although the strength decays exponentially with the distance |x — y]|.

In the case where f has compact support K, i.e., f(x) = 0 for x ¢ K, the
function from (5.2.3) satisfies

_ distx.K)?

e /K £ ()] dy. (52.5)

|u(x, )] =

(471)?

which goes to 0 as  — oo.
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Remark. Equation (5.2.5) yields an explicit exponential rate of convergence!

More generally, one is interested in the initial boundary value problem for the
inhomogeneous heat equation.

Let 2 C RY be a domain, and let ¢ € CO%2 x [0,00)), f € C%RN),
g € C°03£2 x (0, 00)) be given. We wish to find a solution of

8u(axt,t) — Au(x,t) = ¢(x,1) in 2 x (0, 00),

u(x,0) = f(x) ing,
u(x,t) = g(x,t) forx €982, € (0,00). (5.2.6)

In order for this problem to make sense, one should require a compatibility condition
between the initial and the boundary values: f € C°(2), g € C°(3£2x[0, 00)), and

f(x) = g(x,0) forx € ds2. 5.2.7)

We want to investigate the connection between this problem and the Dirichlet
problem for the Laplace equation, and for that purpose, we consider the case where
¢ = 0and g(x,f) = g(x) is independent of ¢. For the following consideration
whose purpose is to serve as motivation, we assume that u(x, ) is differentiable
sufficiently many times up to the boundary. (Of course, this is an issue that will
need a more careful study later on.) We then compute

d A 1, A d 2
5_ Eut—utbl”_ut ut_zuxit

i=1
9 d
= Mtg (I/lt —AM)—ZM?C,'I

i=1

d
=Y, <o. (5.2.8)

i=1
According to Theorem 5.1.1,

du(x,t) 2

v(t) := sup o

XESR

then is a nonincreasing function of 7.
We now consider

d
E(u(-,1)) = %/QZuiidx

i=l1
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and compute

9 d
gE(u(',t)) = /Q ;umiuxidx
. ad
= —/ u; Audx, since u;(x,t) = Eg(x) =0 forx e€df2
Q

_ / w2dx <0, (5.2.9)
2

With (5.2.8), we then conclude that

9? 9 d
gt == [ gudar = [ aar 2 [ 30

d
0 2 2
=— | —udo(x)+ 2/ g, dx.
/39 v’ 2 ; !

Since #? > 0in £2, u> = 0 on 352, we have on 952

0
2

<0.
ov

It follows that
32
ﬁE(u(u 1) > 0. (5.2.10)

Thus E(u(:,t)) is a monotonically nonincreasing and convex function of 7. In
particular, we obtain

0 0
—E@u(-,1) <a:= lim —E(u(-t)) <0. (5.2.11)
ot t—o0 Ot

Since E(u(-,t)) > 0 for all 7, we must have @ = 0, because otherwise for

sufficiently large T,
T3
Eu(-,T)) = E(u(-,0)) +/ EE(M(-,t))dt < E(,0))+al <O0.
0
Thus it follows that

lim [ u’dx = 0. (5.2.12)

—>0o0 Q
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In order to get pointwise convergence as well, we have to utilize the maximum
principle once more. We extend u?(x,0) from £ to all of R as a nonnegative,

continuous function / with compact support and put

1 2
Vv(x, 1) ::/ de—‘ S 1()dy.

We then have
and since [ > 0, also

and thus in particular

7 onds2.

vV>u

Thus w := ut2 — v satisfies

0
—w—Aw <0 in$2,

ot
w<0 onas2,

w(x,0) =0 forx e 2,1t =0.
Theorem 5.1.1 then implies
w(x, 1) <0,

ie.,

uf(x,t) <wv(x,t) forallx € £2,t>0.

Since / has compact support, from Lemma 5.2.2 and (5.2.5),

lim v(x,t) =0 forall x € £2,
—>00
and thus also

lim u?(x,t) =0 forall x € £2.
—>00

(5.2.13)

(5.2.14)

(5.2.15)

(5.2.16)

Thus, let our regularity assumptions be valid, and consider a solution of our
initial boundary value theorem with boundary values that are constant in time. We
conclude that its time derivative goes to 0 as ¢ — oo. Thus, if we can show that
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u(x, t) converges for t — oo with respect to x in C2, the limit function us, needs
to satisfy

Auge = 0,

i.e., be harmonic. If we can even show convergence up to the boundary, then us
satisfies the Dirichlet condition

Uso(x) = g(x) forx € 052.
From the remark about (5.2.5), we even see that u,(x,?) converges to 0 exponen-
tially in 7.
If we know already that the Dirichlet problem

Allgo =0 in £2,
Uso = g Onas2 (5.2.17)

admits a solution, it is easy to show that any solution u(x, ¢) of the heat equation with
appropriate boundary values converges to us,. Namely, we even have the following
result:

Theorem 5.2.1. Let $2 be a bounded domain in R?, and let g(x,t) be continuous
on 082 x (0, 00), and suppose

tlim g(x,t) = g(x) uniformlyin x € 052. (5.2.18)
—>00
Let F(x,t) be continuous on §2 x (0, 00), and suppose

tlim F(x,t) = F(x) uniformlyinx € 2. (5.2.19)
—>00
Let u(x,t) be a solution of

ad
Au(x,t)—gu(x,t)zF(x,t) forx e 2, 0<t<oo,
u(x,t) = g(x,t) forx €df2, 0<t <oo. (5.2.20)
Let v(x) be a solution of

Av(x) = F(x) forx € $2,
v(x) = g(x) forx € df2. (5.2.21)

We then have

lim u(x,t) =v(x) uniformlyinx € 2. (5.2.22)
—>00
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Proof. We consider the difference
w(x,t) = u(x,t) —v(x). (5.2.23)
Then
Aw(x,t) — %w(x, t) = F(x,t) — F(x) in £ x(0,00),
w(x,t) = g(x,t) —g(x) ind2 x (0, 00), (5.2.24)

and the claim follows from the following lemma: O

Lemma 5.2.3. Let 2 be a bounded domain in R?, let ¢(x,t) be continuous on
§2 x (0, 00), and suppose

tlim ¢(x,t) =0 uniformlyinx € 2. (5.2.25)
—00
Let y(x,t) be continuous on 952 x (0, 00), and suppose

lim y(x,t) =0 uniformly in x € 052. (5.2.26)

1—>00
Let w(x, t) be a solution of

0 .
Aw(x,t) — Ew(x, t) =¢(x,t) in$2 x(0,00),
w(x,t) = y(x,t) ind§2 x (0, 00). (5.2.27)

Then

lim w(x,t) =0 uniformlyinx € 2. (5.2.28)
—>00

Proof. We choose R > 0 such that

2x' < R forallx = (x',...,x%) e 2, (5.2.29)
and consider
k(x):=eR —e*. (5.2.30)
Then
Ak = —e*'.

With k := inf,cp e , we thus have

Ak < —k. (5.2.31)
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We consider, with constants 1, ¢g, T to be determined, and with

ko := inf k(x), &1 := sup k(x),
XER xen

the expression

k k k —(—r
m(x,1) =1 f{x) + 1 foc) + o iz)e (7o)

in £2 x [1, 00).
Then

ad
Am(x,t) — gm(x,t)

K K1

(5.2.32)

K Kk (p K _x_
<on-n oo 0D 4 oL —e @7 < . (5.2.33)

Ko Ko K1
Furthermore,

m(x,t) > ¢y forx e $2,

m(x,t) >n for(x,t) € 982 x [t, 00).

(5.2.34)
(5.2.35)

By our assumptions (5.2.25) and (5.2.26), for every 7, there exists some t = 7(7)

with
|p(x,t)|<n forx e 2, t=>r,
ly(x,t)| <n forx €02, t>r1.
In (5.2.32) we now put
T=1(n), c¢o=sup|w(x,1)|.
XESR
Then
m(x,7) w(x,t) >0 for x € £2 by (5.2.34),
m(x,t) £ w(x,t) >0 forx € 02, t > 1,
by (5.2.35), (5.2.37), and (5.2.27);
d
A—g (m(x,t) £w(x,t)) <0 forx € 2,t >,

by (5.2.33), (5.2.36), and (5.2.27).

(5.2.36)
(5.2.37)
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It follows from Theorem 5.1.1 (observe that it is irrelevant that our functions are
defined only on £2 x [, 00) instead of §£2 x [0, c0), and initial values are given on
£2 x {t}) that

[w(x,t)| <m(x,t) forxe 2, t>r,

K1 K1 Kl -
<n=+ =) +co—re Y,
K Ko Ko

and this becomes smaller than any given ¢ > 0 if n > 0 from (5.2.36) and (5.2.37)
is sufficiently small and ¢ > 7(n) is sufficiently large. O

5.3 The Initial Boundary Value Problem
for the Heat Equation

In this section, we wish to study the initial boundary value problem for the
inhomogeneous heat equation
u(x,t) — Au(x,t) = p(x,t) forx € 2,t >0,
u(x,t) = g(x,t) forx € 92,t >0, (5.3.1)
u(x,0) = f(x) forx e £2,
with given (continuous and smooth) functions ¢, g, f. We shall need some prepa-
rations.

Lemma 5.3.1. Let 2 be a bounded domain of class C* in RY. Then for every a <
% + 1, T > 0, there exists a constant ¢ = c(«, d, §2) such that for all xy, x € 052,
0 <t <T, letting v denote the exterior normal of 082, we have

d -
‘au (¥, x0. )| < et |x — x| T
Proof.
0 K(x. xo.1) = 1 d - \X—Afo\z _ 1 (x — x0) - vy o \x—‘;o\z.
e T (4 Ovx (4nt)s 2

As we are assuming that the boundary of £2 is a manifold of class C?2, and since
X, X9 € 82, and v, is normal to 952, we have

[(x —x0) - vy| <c1]x— X0 2
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with a constant ¢; depending on the geometry of d§2. Thus

_d_ _bxol
<t | x —xolTe T # (5.3.2)

‘iK(x,xo,t)
dVy

with some constant ¢;. With a parameter § > 0, we now consider the function

V(s) = sPe™ fors > 0. (5.3.3)

Inserting s = %, B = % + 1 — o, we obtain from (5.3.3)

_lx? —d— dy_
e W <eylx —xo| AR I (5.3.4)

with ¢3 depending on f, i.e., on d and «. Inserting (5.3.4) into (5.3.2) yields the
assertion. O

Lemma 5.3.2. Let 2 C R? be a bounded domain of class C* with exterior normal
v, andlety € C°(02 x [0, T]) (T > 0). We put

v(x,t) = —/ / a—K(x,y, T)y(y,t — t)do(y)dr. (5.3.5)
0 Jag vy

We then have

ve C®(2 x][0,T)]),
v(x,0) =0 forallx € 2, (5.3.6)

andforall xo € 02,0 <t < T,

t
lim v(x,t) = y(xo. 1) —/0 /39 gTK(xo,y, Dy(y,t —t)do(y)dr. (5.3.7)
y

X—>X0 2

Here, we require that the convergence of x to Xy takes place in some cone (of angle
smaller than 1 /2) about the normal to the boundary.

Proof. First of all, Lemma 5.3.1, with ¢ = %, implies that the integral in (5.3.5)
indeed exists. The C°-regularity of v with respect to x then follows from the
corresponding regularity of the kernel K by the change of variables 0 = t — 7.
Equation (5.3.6) is obvious as well. It remains to verify the jump relation (5.3.7).
For that purpose, it obviously suffices to investigate

To oK
—/0 /a —(x,y,0)y(y,t —t)do(y)dr (5.3.8)

20 B(x0.8) 3Vy
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for arbitrarily small ty > 0, § > 0. In particular, we may assume that §y and t are
chosen such that for any given ¢ > 0, we have for y € 982, |y — x¢| < 8, and
0<7t<rT,

ly(xo,1) —y(y.t —7)| <&

Thus, we shall have an error of magnitude controlled by ¢ if in place of (5.3.8), we
evaluate the integral

[T S ortandoae (539)
32NB(x.8) IVy
Extracting the factor y(xo, ¢) it remains to show that
T oK 1
— lim / / —(x,y,0)do(y)dr = = 4+ O(9). (5.3.10)
x=>x0Jo  JagnBos) IVy 2

Also, we observe that since y is continuous, it suffices to show that (5.3.10) holds
uniformly in x¢ if x approaches 952 in the direction normal to 2. In other words,
letting v(x¢) denote the exterior normal vector of 952 at x,, we may assume

X = xo — pv(xo).

In that case, u?> = |x — x0|2, and since 02 is of class C?, for y € 942,
=y =1y = xol’ + 12 + 0 (1 = xol’ |x = xol ).

The term O (| y —xo|* |x — x0|) here is a higher-order term that does not influence

the validity of our subsequent limit processes, and so we shall omit it in the sequel
for the sake of simplicity. Likewise, for y € 952,

(x =) vy = (x=x0) vy + (o = ) vy ==+ O (Ixo = yP’),

and the term O(|xo — y|*) may be neglected again.
Thus we approximate

I (x—=y)-v, _bol
X, Y, 1) = e &
vy (4rnt)2 2t

by

_ o—y|? 2
1 ( M)e_lmh)l b
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This means that we need to estimate the expression

% 1 o=y _u?
/ / v f e e_lTrdo(y)dr.
4 _dy
0 JoenB(xo.) 2(4mw)2 T2

We introduce polar coordinates with center x( and putr = |xo — y|. We then obtain,
again up to a higher-order error term,

4 1 I D L B
uVol(S972) v / y e_W/ e wri2drdr,
2(4m)z Jo T2 t! 0

where S~ is the unit sphere in R?~!

d—2 T -4
uVol(S47%) 0 Le_ﬁ /2;} e—szsd—st dr
0

4t

d 3
42 0 T2
1
S0 2
Vol(§972) [*® 1 _ K2 g
=—7 1, 1¢° e 57 2ds do.
22 ig 02 0

In this integral we may let u tend to 0 and obtain as limit

Vol(S972) [ 1 00 1
L{,) —le_”/ e 54 2ds do = —. (5.3.11)
22 0 o2 0 2

By our preceding considerations, this implies (5.3.10).
Equation (5.3.11) is shown with the help of the gamma function

0o
I'(x) :/0 e 't* 'dt forx > 0.
We have
I'(x+1)=xI(x) forallx >0,
and because of I'(1) = 1, then
I'n+1)=n! forneN.

Moreover,

In particular,
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and

4 —Ix)? d—1 *© -2 d—1 1 d—1 d
T2 = e dx = Vol(S“7) e rfTdr = =Vol(STHIM | = );
R4 0 2 2

With these formulae, the integral (5.3.11) becomes

d—1
w1 1\ 1. (d—1) 1
. df(g)'gf(T)zz
r (5 ans

O
In an analogous manner, one proves the following lemma:
Lemma 5.3.3. Under the assumptions of Lemma 5.3.2, for

t

w(x,t) 1= / / K(x,y,0)y(y,t —t)do(y)dr (5.3.12)

0 Jae
(x €2,0<t<T) wehave
we C®(2x10,T)),
w(x,0) =0 forx e $2. (5.3.13)

The function w extends continuously to 2 x [0, T, and for xo € 382 we have

y(xo0,1)
2

lim Viw(x,1)-v(xg) =
X—>X0

! oK
+/ / (x0, ¥y, 0)y(y,t —1)do(y)dz, (5.3.14)
o Joo

vy,

with the same cone condition as before.

We now want to try first to find a solution of

Au—%uzo in £2 x (0, 00),

u(x,0) =0 for x € £2,
u(x,t) = g(x,t) forx €adf2, t >0, (5.3.15)
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by Lemma 5.3.2.
We try

u(x,t) = —/ / 3—K(x,y,t —10)y(y,7)do(y)dr, (5.3.16)
0 Jag dvy

with a function y(x,t) yet to be determined. As a consequence of (5.3.7), (5.3.15),
y has to satisfy, for xy € 052,

1 4 0K
(0. 1) = Sy (xont) - / / K ooyt = Dy (1) do(y) dr,
2 o Jag 0vy
ie.,
! 0K
Y (x0.1) = 2g(xo.1) +2 / / oyt~ oy do()dr. (5:3.17)
0 Joa OVy

This is a fixed-point equation for y, and one may attempt to solve it by iteration;
i.e., for xo € 952,

Yo(xo,1) = 2g(x0,1),
! 0K

Va0, 1) = 2 (x0.1) + 2 / / 2 07t = i (7. 1) o)
0 Joa OVy

for n € N. Recursively, we obtain

t n

o) =260 +2 [ [ Y S0t - g do(ae (5318)
0 Joe i

with

oK
Si(xo, y, 1) = 2a—(xO,y,t),
Vy

! 0K
Sv41(x0, y, 1) = 2/ / Sy(x0,2,t —1)=— (2, ¥,t)do(z) dr.
o Joo v,

In order to show that this iteration indeed yields a solution, we have to verify that
the series

o0
S(x()v yvt) - ZS\}(XOs yst)

v=1

converges.
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Choosing once more o = % in Lemma 5.3.1, we obtain

- —(d—1)+1
3/4 _yl ( ) 3

[S1(x0, y, )| < ct [x0

Iteratively, we get
|8, (x0, ¥, 8)| < c,t 1t |x0 — y|—(d—1)+g.
We now choose n = max(4,2(d — 1)) so that both exponents are positive. If now

| S (X0, ¥, 1)] < Bnt® for some constant §,, and some & > 0,

then
t
|Sim1(x0, ¥, )] < Cﬁoﬁm/ (t — )% 4 dr,
0

where the constant ¢ comes from Lemma 5.3.1 and

(] — 1
By = sup/ 2= Y4 do ().
yean Jag

Furthermore,

3

oa_—3/4 1 3 a+1/4
/ (t —1)%t"dr ( ) —_—t

where on the right-hand side we have the gamma function introduced above.
Thus

v 3 1
,Bn(C,BO)Vla-H}M l_[ I (Ol + 1 + /’L/4) I (Z)

S 9 ’Z S
[Sn4v (X0, ¥, 1)] T+ 1+ /4

Since the gamma function grows factorially as a function of its arguments, this
implies that

ZSV(XOs y,t)

v=1

converges absolutely and uniformly on 052 x 9§2 x [0, T'] forevery T > 0. We thus
have the following result:

Theorem 5.3.1. The initial boundary value problem for the heat equation on a
bounded domain 2 C R? of class C?, namely,

Au(x,t) — %u(x, t)=20 in 2 x (0, 00),

u(x,0)=0 in $2,
u(x,t) = g(x,t) forx €982, t>0,
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with given continuous g, admits a unique solution. That solution can be repre-
sented as

t
u(x,t) = —/O /39 Y(x,y,t —1)g(y,t)do(y)dr, (5.3.19)

where

0K [ K -
S(x.y.t) =2—(x.y.1) + 2/ / — (X2t =1) ) S y.1)doz)dr.
3vy 0 IR al)z o

(5.3.20)

Proof. Since the series Y .- | S, converges,

o0 =250 +2 [ 38,600,000 0 dor)ar
v=1

is a solution of (5.3.17). Inserting this into (5.3.16), we obtain (5.3.20). Here, one
should note that

00
— —(d— 1
t 3/4 Iy _ )C| (d—D+5; Z S\}(-x()s ¥, ‘L’),

v=1

and hence also X' (x, y, t) converges absolutely and uniformly on 952 x 952 x [0, T']
for every T > 0. Thus, we may differentiate term by term under the integral
and show that u solves the heat equation. The boundary values are assumed by
construction, and it is clear that u vanishes at # = 0. Uniqueness follows from
Theorem 5.1.1. O

Definition 5.3.1. Let £2 C R? be a domain. A function g (x, y, ) that is defined for
X,y € £2,t > 0is called the heat kernel of £2 if:

(1)
d
(AX — 5) q(x,y,t) =0 forx,y e, t>0, (5.3.21)
(i1)
q(x,y,t) =0 forx € d$2, (5.3.22)

(iii) and for all continuous f : 2 — R

liII(l)/ q(x,y,t) f(x)dx = f(y) forally e £2. (5.3.23)
—> Q
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Corollary 5.3.1. Any bounded domain §2 C R? of class C? has a heat kernel, and
this heat kernel is of class C' on §2 with respect to the spatial variables y. The heat
kernel is positive in 2, for all t > 0.

Proof. For each y € §2, by Theorem 5.3.1, we solve the boundary value problem
for the heat equation with initial values 0 and

g(x,t) = —K(x,y,1).
The solution is called u(x, y, t), and we put
q(x,y,t):= K(x,y,t) + p(x,y,1). (5.3.24)
Obviously, g(x, y, ) satisfies (i) and (ii), and since
tli_I)Ig)u(x, y,t) =0,

and K(x, y,t) satisfies (iii), then so does ¢g(x, y, 7).

Lemma 5.3.3 implies that ¢ can be extended to £2 as a continuously differentiable
function of the spatial variables.

That g(x, y,t) > O forall x,y € §£2,¢t > 0 follows from the strong maximum
principle (Theorem 5.1.3). Namely,

g(x,y,1) =0 forx € 082,
limg(x,y,1) =0 forx,y € Q,x#y,
t—

while (iii) implies
q(x,y,t) >0 if |x —y|andt > O are sufficiently small.
Thus, g > 0 and ¢ # 0, and so, by Theorem 5.1.3,

g >0 in £ x £2 x (0,00). O

Lemma 5.3.4 (Duhamel principle). For all functions u,v on 2 x [0, T] with the
appropriate regularity conditions, we have

T
/ /{v(x,t)(Au(x,T—t)+u,(x,T—r))
0 2
—u(x,T—Z)(Av(x,t)—v,(x,t))}dxdt
T 9 9
-[ [ {B—f)‘(y, T =000 = S 0wy, T —r)} do(y) di

+/ {u(x,0)v(x, T) —u(x, T)v(x,0)} dx. (5.3.25)
2
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Proof. Same as the proof of (5.1.12) O
Corollary 5.3.2. Ifthe heat kernel g(z,w, T) of 2 is of class C" on 2 with respect
to the spatial variables, then it is symmetric with respect to z and w, i.e.,

q(z,w, T) =qw,z,T) forallz,we 2, T > 0. (5.3.26)

Proof. In (5.3.25), we put u(x,t) = q(x,z,t), v(x,t) = q(x,w,t). The double
integrals vanish by properties (i) and (ii) of Definition 5.3.1. Property (iii) of
Definition 5.3.1 then yields v(z, T) = u(w,T), which is the asserted symmetry.

O

Theorem 5.3.2. Let 2 C RY be a bounded domain of class C* with heat kernel
q(x,y,t) according to Corollary 5.3.1, and let

@ e CUR2x[0,00), geC’0R2x(0,00), feC" Q).
Then the initial boundary value problem
u(x,t) — Au(x,t) = p(x,t) forx € 2,t>0,

u(x,t) = g(x,t) forx €082, t >0,
u(x,0) = f(x) forx e $2, (5.3.27)

admits a unique solution that is continuous on 2 x [0,00) \ 92 x {0} and is
represented by the formula

u(x,t)=/0 /Qq(x,y,t—f)fp(y,r)dydf
Y, d
+/Qq(x .0 f()dy

t
_// Y eyt = Dg(do(y)de.  (5328)
0 a2

v,

Proof. Uniqueness follows from the maximum principle. We split the existence
problem into two subproblems.
We solve

vi(x,t) — Av(x,t) =0 forx € £2,¢t > 0,
v(x,t) = g(x,t) forx € 0§2,¢t > 0, (5.3.29)
v(x,0) = f(x) forx e £2,
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i.e., the homogeneous equation with the prescribed initial and boundary condi-
tions, and
we(x,t) — Aw(x,t) = o(x,t) forx € £2,t >0,
w(x,t) =0 forx € 082,t > 0, (5.3.30)
w(x,0) =0 for x € £2,

i.e., the inhomogeneous equation with vanishing initial and boundary values.
The solution of (5.3.27) is then given by

Uu=v-+w.

We first address (5.3.29), and we claim that the solution v can be represented as

! 0
q
vt = [ atenfouy = [ [ - og0.0dotr
2 0 Joap OVy
(5.3.31)
The facts that v solves the heat equation and the initial condition v(x,0) =
f(x) follow from the corresponding properties of g. Moreover, ¢(x,y,t) =

K(x,y,t) + pu(x,y,t) with u(x, y,t) coming from the proof of Corollary 5.3.1.
By Theorem 5.3.1, this  can be represented as

t
wx,y, t) = / / Y(x,z,t —1)K(z, y,7)do(z) dr, (5.3.32)
0 Joo

and by Lemma 5.3.3, we have for y € 952,

0 2(x,p,1)
_M(_x7y,t) — —y

! oK
- + / / X(x,z,t = 1)=—(z. y,1)do(z) dt.
oy 2 0o Jae dvy

(5.3.33)
This means that the second integral on the right-hand side of (5.3.31) is precisely of
the type (5.3.19), and thus, by the considerations of Theorem 5.3.1, v indeed satisfies
the boundary condition v(x,t) = g(x,t) for x € 052, because the first integral of

(5.3.31) vanishes on the boundary.
We now turn to (5.3.30). For every t > 0, we let z(x, ¢, t) be the solution of

z(x,t;7) — Az(x,t, 1) =0 forx € 2,t > 7,
z2(x,t;1) =0 forx € 02,t > 1, (5.3.34)

z2(x, ;1) = p(x,7) forx € £2.
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This is a special case of (5.3.29), which we already know how to solve, except that
the initial conditions are not prescribed at # = 0, but at # = t. This case, however,
is trivially reduced to the case of initial conditions at # = 0 by replacing ¢ by t — t,
i.e., considering ¢ (x,t; ) = z(x,t 4 ;7). Thus, (5.3.34) can be solved.

We then put

t
wi(x,t) =/ 7(x, t; v)dr. (5.3.35)
0

Then

t

t
we(x,t) = / z(x,t;0)de + z(x, t5t) = / Az(x, t;t)dt 4+ @(x, 1)
0 0
= Aw(x.1) + ¢(x.1)
and

w(x,t) =0 forx €92, >0,
w(x,0) =0 forx € £2.

Thus, w is a solution of (5.3.30) as required, and the proof is complete, since the
representation formula (5.3.28) follows from the one for v and the one for w that, by
(5.3.35), comes from integrating the one for z. The latter in turn solves (5.3.34) and
s0, by what has been proved already, is given by

Ax.t57) = / q(x,y.t =)y, 1)dy.
Q2
Thus, inserting this into (5.3.35), we obtain

w(x,t) = /0 /Qq(x, v, t —1)e(y, t)dydr. (5.3.36)

This completes the proof. O

We briefly interrupt our discussion of the solution of the heat equation and record
the following simple result on the heat kernel ¢ for subsequent use:

/ g(x,y.1)dy <1 (5.3.37)
2
for all ¢+ > 0. To start, we have

lim | g(x,y,t)dy = 1. (5.3.38)
=0 Jo
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This follows from (5.3.23) with f = 1 and the proof of Corollary 5.3.1 which
enables to replace the integration w.r.t. x in (5.3.23) by the one w.r.t. y in (5.3.38).
Next, we observe that

9
—q(x,y,t) <0 (5.3.39)
avy

because ¢ is nonnegative in {2 and vanishes on the boundary 952 (see (5.3.22)
and Corollary 5.3.1). We then note that the solution of Theorem 5.3.2 for ¢ =
I, g(x,t) = t,and f(x) = 0 is given by u(x,t) = t. In the representation
formula (5.3.28), using (5.3.39), this yields

t
/ / q(x,y,t —t)dydr <t¢, (5.3.40)
0 Je

from which (5.3.37) is derived upon a little reflection.
We now resume the discussion of the solution established in Theorem 5.3.2. We
did not claim continuity of our solution at the corner d§2 x {0}, and in general, we
cannot expect continuity there unless we assume a matching condition between the
initial and the boundary values. We do have, however,

Theorem 5.3.3. The solution of Theorem 5.3.2 is continuous on all of 2 x [0, 00)
when we have the compatibility condition

g(x,0) = f(x) forx e€dS2. (5.3.41)

Proof. While the continuity at the corner 052 x {0} could also be established from
a refinement of our previous considerations, we provide here some independent
and simpler reasoning. By the general superposition argument that we have already
employed a few times (in particular in the proof of Theorem 5.3.2), it suffices to
establish continuity for a solution of

vi(x,t) — Av(x,t) =0 forx € 2,¢t >0,
v(x,t) = g(x,t) forx € 082,t >0,
v(x,0) =0 forx € £2, (5.3.42)

with a continuous g satisfying
g(x,0) =0 forx € 952, (5.3.43)

and for a solution of

wi(x,t) — Aw(x,t) =0 forx e 2,¢t >0,
w(x,t) =0 forx € 02, t > 0,
w(x,0) = f(x) forx € 2, (5.3.44)
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with a continuous f satisfying
f(x) =0 forx e df2. (5.3.45)

(We leave it to the reader to check the case of a solution of the inhomogeneous
equation u; (x, 1) — Au(x,t) = ¢(x,t) with vanishing initial and boundary values.)
To deal with the first case, we consider, for T > 0,

Vi(x,t) — Av(x,t) =0 forx € 2,¢t >0,
v(x,t) =0 forx €02,0<t <7,
v(x,t) =g(x,t —1) forx € 082, ¢t > 1,
V(x,0) =0 for x € £2. (5.3.46)

Since, by (5.3.43), the boundary values are continuous at # = t, by the boundary
continuity result of Theorem 5.3.2, ¥(x, r) is continuous for x € 952. Also, by
uniqueness, v(x,t) = 0 for 0 < ¢ < 7, because both the boundary and initial values
vanish there. Therefore, again by uniqueness, v(x, t) = v(x, t+1), and we conclude
the continuity of v(x, 0) for x € 952.

We can now turn to the second case. We consider some bounded C2 domain §2
with 2 C £. We put f*(x) := max(f(x),0) for x € 2 and f(x) = 0 for
X € S~2\.§2 Then, because of (5.3.45), £ is continuous on £2. We then solve

Wi (x, 1) — Aw(x, 1) =0 forx € 2,1 >0,
w(x,1) =0 forx € 92, ¢t > 0,
w(x,0) = fH(x) forx e £2. (5.3.47)

By the continuity result of Theorem 5.3.2, #(x, 0) is continuous for x € £2 and
therefore in particular for x € 3£2. Since f(x) = 0 for x € 382, w(x,t) — 0
for x € 052 and ¢+ — 0. Since the initial values of w are nonnegative, w(x,?) > 0
forall x € 2 and > 0 by the maximum principle (Theorem 5.1.1). In particular,
w(x,t) > w(x,t) for x € 052 since w(x,t) = 0 there. Since also w(x,0) =
f(x) > f(x) = w(x,0), the maximum principle implies w(x,t) > w(x,t) for
all x € 2.t > 0. Altogether, w(x,0) < 0 for x € 3£2. Doing the same reasoning
with f~(x) := min( f(x),0), we conclude that also w(x,0) > 0 for x € 952, i.e.,
altogether, w(x,0) = 0 for x € 052. This completes the proof. O

Remark. Theorem 5.3.2 does not claim that u is twice differentiable with respect
to x, and in fact, this need not be true for a ¢ that is merely continuous. However,
one may still justify the equation

u(x,t) — Au(x,t) = (x,1).
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We shall return to the analogous issue in the elliptic case in Sects. 12.1 and 13.1. In
Sect. 13.1, we shall verify that u is twice continuously differentiable with respect to
x if we assume that ¢ is Holder continuous.

Here, we shall now concentrate on the case ¢ = 0 and address the regularity issue
both in the interior of £2 and at its boundary. We recall the representation formula
(5.1.14) for a solution of the heat equation on 2,

u(x,t)zng(x,y,t)u(y,O)dy

' du(y, 1)
+/O /3:2 (K(x,y,t—r) %

—a—K(x, v, t —u(y, r)) do(y)dr. (5.3.48)
v,

We put K(x, y,s) = 0 for s < 0 and may then integrate the second integral from 0
to oo instead of from 0 to . Then K(x, y, s) is of class C* for x, y € RY, s € R,
exceptat x = y, s = 0. We thus have the following theorem:

Theorem 5.3.4. Any solution u(x,t) of the heat equation in a domain $2 is of class
C with respectto x € 2, t > 0.

Proof. Since we do not know whether the normal derlvatlve L exists on 02 and
is continuous there, we cannot apply (5.3.48) directly. Instead for given x € £,

we consider some ball B(x, r) contained in £2. We then apply (5.3.48) on E(x, r)
in place of £2. Since dB(x,r) in §2 is contained in £2, and u as a solution of the
heat equation is of class C! there, the normal derivative 2 a” on dB(x,r) causes no
problem, and the assertion is obtained. O

In particular, the heat kernel ¢ (x, y, t) of a bounded C?-domain £2 is of class C*
with respect to x, y € £2, ¢ > 0. This also follows directly from (5.3.24), (5.3.32),
and (5.3.20) and the regularity properties of X'(x, y, t) established in Theorem 5.3.1.
From these solutions it also follows that aaT‘i(x, y,t) for y € 082 is of class C*> with
respect to x € £2,¢ > 0. Thus, one can also use the representation formula (5.3.28)
for deriving regularity properties. Putting g(x, y,s) = 0 for s < 0, we may again
extend the second integral in (5.3.28) from 0 to oo, and we then obtain by integrating
by parts, assuming that the boundary values are differentiable with respect to ¢,

S uten) = / a0 £y

/ / U0 (x. vt =)o g(v. ) do(y) e
92

v,

+ lim —q(x, y,t —1)g(y,1)do(y). (5.3.49)
7—0 AR a\)y
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Since g(x,y,t) = Oforx € 02,y € £,t > 0, also —;Vq (x,y,t —1) = 0 for
y
X,y €082,t <t,and

d
Eq(x,y,t) =0 forxed2, yef,t>0 (5.3.50)
(passing to the limit here is again justified by (5.3.32)). Since the second integral in

(5.3.49) has boundary values % g(x, 1), we thus have the following result:

Lemma 5.3.5. Let u be a solution of the heat equation on the bounded C*-domain
§2 with continuous boundary values g(x, t) that are differentiable with respect to t.
Then u is also differentiable with respect to t, for x € 952, t > 0, and we have

%u(x,t) = %g(x,t) forx € 082, t > 0. (5.3.51)

We are now in position to establish the connection between the heat and Laplace
equation rigorously that we had arrived at from heuristic considerations in Sect. 5.2.

Theorem 5.3.5. Let 2 C R? be a bounded domain of class C?, and let f €
C%), g € C%0R). Let u be the solution of Theorem 5.3.2 of the initial boundary
value problem:

Au(x,t) —u(x,t) =0 forx e 82, t>0,
u(x,0) = f(x) forx €S2, (5.3.52)
u(x,t) = g(x) forxeadf2, t>0.

Then u converges for t — oo uniformly on 2 towards a solution of the Dirichlet
problem for the Laplace equation

Au(x) =0 forx € £2,
u(x) = g(x) forx € ds2. (5.3.53)

Proof. We write u(x,t) = u'(x,t) + u?(x,t), where u' and u? both solve the heat
equation, and u! has the correct initial values, i.e.,

u'(x,0) = f(x) forx e 2,
while 2 has the correct boundary values, i.e.,
W(x,1) = g(x) forx €982, 1 >0,
as well as
u'(x,t) =0 forx €dfR, t >0,
W(x,0) =0 forx e £2.
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By Lemma 5.2.3, we have
lim ul(x,t) =0.
—>00

Thus, the initial values f are irrelevant, and we may assume without loss of
generality that = 0, i.e., u = u’.

One easily sees that g(x, y,t) > 0 for x,y € £2, because ¢(x, y,t) = 0 for all
x € 052, and by (iii) of Definition 5.3.1, ¢(x, y, t) > 0 for x, y € £2 and sufficiently
small # > 0. Since g solves the heat equation, by the strong maximum principle, g
then is indeed positive in the interior of §2 for all # > 0 (see Corollary 5.3.1).

Therefore, we always have
a
A (x,y,1) <0, (5.3.54)
v,

Since g(x, y, t) solves the heat equation with vanishing boundary values, Lemma
5.2.3 also implies

lim g(x, y,t) = 0 uniformly in £2 x 2 (5.3.55)
—>00

(utilizing the symmetry ¢(x, y,t) = q(y, x,t) from Corollary 5.3.1). We then have
fort, > 11,

lu(x, ) —u(x, )| =

/2/ a—q(x,z,t)g(z)a’o(z)dt
n Jae v,

%) aq d
< ——(x,z,t dr
_n;gXIgI/n /m( s )) o

5]
:—max|g|/ /Qqu(x,y,t)dydt
4l

5]
= —max|g|/ / q:(x,y,t)dydt
1 2

- —max|g|[9{q<x,y,zz)—q(x,y,n)}dy

— 0 fort,t, — oo by (5.3.55).

Thus u(x, t) converges for 1 — oo uniformly towards some limit function u(x) that
then also satisfies the boundary condition

u(x) = g(x) forx € 0£2.
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Theorem 5.3.2 also implies
u(x) = —/ / —(x,z,t)g(2)do(z)dt.
o Jog v,

We now consider the derivatives %u(x, t) =: v(x,t). Then v(x,¢) is a solution of
the heat equation itself, namely, with boundary values v(x,?) = 0 for x € 952 by
Lemma 5.3.5. By Lemma 5.2.3, v then converges uniformly to 0 on £2 for t — oc.
Therefore, Au(x,t) converges uniformly to 0 in Q2 for t — oo, too. Thus, we
must have

Au(x) = 0. 0

As a consequence of Theorem 5.3.5, we obtain a new proof for the solvability
of the Dirichlet problem for the Laplace equation on bounded domains of class C2,
i.e., a special case of Theorem 4.2.2 (together with Lemma 4.4.1):

Corollary 5.3.3. Let 2 C R? be a bounded domain of class C?, and let g : 92 —
R be continuous. Then the Dirichlet problem

Au(x) =0 forx e §2, (5.3.56)
u(x) = g(x) forx €ds2, (5.3.57)
admits a solution that is unique by the maximum principle.

References for this section are Chavel [4] and the sources given there.

5.4 Discrete Methods

Both for the heuristics and for numerical purposes, it can be useful to discretize the
heat equation. For that, we shall proceed as in Sect. 4.1 and also keep the notation of
that section. In addition to the spatial variables, we also need to discretize the time
variable ¢; the corresponding step size will be denoted by k. It will turn out to be
best to choose k different from the spatial grid size .

The discretization of the heat equation

u(x,t) = Au(x,t) (5.4.1)
is now straightforward:
% (uh'k(x,t + k) —u*(x, 1))
= A (x,1)
12
h i=1

=2 () (L =) ] (542)

{uh’k (' X +h,xi+1,...,xd,t)
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Thus, for discretizing the time derivative, we have selected a forward difference
quotient. In order to simplify the notation, we shall mostly write u in place of uX.
Choosing

h* =2dk, (5.4.3)

the term u(x, t) drops out, and (5.4.2) becomes

d

u(x,t +k)= %Z(u(xl,...,x" —l—h,...,xd,t)
i=1
+u(x', . ox =k, x40). (5.4.4)

This means that u(x,t + k) is the arithmetic mean of the values of u at the 2d
spatial neighbors of (x,7). From this observation, one sees that if the process
stabilizes as time grows, one obtains a solution of the discretized Laplace equation
asymptotically as in the continuous case.

It is possible to prove convergence results as in Sect. 4.1. Here, however, we shall
not carry this out. We wish to remark, however, that the process can become unstable
if h?> < 2dk. The reader may try to find some examples. This means that if one
wishes / to be small so as to guarantee accuracy of the approximation with respect
to the spatial variables, then k has to be extremely small to guarantee stability of the
scheme. This makes the scheme impractical for numerical use.

The mean value property of (5.4.4) also suggests the following semidiscrete
approximation of the heat equation: Let £2 C R? be a bounded domain. For & > 0,
we put £2, := {x € 2 : dist(x, 0£2) > e}. Let a continuous function g : 32 — R
be given, with a continuous extension to £2 \ £2,, again denoted by g. Finally, let
initial values f : £2 — R be given. We put iteratively

u(x,0) = f(x) for x € £2,
i(x,0) =0 forx e RY \ 2,
u(x,nk) = i / u(y,(n—1k)dy forx e £2,neN,
W3 €™ JB(x.e)
and
k) fi 2.,
i(x.nk) = § O nk) - forx e neN.
g2(x) for x € R? \ 2.,

Thus, in the nth step, the value of the function at x € 2, is obtained as the
mean of the values of the preceding step of the ball B(x,e). A solution that is
time independent then satisfies a mean value property and thus is harmonic in £2,
according to the remark after Corollary 2.2.5.
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Summary

In this chapter we have investigated the heat equation on a domain 2 € R?:
d
5u(x,t) — Au(x,t) =0 forx e £2,t > 0.
We prescribed initial values
u(x,0) = f(x) forx e £2,
and, in the case that §2 has a boundary 952, also boundary values
u(y,t) = g(y,t) fory e adf2,t > 0.

In particular, we studied the Euclidean fundamental solution

1 =P

K(x,y,t) = —e &
(4mt)>

and we obtained the solution of the initial value problem on R by convolution:
i) = [ KGepn f)ay.
R

If £2 is a bounded domain of class C2, we established the existence of the heat
kernel ¢(x, y, t), and we solved the initial boundary value problem by the formula

! 0
u(x,t) = /Qq(x,y,t)f(y)dy —/O /a.rz a—i(x,z,t —1)g(z,1)do(z)dr.

In particular, u(x,t) is of class C*® for x € £, ¢t > 0 because of the
corresponding regularity properties of the kernel ¢(x, y,¢). The solutions satisfy
a maximum principle saying that a maximum or minimum can be assumed only on
£2 x {0} or on 982 x [0, co) unless the solution is constant. Consequently, solutions
are unique. If the boundary values g(y) do not depend on ¢, then u(x, t) converges
fort — oo towards a solution of the Dirichlet problem for the Laplace equation

Au(x) =0 in £2,
u(x) = g(x) forx € ds2.

This yields a new existence proof for that problem, although requiring stronger
assumptions for the domain £2 when compared with the existence proof of Chap. 4.
The present proof, on the other hand, is more constructive in the sense of giving an
explicit prescription for how to reach a harmonic state from some given state f.
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Exercises

5.1. Let 2 C R? be bounded, 27 := £2 x (0, 7). Let

d 92 a 9
L= U(x, 1) ——— b'(x,t)—
Z a’ (x )3x’ ox/ +IZ=; (x )ax’

ij=1

be elliptic for all (x,¢) € 27, and suppose
u, < Lu,

where u € C°(£27) is twice continuously differentiable with respect to x € £ and
once with respectto ¢ € (0, 7).
Show that
supu = sup u.
Qr a* 27

5.2. Using the heat kernel A(x,y,7,0) = K(x,y,t), derive a representation
formula for solutions of the heat equation on 27 with a bounded 2 C R and
T < oo.

5.3. Show that for K as in Exercise 5.2,

K(x,0,s +1t) = / K(x,y,t)K(y,0,s)dy
R4

(a) Ifs,t >0
b) fo<t <—s

5.4. Let X be the grid consisting of the points (x,?) with x = nh, t = mk,
n,m € Z, m > 0, and let v be the solution of the discrete heat equation

vix,t +k)—v(x,t) 3 v(x + h,t) —2v(x,t) +v(x — h,t) _

k h? 0

with v(x,0) = f(x) € C°(R).

k 1
Show that for 2=

v(nh,mk) = 27" 3" (’7) F((n=m+ 2j)h).

j=0
Conclude from this that

sup [v| < sup|f].
) R
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5.5. Use the method of Sect.5.3 to obtain a solution of the Poisson equation on
2 c R?, a bounded domain of class C2, continuous boundary values g : 02 — R,
and continuous right-hand side ¢ : 2 — R, i.e., of

Au(x) = ¢(x) forx € £2,
u(x) = g(x) forx e d952.

(For the regularity issue, we need to refer to Sect. 13.1.)



Chapter 6
Reaction-Diffusion Equations and Systems

6.1 Reaction-Diffusion Equations

In this section, we wish to study the initial boundary value problem for nonlinear
parabolic equations of the form
u(x,t) — Au(x,t) = F(x,t,u) for x € £2,t>0,

u(x,t) = g(x,t) for x €082,t >0,

u(x,0) = f(x) for x € £2, (6.1.1)
with given (continuous and smooth) functions g, f and a Lipschitz continuous
function F (in fact, Lipschitz continuity is only needed w.r.t. to u; for x and ¢,
continuity suffices). The nonlinearity of this equation comes from the u-dependence

of F. While we may consider (6.1.1) as a heat equation with a nonlinear term on the
right-hand side, i.e., as a generalization of

us(x,t) — Au(x,t) =0 forx e £2,t>0 (6.1.2)

(with the same boundary and initial values), in the case where F does not depend
on the spatial variable x, i.e., F = F(t,u), we may alternatively view (6.1.1) as a
generalization of the ODE:

u(t) = F(t,u) fort >0,
M(O) = Ugp.

(6.1.3)

For such equations, we have, for the case of a Lipschitz continuous F, a local
existence theorem, the Picard—Lindeldf theorem. This says that for given initial
value ug, we may find some 7, > 0 with the property that a unique solution exists
for 0 < t < 9. When F is bounded, solutions exist for all #, as follows from

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 127
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an iterated application of the Picard—Lindelof theorem. When F is unbounded,
however, solutions may become infinite in finite time; a standard example is

u (1) = u?(t) (6.1.4)

with positive initial value . The solution is
1 -1
u(t) = (— — t) (6.1.5)
U

which for positive uy becomes infinite in finite time, at t = ulo

We shall see in this section that this qualitative type of behavior, in particular
the local (in time) existence result, carries over to the reaction—diffusion equa-
tion (6.1.1). In fact, the local existence can be shown like the Picard—Lindel6f
theorem by an application of the Banach fixed-point theorem; here, of course, we
need to utilize also the results for the heat equation (6.1.2) established in Sect.5.3.
We shall thus start by establishing the local existence result:

Theorem 6.1.1. Let 2 C RY be a bounded domain of class C?, and let

geC’0R2 x[0,1)]), feC%R),
with g(x,0) = f(x) forx €082,

and let
F € C°(£2 x [0,1)] x R)
be locally bounded, i.e., given > 0 and f € C°(R2), there exists M = M (1) with
|F(x,t,v(x))| <M forx e 2,t €[0,1)], [v(x) — f(x)| <n. (6.1.6)
and locally Lipschitz continuous w.r.t. u, i.e., there exists a constant L = L(n) with
|F(x.t,u1(x)) = F(x, 1, uz(x)| < Llui (x) — uz(x)]
forx € 2,1 €[0,1], us — f”CO(Q)s ([ f”cO(Q) <. (6.1.7)

(Of course, (6.1.6) follows from (6.1.7), but it is convenient to list it separately.)
Then there exists some t; < to for which the initial boundary value problem

u(x,t) — Au(x,t) = F(x,t,u) forx € 2,0<t <t,
u(x,t) = g(x,t) forx €02,0 <t <1,
u(x,0) = f(x) forx € 2, (6.1.8)

admits a unique solution that is continuous on 2 x [0, ,].
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Proof. Let q(x,y,t) be the heat kernel of §2 of Corollary 5.3.1. According to

(5.3.28), a solution then needs to satisfy
t
u(x,t) = / / q(x,y,t —t)F(y,t,u(y,t))dydr
0o Je

+/ q(x,y,t) f(y)dy
2

t
d
- / / (1, .1~ Dg(y, Do ()T
0 Jop OVy

A solution of (6.1.9) then is a fixed point of
t
D:vi> / / qx,y,t —t)F(y,t,v(y,1))dydr
0o Je
+ [ arn s
t aq
- 3, .t =gy, D)do(y)de
0 Jog 0Vy

which maps C°(£2 x [0, to]) to itself. We consider the set

A={eC’2x[0,1]): sup  |v(x,1) = f(x)] <n}

X€R,0<t<n

Here, we choose #; > 0 so small that

nM <

N3

and
nlL < 1.

Forv e A

|2M)(x.1) = f(x)] =

+ ‘/ q(x,y,t) f(y)dy
2

! 0
[ [ 3= 080 0dodc - £(x)
0 Jog OVy

<tM +cpg(t),

[ / 4.yt — D F(y. 1.v(y. )y dr
0 2

(6.1.9)

(6.1.10)

6.1.11)

6.1.12)

(6.1.13)

(6.1.14)
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where we have used (5.3.40) and czg(t) controls the difference of the solution
up(x,t) at time ¢ of the heat equation with initial values f and boundary values
g from its initial values, i.e., sup g |uo(x,t) — f(x)|. That latter quantity can be
made arbitrarily small, for example, smaller than g by choosing ¢ sufficiently small,
by continuity of the solution of the heat equation (see Theorem 5.3.3). Together with
(6.1.12), we then have, by choosing #; sufficiently small,

|2W)(x.1) = f(x)] <. (6.1.15)

that is, @(v) € A. Thus, @ maps the set A4 to itself.
We shall now show that @ is a contraction on A: for v,w € A, using (5.3.40)
again, and our Lipschitz condition (6.1.7),

sup  [P(V)(x,1) = P(w)(x.1)]

X€R.0<t<1
t
= s [ [ atwrr- 0@
xeR.0<t<n 1V0 J 2
—F(y.t,w(y,7)))dy dr|
<t L sup |v(x,t) —w(x, 1), (6.1.16)
X€R.0<t<1

with ;L < 1 by (6.1.13). Thus, @ is a contraction on A4, and the Banach fixed-point
theorem (see Theorem A.1 of the appendix) yields the existence of a unique fixed
point in A that then is a solution of our problem (6.1.8). We still need to exclude
that there exists a solution outside A, but this is simple as the next lemma shows. O

Lemma 6.1.1. Ler u;(x.1),ur(x,1) € C°(2 x [0, T)) be solutions of (6.1.8) with
u;(x,t) = g(x,t) forx € 02,0 <t < T, |lu;(x,0) — f(x)| < 1 forx € £,
i = 1,2. Then there exists a constant K = K(n) with

sup |ug(x, 1) — uz(x, 1) < e sup |u1(x,0) —us(x,0)| for0 <t <T. (6.1.17)
xeR xeR

Proof. By the representation formula (5.3.28),
) = us(e.0) = [ g0 30 020) ~ (.00
Q

t
+/ / q(x, y,t =) (F(y, 7,u1(y, 7))
0o Je
— F(y,t,uz(y,7)))dydr (6.1.18)
Then, as long as sup, |u; (x,¢) — f(x)| < n, we have the bound from (6.1.7):

|F(x,t,u(x,t)) — F(x,t,uz(x,t))| < Lluy(x,t) —ua(x,1)|. (6.1.19)
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Using (5.3.37) and (6.1.19) in (6.1.18), we obtain

sup |ui (x, 1) —uz(x, 7)| < sup |us(x,0) — uz(x, 0)]
XEN XESR

t
+L/ sup |u; (x, 7) —up(x, v)|de (6.1.20)
0 xe@

which implies the claim by the following general calculus inequality. O

Lemma 6.1.2. Let the integrable function ¢ : [0, T] — R satisfy

t
#0) =90+ [ gt 6.121)
0
forall0 <t <T and some constant c. Then for0 <t <T

#(t) < e“9(0). (6.1.22)

Proof. From (6.1.21)

% (e_” /Ot ¢(r)dt) <e “¢(0);

hence

—ct

—ct ' l—e
e $(r)dr < #(0),
0 c

from which, with (6.1.21), the desired inequality (6.1.22) follows. O

We have the following important consequence of Theorem 6.1.1, a global existence
theorem:

Corollary 6.1.1. Under the assumptions of Theorem 6.1.1, suppose that the solu-
tion u(x,t) of (6.1.8) satisfies the a priori bound

sup |u(x,7)| < K (6.1.23)

xeR,0<t<t

for all times t for which it exists, with some fixed constant K. Then the solution
u(x, t) exists for all times 0 < t < oo.

Proof. Suppose the solution exists for 0 < ¢ < 7. Then we apply Theorem 6.1.1 at
time 7 instead of 0, with initial values u(x, T') in place of the original initial values
u(x, 0) and conclude that the solution continues to exist on some interval [0, T + #;)
for some 7y > 0 that only depends on K. We can therefore iterate the procedure to
obtain a solution for all time. O
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In order to understand the qualitative behavior of solutions of reaction—diffusion
equations

u(x,t) — Au(x,t) = F(t,u) on 27, (6.1.24)

it is useful to compare them with solutions of the pure reaction equation
vi(x,t) = F(t,v), (6.1.25)

which, when the initial values
v(x,0) =w (6.1.26)

do not depend on x, likewise is independent of the spatial variable x. It therefore
satisfies the homogeneous Neumann boundary condition

d

P o, (6.1.27)

av
where v, as always, is the exterior normal of the domain £2. Therefore, comparison

is easiest when we also assume that u satisfies such a Neumann condition

% =0 onds2, (6.1.28)
av

instead of the Dirichlet condition of (6.1.1). We therefore investigate that situation
now, even though in Chap. 5 we have not derived existence theorems for parabolic
equations with Neumann boundary conditions. For such results, we refer to [9].
We have the following general comparison result:

Lemma 6.1.3. Let u,v be of class C> w.rit. x € 2, of class C' w.r.t. t € [0, T], and

satisfy
u(x,t) — Au(x,t) — F(x,t,u) > v(x,t) — Av(x,t) — F(x,t,v)
forx e 2,0<t <T,
du(x,t) - av(x,1)
v T v
u(x,0) > v(x,0) forx e £2, (6.1.29)

forx € 02,0 <t <T,

with our above assumptions on F which in addition is assumed to be continuously
differentiable w.r.t. u with %—‘Z < 0. Then

u(x,t) > v(x,t) forxe R,0<t<T (6.1.30)

Proof. w(x,t) := u(x,t) — v(x,t) satisfies w(x,0) > 0 in £2 and g—f > 0 on
052 x [0, T], as well as

W (X, 1) — Aw(x, 1) — WW(M) >0 6.1.31)
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with  := su + (1 — s)v for some 0 < s < 1. Lemma 5.1.1 and the parabolic
maximum principles mentioned there then imply w > 0, i.e., (6.1.30). O

For example, a solution of

3

u—Au=—u’ forxe2,t>0 (6.1.32)

with

du(x,t)
v

u(x,0) = up(x) forx € £2, =0 forx €082,t>0 (6.1.33)

can be sandwiched between solutions of
vi(t) = =), v(0)=m, andw,(t) =—-w'(), wO) =M (6.1.34)

with m < up(x) < M, i.e., we have
v(t) < u(x,t) <w(t) forxe2,t>0. (6.1.35)

Since v and w as solutions of (6.1.34) tend to O for ¢ — oo, we conclude that u(x, t)

(assuming that it exists for all # > 0) also tends to O for # — oo uniformly in x € 2.
We now come to one of the topics that make reaction—diffusion interesting and

useful models for pattern formation, namely, travelling waves.

We consider the reaction—diffusion equation in one-dimensional space

U = yx + f(u) (6.1.36)
and look for solutions of the form
u(x,t) =v(x —ct) = v(s), withs := x —ct. (6.1.37)

This travelling wave solution moves at constant speed ¢, assumed to be > 0 w.l.o.g,
in the increasing x-direction. In particular, if we move the coordinate system with
speed ¢, i.e., keep x — ct constant, then the solution also stays constant. We do not
expect such a solution for every wave speed ¢ but at most for particular values that
then need to be determined.

A travelling wave solution v(s) of (6.1.36) satisfies the ODE

V() + V() + f(v) =0, with’ = dis (6.1.38)
When f = 0, then a solution must be of the form v(s) = ¢y + ¢;e™“* and therefore
becomes unbounded for s — —oo0, i.e., for t — o0. In other words, for the
heat equation, there is no nontrivial bounded travelling wave. In contrast to this,
depending on the precise nonlinear structure of f, such travelling wave solutions
may exist for reaction—diffusion equations. This is one of the reasons why such
equations are interesting.
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As an example, we consider the Fisher equation in one dimension,
U = Uty + u(l —u). (6.1.39)

This is a model for the growth of populations under limiting constraints: The term
—u? on the r.h.s. limits the population size. Due to such an interpretation, one is
primarily interested in nonnegative solutions.

We now apply some standard concepts from dynamical systems' to the underly-
ing reaction equation

u, = u(l —u). (6.1.40)
The fixed points of this equation are # = 0 and u = 1. The first one is unstable, the
second one stable. The travelling wave equation (6.1.38) then is
V'(s) + V' (s) + v(1 —v) = 0. (6.1.41)
With w := v/, this is converted into the first-order system

Vi=w, w=——cw—v(1-v). (6.1.42)

The fixed points then are (0,0) and (1,0). The eigenvalues of the linearization at
(0,0), i.e., of the linear system

/ /

V=W, =—Cu—v, (6.1.43)

are
1
de = (—c + Ve = 4) . (6.1.44)

For ¢ > 4, they are both real and negative, and so the solution of (6.1.43) yields
a stable node. For ¢?> < 4, they are conjugate complex with a negative real part,
and we obtain a stable spiral. Since a stable spiral oscillates about 0, in that case,
we cannot expect a nonnegative solution, and so, we do not consider this case here.
Also, for symmetry reasons, we may restrict ourselves to the case ¢ > 0, and since
we want to exclude the spiral then to ¢ > 2.

The eigenvalues of the linearization at (1, 0), i.e., of the linear system

’ r_

Vi=pu, p=—cu+v, (6.1.45)

Ay = % (—c 2+ 4) : (6.1.46)

IReaders who are not familiar with this can consult [17].
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they are real and of different signs, and we obtain a saddle. Thus, the stability
properties are reversed when compared to (6.1.40) which, of course, results from

the fact that ‘;—f = —c is negative.
For ¢ > 2, one finds a solution with v > 0 from (1,0) to (0,0), i.e., with
v(—=o0) = 1,v(c0) = 0.V < 0 for this solution. We recall that the value of a

travelling wave solution is constant when x — ct is constant. Thus, in the present
case, when time ¢ advances, the values for large negative values of x which are close
to 1 are propagated to the whole real line, and for # — oo, the solution becomes
1 everywhere. In this sense, the behavior of the ODE (6.1.40) where a trajectory
goes from the unstable fixed point O to the stable fixed point 1 is translated into a
travelling wave that spreads a nucleus taking the value 1 for x = —oo to the entire
space.

The question for which initial conditions a solution of (6.1.39) evolves to such
a travelling wave, and what the value of ¢ then is has been widely studied in
the literature since the seminal work of Kolmogorov and his coworkers [22]. For
example, they showed when u(x,0) = 1 for x < x5, 0 < u(x,0) < 1 for
x; < x < xp, u(x,0) = 0 for x > x,, then the solution u(x, ¢) evolves towards
a travelling wave with speed ¢ = 2. In general, the wave speed ¢ depends on the
asymptotic behavior of u(x, 0) for x — Fo0.

6.2 Reaction-Diffusion Systems

In this section, we extend the considerations of the previous section to systems of
coupled reaction—diffusion equations. More precisely, we wish to study the initial
boundary value problems for nonlinear parabolic systems of the form

uf (x,t) —dy Au®(x,t) = F¥(x,t,u) forx e 2,t>0,a=1,....,n, (62.1)

for suitable initial and boundary conditions. Here, u = (ul, ..., u") consists of n
components, the d, are nonnegative constants, and the functions F*(x,?,u) are
assumed to be continuous w.r.t. x,¢ and Lipschitz continuous w.r.t. u, as in the
preceding section. Again, the u-dependence here is the important one.

We note that in (6.2.1), the different components u#* are only coupled through
the nonlinear terms F(x,t,u) while the left-hand side of (6.2.1) for each « only
involves u“, but no other component uP for B # «. Here, we allow some of
the diffusion constants d,, to vanish. The corresponding equation for u®(x, ) then
becomes an ordinary differential equation with the spatial coordinate x assuming
the role of a parameter. If we ignore the coupling with other components u# with
positive diffusion constants dg, then such a u®(x, t) evolves independently for each
position x. In particular, in the absence of diffusion, it is no longer meaningful to
impose a Dirichlet boundary condition. When d,, is positive, however, diffusion
between the different spatial positions takes place. We have already explained in
Sect. 5.1 why the diffusion constants should not be negative.
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We first observe that, when we assume that the d, are positive, the proofs of
Theorem 6.1.1 and Corollary 6.1.1 extend to the present case when we make
corresponding assumptions on the initial and boundary values. The reason is that the
proof of Theorem 6.1.1 only needs norm estimates coming from Lipschitz bounds,
but no further detailed knowledge on the structure of the right-hand side. Thus

Corollary 6.2.1. Let the diffusion constants d, all be positive. Under the assump-
tions of Theorem 6.1.1 for the right-hand side components F*, and with the same
type of boundary conditions for the components u®, suppose that the solution
u(x,t) = W' (x,1),...,u"(x,1)) of (6.2.1) satisfies the a priori bound

sup  Ju(x,7)[ = K (6.2.2)

XER0<t<!

for all times t for which it exists, with some fixed constant K. Then the solution
u(x, t) exists for all times 0 < t < oo.

In the sequel, we shall assume that the reaction term F' depends on u only, but
not explicitly on x or 7. That is, we shall consider the system

uy (x,t) —dy Au®(x,t) = F*(u(x,t)) forxe 2,t>0,=1,....,n, (6.2.3)

with further assumptions on F to be specified in a moment.
For the following considerations, it will be simplest to assume homogeneous
Neumann boundary conditions

u*(x,t)

3 =0 forxedf2,t>0,a=1,...,n. (6.2.4)
v

Again, we assume that the solution u(x, ) stays bounded and consequently exists
for all time. We want to compare u(x, t) with its spatial average u defined by

—a o L o
u“(t) := Tl /Qu (x,1)dx, (6.2.5)

where | §2]| is the Lebesgue measure of £2.
We also assume that the right-hand side F is differentiable w.r.t. u, and

dF(u)
sup || | <L. (6.2.6)
x,t u
Finally, let
dy = Er}in dy >0 (6.2.7)

and A; > 0 be the smallest Neumann eigenvalue of A on §2, according to
Theorem 11.5.2 below. We then have



6.2 Reaction-Diffusion Systems 137

Theorem 6.2.1. Assume that u(x,t) is a bounded solution of (6.2.1) with homoge-
neous Neumann boundary conditions (6.2.4). Assume that

8 :=dor1 — L > 0. (6.2.8)
Then
d
/ Z uyi (x, 1) Pdx < ce™ (6.2.9)
2 i=1
for a constant ¢y, and
/ lu(x, 1) — a(t)[Pdx < ce™ 2 (6.2.10)
2

for a constant c,.

Thus, under the conditions of the theorem, spatial oscillations decay exponen-
tially, and the solution asymptotically behaves like its spatial average. In the next
Sect. 6.3, we shall investigate situations where this does not happen.

Proof. We put, similarly to Sect. 5.2,

d n
Bt =5 [ Y3 Sy

i=1a=1

and compute

d n
d | S
GEC0) = [ Y

i=1a=1

_/ 2"’:2 L, 3dadu” + FO ()
Ja e dau""i ox! Y

i=1a=1

. L1, OF®
:_L;(Au )Zd”/gzza”x" ﬂ Wuf,.,

i=1a=1

du(x,t)

since

=0 forx € df2

d d |
< —/\1/922(@1.)2(1)6+L/QZZd—a(uii)2dx

i=1 « i=1 «

< =28E(u(-,1)), (6.2.11)
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using Corollary 11.5.1 below and (6.2.8). This differential inequality by integration
readily implies (6.2.9).
By Corollary 11.5.1 again, we have

d
/\1/ |u(x,t)—12(t)|2dx§/ > g (x.1)dx, (6.2.12)
2 2

i=1
and so (6.2.9) implies (6.2.10). O

We now consider the case where all the diffusion constants d, in (6.2.3) are
equal. After rescaling, we may then assume that all d, = 1 so that we are looking
at the system

ug (x,t) — Au®(x,t) = F*(u(x,t)) forx e £2,t>0. (6.2.13)

We then have

Theorem 6.2.2. Assume that u(x,t) is a bounded solution of (6.2.13) with homo-
geneous Neumann boundary conditions (6.2.4). Assume that

§=x—L>0. (6.2.14)

Then

sup |u(x, 1) — ()| < cze” " (6.2.15)
XER

for a constant cs.

Proof (incomplete). We shall leave out the summation over the index « in our
notation, i.e., write u? or u,u, in place of Y »_, u%u® and so on.
As in Sect. 5.2, we compute

ad A 1, A d 2
5_ Eut—utbl”_ut ut_zuxit

i=1
9 d
= Mtg (I/lt —AM)—ZM?C,'I

i=1
< Lup =) (). (6.2.16)

Therefore, by Corollary 11.5.1,

3/ u,2=/ iuf—Auf 52(L—)Ll)/ u? <0 (6.2.17)
Jt Q Q ot 2
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by (6.2.14). By parabolic regularity theory (a reference is [9]), we then get control
over higher norms of «; this is analogous to elliptic regularity theory but not carried
outin detail in this book. Actually, most of what we need can be derived from elliptic
regularity theory, except for the following bound which follows from (6.2.17).

du(x,t) 2

v(t) := sup o

XESR

du(x,t)
at

is a nonincreasing function of ¢. In particular,
in ¢. Writing our equation for u® as'

remains uniformly bounded

Au®(x,t) = di(u;'(x,z) — F*(x,t,u)), (6.2.18)

we may then apply Theorem 13.1.2(a) below to obtain C'° bounds on u(x,t) as
a function of x that are independent of 7, for some 0 < o < 1. Then, first using
the Sobolev embedding Theorem 11.1.1 for some p > d, and then these pointwise,

time-independent bounds on u(x, ) and 3“(‘ ’),

sup |u(x, 1) —u(t)| < / lu(x,t) —u(t)|’dx
XEN 2

/Z‘ (1) —

8u(x t)
< t) —u(r)|d X,
c/ lu(x,1) —a(r)[? x+c/ Z i
for some constant ¢. From (6.2.9) and (6.2.10), we then obtain (6.2.15). O

A reference for reaction—diffusion equations and systems that we have used in this
chapter is [29].

6.3 The Turing Mechanism

The turing mechanism is a reaction—diffusion system that has been proposed as a
model for biological and chemical pattern formation. We discuss it here in order
to show how the interaction between reaction and diffusion processes can give

IFor this step, we no longer need the assumption that the d,, are all equal, and so, we keep them in
the next formula, nor the assumption that F does not depend on x and ¢, and so, we also allow for
that in our formula.
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rise to structures that neither of the two processes is capable of creating by itself.
The Turing mechanism creates instabilities w.r.t. spatial variables for temporally
stable states in a system of two coupled reaction—diffusion equations with different
diffusion constants. This is in contrast to the situation considered in the previous §,
where we have derived conditions under which a solution asymptotically becomes
spatially constant (see Theorems 6.2.1 and 6.2.2). In this section, we shall need to
draw upon some results about eigenvalues of the Laplace operator that will only be
established in Sect. 11.5 below (see in particular Theorem 11.5.2).
The system is of the form

u = Au+ yf(u,v),

vi =dAv+ ygu,v), (6.3.1)
where the important parameter is the diffusion constant d that will subsequently be
taken > 1. Its relation with the properties of the reaction functions f, g will drive the
whole process. The parameter y > 0 is only introduced for the subsequent analysis,

instead of absorbing it into the functions f and g. Here u,v : 2 x Rt — R for
some bounded domain 2 C R¢ of class C°°, and we fix the initial values

u(x,0),v(x,0) forx € £2,

and impose Neumann boundary conditions
d 0
—u(x,t) =0= —v(x,t) forall x € 82,1 > 0.
on on

One can also study Dirichlet type boundary condition, for example, u = up, v =

vo on 052 where uy and vy are a fixed point of the reaction system as introduced
below. In fact, the easiest analysis results when we assume periodic boundary
conditions.
In order to facilitate the mathematical analysis, we have rescaled the independent
as well as the dependent variables compared to the biological or chemical models
treated in the literature on pattern formation. We now present some such examples,
again in our rescaled version. All parameters a, b, p, K, k in those examples are
assumed to be positive.

(1) Schnakenberg reaction
u = Au+ y(a —u+ uv),
v = dAv+ y(b — u?v).
(2) Gierer—Meinhardt system

2
u, = Au—+ y(a — bu+ 7),

v = dAv + yW? —v).
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(3) Thomas system

puy
=A —u-—
Uy u—i—y(a u 1+u+Ku2)
puy
szdm”(“(b—v)—m)-

A slightly more general version of (2) is

@)

I/l2
=A —ut—— ),
= duty (ot i)

v =dAv+ yu? —v).

We turn to the general discussion of the Turing mechanism. We assume that we
have a fixed point (ug, vo) of the reaction system:

Jf(ug, vo) = 0 = g(uo, vo).

We furthermore assume that this fixed point is linearly stable. This means that
for a solution w of the linearized problem

w, = yAw, with A = (f"(”O’VO) fv(”O’VO)) , (6.3.2)
gu(u()s VO) gv(”Ov VO)

we have w — 0 for t — oo. Thus, all eigenvalues A of A must have
Re(1) <0,

as solutions are linear combinations of terms behaving like e*’.
The eigenvalues of A are the solutions of

A —y(fu+ g)A + Y2(fugy — £r8) = 0 (6.3.3)

(all derivatives of f and g are evaluated at (i, vo)); hence

1
A1,2 = Ey ((fu + gv) + \/(fu + gv)2 - 4(fugv - fvgu) ) . (6.3.4)
We have Re(A1) < 0 and Re(4;) < 0 if

Jut & <0, fugy— frg&u > 0. (6.3.5)
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The linearization of the full reaction—diffusion system about (uo, vo) is

10
= A Aw. 3.
Wi (Od) w+ yAw (6.3.6)

Welet 0 = Ao < Ay < A; < --- be the eigenvalues of A on 2 with
Neumann boundary conditions, and y; be a corresponding orthonormal basis of
eigenfunctions, as established in Theorem 11.5.2 below,

Ayy +/Xkyk =0 in$2,

A7}

o =0 ondf2.

When we impose the Dirichlet boundary conditions u = ug, v = vy on 942 in place
of Neumann conditions, we should then use the Dirichlet eigenfunctions established
in Theorem 11.5.1. We then look for solutions of (6.3.6) of the form

WkeM _ (OWk ) M
Byk

with real o, 8. Inserting this into (6.3.6) yields

Awp = — ((1) 2) Awi + yAWE. (6.3.7)

For a nontrivial solution of (6.3.7), A thus has to be an eigenvalue of

10
(”A - (0 d) ’\")'
The eigenvalue equation is

M+ A2 +d)—y(fi+8)

) 5 (6.3.8)
+dA” = y(dfu + g)Ak + v (fugy — f1&) = 0.
We denote the solutions by A(k), ,.
Equation (6.3.5) then means that
Re A1(0);, <0 (recall g = 0).
We now wish to investigate whether we can have
Re A(k) >0 (6.3.9)

for some higher mode Ay.
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Since by (6.3.5), Ay > 0,d > 0, clearly
M +d) —y(fu+ &) >0,
we need for (6.3.9) that
A’ = y(dfu + g + v (fugy = figu) < 0. (6.3.10)
Because of (6.3.5), this can only happen if
df. + g, > 0.

Computing this with the first equation of (6.3.5), we thus need

d #1,
Jugy < 0.
If we assume
Ju>0, g <0, (6.3.11)
then we need
d>1. (6.3.12)

This is not enough to get (6.3.10) negative. In order to achieve this for some
value of Ay, we first determine that value p of Ay for which the lhs of (6.3.10) is
minimized, i.e.,

-
r=og (dfu + gv), (6.3.13)

and we then need that the lhs of (6.3.10) becomes negative for Ay = p. This is
equivalent to

dfu + &)’

4d > fugv - fvgu- (6314)

If (6.3.14) holds, then the lhs of (6.3.10) has two values of A; where it vanishes,
namely,

pe= L ((dfu T &) £ (i + 207 — 4d(fugs — i) )

% ((dfu +8)+ \/ (df, — g)° + 4df,g, ) (6.3.15)
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and it becomes negative for
U < Ak < fy. (6.3.16)

We conclude

Lemma 6.3.1. Suppose (6.3.14) holds. Then (uo, vo) is spatially unstable w.r.t. the
mode Ay, i.e., there exists a solution of (6.3.7) with

Re A >0

if Ax satisfies (6.3.16), where |1+ are given by (6.3.15).
Equation (6.3.14) is satisfied for

2 véu — Judv 2
fgf—uzfg + 5 VIogulfogu — fug) - (6.3.17)

Whether there exists an eigenvalue A; of A satisfying (6.3.16) depends on the
geometry of §2. In particular, if §2 is small, all nonzero eigenvalues are large (see
Corollaries 11.5.2, 11.5.3 for some results in this direction), and so it may happen
that for a given £2, all nonzero eigenvalues are larger than p4. In that case, no
Turing instability can occur.

We may also view this somewhat differently. Namely, given §2, we have the
smallest nonzero eigenvalue A,. Recalling that p4 in (6.3.15) depends on the
parameter Y, we may choose y > 0 so small that

d>d. =—

M4+ < Al.

Then, again, (6.3.16) cannot be solved, and no Turing instability can occur. In other
words, for a Turing instability, we need a certain minimal domain size for a given
reaction strength or a certain minimal reaction strength for a given domain size.

If the condition (6.3.16) is satisfied for some eigenvalue Ay, it is also of geometric
significance for which value of k this happens. Namely, by Courant’s nodal domain
theorem (see the remark at the end of Sect. 11.5), the nodal set {yx = 0} of the
eigenfunction y; divides §2 into at most (k + 1) regions. On any of these regions,
Vi then has a fixed sign, i.e., is either positive or negative on that entire region. Since
Vi is the unstable mode, this controls the number of oscillations of the developing
instability.

We summarize Turing’s result

Theorem 6.3.1. Suppose that at a solution (uy, vo) of

f(uo, vo) = 0 = g(uo, vo), (6.3.18)
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we have

fut g <0, (6.3.19)
fug — fo8u > 0. (6.3.20)

Then (uo, vo) is linearly stable for the reaction system

ur = yf(uv V),
v = yg(u,v).
Suppose that d > 1 satisfies
dfu+ g >0, (6.3.21)
(dfu+ g)° —4d(fugy — f1g) > 0. (6.3.22)

Then (uo, vo) as a solution of the reaction—diffusion system

u = Au + yf(u,v),
vi =dAv+ yg(u,v)

is linearly unstable against spatial oscillations with eigenvalue A, whenever A
satisfies (6.3.16).

When we compare (6.3.19) and (6.3.21), we see that necessarily f, > 0, since
d > 1. Also, f, and g, must then have opposite signs for (6.3.19), and let us assume
that g, > 0. We then have f, < 0and g, < 0. We may then interpret u as the density
of an activator and v as that of an inhibitor. At (6.3.18), the activator and the inhibitor
are in balance. The Turing mechanism tells us that this balance can get destroyed
when the inhibitor is diffusing faster than the activator (d > 1). Consequently, at
some places, the density of the inhibitor can get so low that it no longer inhibits the
growth of the activator to keep the latter confined within suitable bounds. This then
is the source of the Turing instability. For this mechanism to work, the frequency of
the spatial oscillation patterns must be carefully controlled, see (6.3.16).

Since we assume that £2 is bounded, the eigenvalues A; of A on £2 are discrete,
and so it also depends on the geometry of £2 whether such an eigenvalue in the range
determined by (6.3.16) exists. The number k controls the frequency of oscillations
of the instability about (1, vo) and thus determines the shape of the resulting spatial
pattern.

Thus, in the situation described in Theorem 6.3.1, the equilibrium state (i, vo)
is unstable, and in the vicinity of it, perturbations grow at a rate eRer where A solves
(6.3.8).

Typically, one assumes, however, that the dynamics is confined within a bounded
region in (R+)2. This means that appropriate assumptions on f and g for u = 0 or
v = 0, or for u and v large ensure that solutions starting in the positive quadrant can
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neither become zero nor unbounded. It is essentially a consequence of the maximum
principle that if this holds for the reaction system, then it also holds for the reaction—
diffusion system, see the discussion in Sects. 6.1 and 6.2.

Thus, even though (uo, vy) is locally unstable, small perturbations grow ex-
ponentially; this growth has to terminate eventually, and one expects that the
corresponding solution of the reaction—diffusion system settles at a spatially inho-
mogeneous steady state. This is the idea of the Turing mechanism. This has not yet
been demonstrated in full rigour and generality. So far, the existence of spatially
heterogeneous solutions has only been shown by singular perturbation analysis near
the critical parameter d, in (6.3.17). Thus, from the global and nonlinear perspective
adopted in this book, the topic has not yet received a complete and satisfactory
mathematical treatment.

We want to apply Theorem 6.3.1 to the example (1). In that case we have

uy=a + b,
b (of course, a, b > 0)
Vo= —7
(a+b)

and at (ug, vo) then

b—a
fu:my
fo=(a+b)

2b
gu:_M7
g = —(a +b)*,

fugr — frgu = (a + b)2 > 0.

Since we need that f, and g, have opposite signs (in order to get df, + g, > 0
later on), we require

b>a.
fu + g» < 0 then implies
0<b—a<(a+b), (6.3.23)
while df,, + g, > 0 implies
d(b—a)> (a +b)>. (6.3.24)

Finally, (df, + gv)2 —4d(f.g» — fvgu) > 0 requires

(d(b—a)—(a+b)’)’ > 4d(a+b)*. (6.3.25)
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The parameters a, b, d satisfying (6.3.23)—(6.3.25) constitute the so-called Tur-
ing space for the reaction—diffusion system investigated here.
For many case studies of the Turing mechanism in biological pattern formation, we
recommend [28].

Summary

In this chapter, we have studied reaction—diffusion equations
u(x,t) — Au(x,t) = F(x,t,u) forx € £2,t>0

as well as systems of this structure. They are nonlinear because of the u-dependence
of F. Solutions of such equations combine aspects of the linear diffusion equation

u(x,t) — Au(x,t) =0
and of the nonlinear reaction equation
u(t) = F(t,u)

but can also exhibit genuinely new phenomena like travelling waves.
The Turing mechanism arises in systems of the form

w = Au + yf(u,v),

v, = dAv+ yg(u,v),
under appropriate conditions, in particular when an inhibitor v diffuses at a faster
rate than an enhancer u, i.e., when d > 1 and certain conditions on the derivatives
Sfus Jvs &u» & are satisfied. A Turing instability means that for such a system, a

spatially homogeneous state becomes unstable. Thus, spatially nonconstant patterns
will develop. This is obviously a genuinely nonlinear phenomenon.

Exercises

6.1. Consider the nonlinear elliptic equation

Au(x) + ou(x) —u’(x) = 0in a domain 2 C R?,
u(y) = 0for y € 952. (6.3.26)
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Let A; be the smallest Dirichlet eigenvalue of £2 (cf. Theorem 11.5.1 below). Show
that for 0 < A1, u = 0 is the only solution (hint: multiply the equation by u and
integrate by parts and use Corollary 11.5.1 below).

6.2. Consider the nonlinear elliptic system
deAu®(x) + F¥(x,u) =0 forxe 2, a=1,...,n, (6.3.27)

with homogeneous Neumann boundary conditions

a o
”a(x) —Oforxe€d, a=1,....n. (6.3.28)
Vv
Assume that
§=21 min dy—L>0 (6.3.29)

as in Theorem 6.2.1. Show that u = const.
6.3. Determine the Turing spaces for the Gierer—Meinhardt and Thomas systems.

6.4. Carry out the analysis of the Turing mechanism for periodic boundary
conditions.



Chapter 7
Hyperbolic Equations

7.1 The One-Dimensional Wave Equation and the Transport
Equation

The basic prototype of a hyperbolic PDE is the wave equation

82

ﬁu(x,t) —Au(x,t) =0 forx e 2 CcR? te(0,00), ort €eR. (7.1.1)
This is a linear second-order PDE, like the Laplace and heat equations. As with the
heat equation, we consider ¢ as time and x as a spatial variable. In this introductory
section, we consider the case where the spatial variable x is one-dimensional. We
then write the wave equation as

e (x,1) — uyx(x,1) =0. (7.1.2)

We are going to reduce (7.1.2) to two first-order equations, called transport
equations. Let ¢, ¥ € C?(R). Then

ulx,t) =px+1t)+v(x—1) (7.1.3)

obviously solves (7.1.2).

This simple fact already leads to the important observation that in contrast to the
heat equation, solutions of the wave equation need not be more regular for ¢t > 0
than they are at t = 0. In particular, they are not necessarily of class C°°. We shall
have more to say about that issue, but right now we first wish to motivate (7.1.3):
@(x + t) solves

o —@x =0, (7.1.4)
¥(x —t) solves

Vi + ¥ =0, (7.1.5)
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and the wave operator

92 92
can be written as
L = (i_i) (i_}.i), (7.1.7)
Jat  dx Jar  dx

i.e., as the product of the two operators occurring in (7.1.4) and (7.1.5). This
suggests the transformation of variables

E=x+1t, n=x-—t. (7.1.8)
The wave equation (7.1.2) then becomes

gy (.7) = 0, (7.1.9)
and for a solution, u¢ has to be independent of 7, i.e.,
ug = ¢'(€) (where “’ ” denotes a derivative as usual),

and consequently,

u= / o) + () = 0(€) + ¥ (). (7.1.10)

Thus, (7.1.3) actually is the most general solution of the wave equation (7.1.2).

Remark 7.1.1. Equations (7.1.4) and (7.1.5) are formally quite similar to the
Cauchy—Riemann equations (2.1.5). Likewise, the decomposition (7.1.7) is anal-
ogous to (2.1.8). In fact, when putting ¢t = iy, the two decompositions are the
same. From an analytical perspective, however, this similarity is deceptive, as the
properties of the corresponding solutions, and hence of solutions of the Laplace and
wave equations, resp., are very different, as we shall now further explore.

Since the solution (7.1.3) contains two arbitrary functions, we may prescribe two
data at + = 0, namely, initial values and initial derivatives, again in contrast to
the heat equation, where only initial values could be prescribed. From the initial
conditions

u(x,0) = f(x),
ur(x,0) = g(x),

(7.1.11)

we obtain

P(x) + ¥ (x) = f(x),
@'(x) =¥ (x) = g(x), (7.1.12)
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and thus
1 X
p(x) = % + 5/0 g(y)dy +c,
1 X
v(x) = f(2x) _ 5/0 g(»)dy —c (7.1.13)

with some constant c. Hence we have the following theorem:

Theorem 7.1.1. The solution of the initial value problem

u(x,t) —up(x,1) =0 forxeR, t >0,
u(x,0) = f(x),
u(x,0) = g(x),

is given by

ulx,t) =px+1t)+vy¥(x—1)
l{f(x—i—t)—i—f(x—t)}—i—l/Ht (y)d (7.1.14)
3 3 g(y)dy. 1.

x—t

(For u to be of class C?, we need to require f € C* g€ C'.)

The representation formula (7.1.14) leads to a couple of observations:

1. We can explicitly determine the value of the solution g at any time ¢ from its

initial data at time 0. In fact, the value of g(x, ¢) depends not only on the values
of y at the two points £+ = x £ ¢ but also on the values of 6 inside the interval
between £_ and & . Remarkably, the values outside that interval play no role for
the value at (x, 7).

2. Conversely, the value of y at some point £ influences values of the solution g at

time ¢ only at the two points x = & & ¢. Likewise, the values of 6 at £ play a role
for the value at time ¢ only in the interval [§ —¢, & 4 ¢]. That means that the effect
of the initial data is propagated only inside a wedge with slope 1. In other words,
the propagation speed for the effect of initial data is 1, hence in particular finite.
This is in stark contrast to the heat equation where the representation formula
(5.1.11) tells us that the solution at any time ¢ and at any point x is influenced by
the initial values at all places. Therefore, in this sense, the heat equation leads to
infinite propagation speed, which clearly is a physical idealization.

We should point out here that, however, as we shall see in Sect.7.4, the
dependence of the solution of the wave equation for an even number of space
dimensions is different from the one in odd dimensions. Thus, the phenomenon
just analyzed for the one-dimensional wave equation does not hold in the same
manner for even dimensions.
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3. The representation formula (7.1.14) does not require any assumptions on the dif-
ferentiability of y and 6, or on ¢ and v, in fact, not even their continuity. At first
glance, this might look like an oddity or, worse, seem to be a problem, since a
function that is not differentiable cannot claim any right for being a solution of
a differential equation. It will turn out, however, that it is advantageous to take a
more positive look at this issue. In fact, there are many instances of differential
equations where we cannot find a differentiable solution. This is particularly
relevant when one wishes to understand the formation of singularities where
any kind of regular behavior of a solution, like differentiability, breaks down. In
many such cases, however, it is still possible to define some notion of generalized
solution. Such a generalized solution need not necessarily be differentiable or
even continuous. The key point, however, is that it satisfies some relation that
a differentiable solution, often called a classical solution in this context, also
necessarily would have to satisfy if it existed. That relation, like (7.1.14), is
formulated in such a way that it continues to be meaningful for nondifferentiable
functions. A function that satisfies such a relation then is called a generalized
solution. By this simple device, we have extended our concept of the solution of
a differential equation. Since the class of solutions thereby has become larger, it
should be correspondingly easier to prove the existence of a solution. This may
now appear as a cheap trick, like changing a problem that one wishes to solve,
but cannot, to an easier one. This misses the point, however. Often, there is a
reason underlying the model, like the formation of a singularity, that prevents the
existence of a classical solution, whereas there should still exist some kind of
generalized solution . In other cases, a successful strategy for finding a classical
solution might consist in first showing the existence of a generalized solution and
then proving that such a generalized solution has to be differentiable after all,
and therefore a classical solution. This will be a guiding scheme in subsequent
chapters where we shall go more deeply into the existence and regularity for
elliptic PDEs. Actually, this is what much of the modern theory of PDEs is about.

4. In any case, the representation formula (7.1.14) provides a solution of the wave
equation also for non-smooth initial data y, 8. So, we can solve the wave equation
for not necessarily smooth initial data, as we could do for the heat equation
by the representation formula (5.1.11). In contrast to the latter, however, which
produced a solution that was smooth for # > 0 regardless of the initial data, for
the wave equation, the solution is not any more regular than the initial values .
That is, for non-smooth initial data, we also obtain a non-smooth solution only.

7.2 First-Order Hyperbolic Equations

In this section, we generalize the transport equation that we have found in Sect. 7.1.
We start, however, differently, namely, with the system of ordinary differential
equations

X@t)= fi(t,x@t)) fori=1,...,d. (7.2.1)
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We shall often use a vector notation

X(1) = f(t. x(1)) (7.2.2)
with x = (x!,...,x?) and analogously for /. We shall assume
| f(t,x)] < (1 4+ |x]) (7.2.3)

| f(t.x)— f(t,y)| <c2]x —y| forallt e R, x,y e RY, (7.2.4)

for some constants ¢y, ¢, i.€., at most linear growth and Lipschitz continuity of the
right-hand side of our equation. Under these conditions, we can use the Picard—
Lindelof theorem to obtain a solution of (7.2.1) for all ¢+ for any given initial
values x (0).

We now consider the first-order partial differential equation

—h(x ) +Zf (t.x Bh(x )

i=l1

=0 (7.2.5)

with prescribed initial values /(x, 0). For the special case d = 1, f = 1, this is the
transport equation encountered in Sect. 7.1.
In order to study (7.2.5), we consider the characteristic equation

Yi(t,x) = f(t.Y(,x))
Y(0, x) = x. (7.2.6)
This equation is the same as (7.2.1). The method of characteristics reduces a partial
differential equation like (7.2.5) to a system of ordinary differential equations of the
form (7.2.1).
Equation (7.2.6) can be solved because of (7.2.3) and (7.2.4). For initial values

h(x,0) of class C', there then exists a unique solution &(x, ¢) of (7.2.5) of class C!
which is characterized by the property that it is constant along characteristics, i.e.,

h(Y(t,x),1) = h(x,0) forallt € R, x € R?, (7.2.7)
To see this, we simply compute

%h(Y(t,x),t) = —h(Y(t x).1) + ZY (t.x)5— h(Y(t x).1)

i=1
3 4 3
= gh(Y(t,x),t) + ;f (t,Y(t,x))ﬁh(Y(t,x),t).

Thus, (7.2.5) is satisfied if 4(Y (¢, x), t) is independent of ¢, and the initial condition
then yields (7.2.7).
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When we look at (7.2.5) as a PDE, we see from the method of characteristics that
we can solve it for general initial values that are prescribed at some hypersurface that
is transversal to the characteristic curves. That means that we can consider some
hypersurface u(1),t(n) for n € R¥ that is nowhere tangential to the characteristic
curves Y (¢, x) and prescribe that

h(x(n),t(n) = ho(n) (7.2.8)

for some function hy. We then simply extend & by being constant along the
characteristic curve through x (1), # (). Of course, since & has to be constant along
characteristics, we can prescribe only one value on each characteristic, and this then
leads to the condition that the hypersurface along which we prescribe initial values
has to be noncharacteristic, i.e., nowhere tangent to a characteristic curve.

We now consider a somewhat different equation that will come up in Sects. 8.2
and 9.1 below, as a so-called continuity equation:

9 o
5 hen) = > 5 (S G 0hx ). (7.2.9)

i=1

We rewrite (7.2.9) as

—h(x t)+Zf (1, x ah(x D +Z G (t WX, =0, (71210

i=l1 i=l1

in order to treat it as an extension of (7.2.5). We let Z(z, x) be the solution of

Z(t,x) = %zu,m (7.2.11)

Z(0,x) = 1. (7.2.12)
The solution of (7.2.10), i.e., of (7.2.9), is determined by
h(Y(t,x),0)Z(t,x) = h(x,0) forallt € R,x € R?, (7.2.13)

that is, by an extension of (7.2.7).

We now consider a first-order PDE that is more general than (7.2.9) or (7.2.5)
and that exhibits some new phenomena. We cannot present all details here, but
wish to provide at least some understanding of the perspicuous phenomena. For
a detailed textbook treatment of first-order hyperbolic equations, we refer to [7, 14].
Our PDE is

d
ad ; oh(x,t)
Eh(x,t)—i— E F'(t,x,h) pa

i=1

(7.2.14)
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Again, we need to make certain structural assumptions on F; for simplicity, we
assume here that F' is smooth and that it satisfies some growth condition like

|F(t,x,h)| < Clh| (7.2.15)

for some constant C and all i, ¢, x.

The crucial aspect here is that the functions F’ may now also depend on the
solution # itself. As before, we consider a characteristic equation with appropriate
initial condition:

Y,(t.x) = F(t.x,ho(x)) (7.2.16)
Y(0,x) =x (7.2.17)

for some prescribed function /(x). When & then is again constant along such
characteristic curves, i.e.,

h(Y(t,x).t) = h(Y(0,x),0) forallt >0, (7.2.18)

with initial values
h(x,0) = ho(x), (7.2.19)

we obtain a solution of (7.2.14), since then

0= %h(Y(t,x),t) = a%h(Y(t,x),t) + Z Zi(t,x)%h(Y(t,x), 1)

i=1

- a%h(Y(t,x), 1+ Z Fit, Y(t,x),ho(x))%h(y([,x)’ 0,

i=1

and since /i is constant on characteristic curves, we have from (7.2.17) and (7.2.19)
that
h(Y(t,x),t) = ho(x),

which when inserted into the previous equation yields (7.2.14), indeed.
In particular, when F is independent of 7, (7.2.16) becomes

Y, (t,x) = F(x,ho(x)) (7.2.20)
whose solution with (7.2.17) is simply
Y, x) = F(x,ho(x))t + x, (7.2.21)
that is, a straight line with slope F(x, ho(x)).

Now, however, we may have a problem: These straight lines, or more generally,
the characteristic curves solving (7.2.16), might intersect for some ¢ > 0. When
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the solution & then has different values along such intersecting curves, we obtain
conflicting values at such an intersection point. In other words, at intersections
of characteristic curves, the solution is not unambiguously determined. Or, put
differently, the system (7.2.14) in general does not possess a smooth solution that
exists for all time # > 0.

We consider the following example (Burgers’ equation):

he(x,t) + hhy(x,t) =0 (7.2.22)
with x € R! and initial condition
h(x,0) = ho(x). (7.2.23)

The characteristic equation (7.2.21) then becomes

Y, x) = ho(x)t + x. (7.2.24)
We first consider
1 for x <0,
ho(x) =41—x for 0 <x <1, (7.2.25)
0 for x > 1.
Then
1 for x <t
h(x,1) =112 fort <x <1 (7.2.26)
0 for x > 1

is constant along the solutions of (7.2.24). (One checks, for instance, that 4 ((1 — x)
t + x,t) = 1 — x in the region t < x < 1.) The characteristic curves, however,
intersect for # > 1 so that the solution exists only for # < 1. One possibility to define
a consistent solution also for # > 1 consists in separating two regions of smoothness

1+

by the shock curve x = Tt’ i.e., simply put, forz > 1,
1 for x < 1t
h(x,1) = oFr=" (1.2.27)
0 for x > I—'ZH
In fact, the jump of & across the curve x = 1% satisfies some consistency condition,
the so-called Rankine—Hugoniot condition, which we shall now explain. The idea
is the following (considering, for simplicity, only the case of one space dimension,

x € R"): We consider an equation of the form
hi(x,t) + @(h(x,t))y =0. (7.2.28)

For instance, in (7.2.22), we may take @ (h) = %
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We multiply (7.2.28) by some smooth function n(x, #) with compact support in
£2 x (0, 00) and integrate to get

/ (he(x,t) + @(h(x,t))y)ndxdt =0 (7.2.29)
>0 JxeR
and integrate by parts to obtain
/ (hn; + @(h)n,)dxdr = 0. (7.2.30)
>0 JxeR

When /4 is a solution of (7.2.28), this relation then has to hold for all n with compact
support, and conversely, when this holds for all such 75, and /4 is differentiable,
we may integrate by parts to obtain (7.2.29). When (7.2.29) holds for all smooth
functions n with compact support, one may conclude that (7.2.28) holds (this
is sometimes called the fundamental lemma of the calculus of variations). Thus,
whenever /& is differentiable, the relation (7.2.30) for all n is equivalent to the
differential equation (7.2.28). The advantage of (7.2.30), however, is that this
relation is meaningful even when 4 is not, or is not known to be, differentiable.
It merely has to be integrable, together with @ (/). This leads to the following:

Definition 7.2.1. When the identity (7.2.30) holds for all compactly supported
smooth 7, for some integrable / for which @ () is also integrable, then / is called a
weak solution of (7.2.28).

When now / jumps from the value _ to i along a (differentiable) curve x =
y(t), then from (7.2.30), we can deduce the jump condition

D(hy)—@(h-) =y(hy —ho). (7.2.31)
This can be seen as follows. Let the curve y divide the (x, ¢) plane into two regions

X4 such that & has the limit 2+ when approaching y from X .. Let  be compactly
supported, but not necessarily vanish along y. From (7.2.30), we obtain

0= / (hne + D(h)n.)dxdr + / (hn, + D(h)n.)dxdr. (7.2.32)
X— X4

Since n is compactly supported, integration by parts yields

/ (hn, + @(h)n,)dxdr = —/ (hy + @(h)y)n dxdt
X_ X_
+ /(h_n2 + @(h_)n"yn dy(r)
y

= /(h_n2 + @(h_)n"yn dy(r) (7.2.33)
Y
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where n = (n',n?) is the unit normal vector of the curve y. Here, the right-hand
side of the formula has a 4--sign because n is chosen to point from X_ to X. When
the parametrization x = y(¢) is such that X_ is to the left of y, then

1
n=——-=_(~,-y). (7.2.34)
1+ 2
By the same argument,
(hn, + @(h)n,)dxdt = — /(h+n2 + @(h)nHn dy(r). (7.2.35)
Xy Y

Combining the two relations (7.2.33) and (7.2.35), we obtain
/ (D(hy) — P(x_)n' + (hy —h_)n®)ndy(t) = 0. (7.2.36)
Y

Since this holds for all 5, with (7.2.34), we conclude the Rankine—Hugoniot jumping
relation (7.2.31). We note that this condition does not determine or constrain the
jump curve, but only the difference of the values of & on the two sides of that curve.
We note, however, that the jump condition (7.2.31) does not determine the jump
curve y itself, but only the magnitude of the discontinuity across it.

For (7.2.27), we have h_ = 1,hy = 0,0(h_) = "= = L @(hy) = 0,y = 1,
so that (7.2.31) holds, indeed.

‘We now consider the initial values

0 for x <O
h = - 7.2.37
() 1 for x > 0. ( )

In this case, we encounter the opposite problem: There is no characteristic curve in
the region 0 < x < ¢. One possibility to overcome this problem is by putting

0 for x <0,
h(x,t) = + for 0<x<t, (7.2.38)
1 for x >1t.

This is a so-called rarefaction wave. Equation (7.2.38) again yields a weak solution
in the sense of (7.2.30). This, however, is not the only possible consistent solution.
Therefore, one needs selection criteria for distinguishing particular solutions.

For instance, for (7.2.28), the solution (7.2.21) of the characteristic equation
becomes

Y(t,x) = &y (ho(x))t + x. (7.2.39)
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Therefore, when a characteristic curve with value h_ from the left of the curve y
hits a characteristic curve with value /4 from the right, we should have

®y(ho) > Dp(hy). (7.2.40)

Finally, at the end of this section, let me present a short discussion, without many
details, of the general first-order partial differential equation,

Fix' oo x®u pryoo pa) (7.2.41)
for an unknown function u(x', ..., x%), with
=y fori=1,....d, (7.2.42)

with subscripts denoting partial derivatives. Here, we assume F to be twice
continuously differentiable.
The characteristic curves of (7.2.41) are defined as the solutions of

i = F), (7.2.43)
d
= "piFp, (7.2.44)
i=1
pi = Fu + Fupi (7.2.45)
fori = 1,...,d. The refers to the derivative w.r.t., the new independent variable

t, i.e., we consider x, u, pi here as functions of 7. Since F is twice continuously
differentiable, the right-hand sides of these equations are locally Lipschitz, and
these characteristic equations can therefore be locally solved by the Picard—Lindel6f
theorem.

We then have

d . . .
3 Fa@.u(). p@) = Z Fux' + Z Fy, pi + Fuit = 0, (7.2.46)

i.e., F' = const along characteristics. Therefore, the natural strategy to solve (7.2.41)
is to propagate the initial values along characteristic curves.
As an example, we briefly discuss the Hamilton—Jacobi equation

w+ H(tq' oo q" ugr, .. ugn) =0, (7.2.47)

again assuming H to be twice continuously differentiable. In order to reduce
(7.2.47) to the form (7.2.41), we simply put

d

(xl,...,xd) =(q',....q".1), ie., ;C—t = 1; hence pg; = u;.
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With F =u, +H,p; =u
j=1,...,n,

0 the characteristic equations of (7.2.47) then are, for

qj = Hpjsp.j = - q/s (7248)

n
=Y p;iFp +piFp, =Y piHy —H. ps=—H. (1.249)
J

J=1

In fact, when ¢/ and p ; are determined from (7.2.48), then (7.2.49) yields u. The
equations (7.2.48) are the Hamilton equations of classical mechanics.

Let u = ¢(t,q".....,q", A1,...,A,) be a solution of (7.2.47) depending on
parameters Ap, ..., A,, then, since also u + const is a solution (as H in (7.2.47)
does not depend explicitly on u),

u=¢+2A (7.2.50)
is called a complete integral if
det(@gir) jk=1...n- (7.2.51)
With parameters @', ..., u",
o, =1, @y =Dpj (7.2.52)

then yields a (2n)-parameter family of solutions of (7.2.48). This is Jacobi’s
theorem.

For more details about first-order partial differential equations, we refer to [5,
14], and for the Hamilton—Jacobi equation, we suggest [5,21].

7.3 The Wave Equation

We return to the wave equation (7.1.1). In order to understand the specific features
of this equation better, we shall compare and contrast the wave equation with the
Laplace and the heat equations. As in Sect. 5.1, we consider some open £2 C R¢
and try to solve the wave equation on

Q2r =2 x(0,T) (T >0)
by separating variables, i.e., writing the solution u of

Mtt(xst) = Axu(xvt) on QT,
u(x,t) =0 for x € 452, (7.3.1)
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as
u(x,t) = v(x)w(t) (7.3.2)
as in (5.1.2). This yields, as in Sect. 5.1,

wi () Av(x)
w(t)  v(x)

and since the left-hand side is a function of ¢, and the right-hand side one of x, each
of them is constant, and we obtain

(7.3.3)

Av(x) = —Av(x), (7.3.4)

for some constant A > 0 (maximum principle).

As in Sect.5.1, v is thus an eigenfunction of the Laplace operator on 2 with
Dirichlet boundary conditions to be studied in more detail in Sect. 11.5 below. From
(7.3.5), since A > 0, w is then of the form

w(t) = acos VAt + Bsin VAT (7.3.6)
As in Sect. 11.5, referring to the expansions demonstrated in Sect. 11.5, we let
0 < Ay < Ay < Az... denote the sequence of Dirichlet eigenvalues of A on
§2, and vy, v, ... the corresponding orthonormal eigenfunctions, and we represent

a solution of our wave equation (7.3.1) as

u(x,t) = Z (an cos v/A, t + B sin \/ZZ) Vi (X). (7.3.7)

neN

In particular, for t = 0, we have

u(x,0) = Zanv,,(x), (7.3.8)

neN

and so the coefficients «,, are determined by the initial values u(x, 0). Likewise,

(6,00 =Y B/ A v (x) (7.3.9)

neN

and so the coefficients B, are determined by the initial derivatives u;(x,0) (the
convergence of the series in (7.3.9) is addressed in Theorem 11.5.1 below). So,
in contrast to the heat equation, for the wave equation, we may supplement the
Dirichlet data on 952 by two additional data at ¢ = 0, namely, initial values and
initial time derivatives.



162 7 The Wave Equation

From the representation formula (7.3.7), we also see, again in contrast to the heat
equation, that solutions of the wave equation do not decay exponentially in time
but rather that the modes oscillate like trigonometric functions. In fact, there is a
conservation principle here; namely, the so-called energy

d
E(t) .= %/Q {u,(x,t)z + Zuxi (x,t)z} dx (7.3.10)
i=1

is given by

2
E(1) :%/Q (Z (—anmsin Vant + Buv/Ay cos \/Zt) Vn(x))

n

d 2
+ Z (Z (an cos v/A, f + B, sin \/ZZ) %vn (x)) dx

i=l1 n

1
=3 2" Al + B)). (73.11)
since

/quMmnglf“”:“
2

0 otherwise,

and

d
B ad A, forn =m,
;Lawmawm—%

otherwise

(see Theorem 11.5.1). Equation (7.3.11) implies that £ does not depend on 7, and
we conclude that the energy for a solution u of (7.3.1), represented by (7.3.7), is
conserved in time.

We now consider this issue from a somewhat different perspective. Let u be a
solution of the wave equation

wi(x,1) — Au(x,t) =0 forx e RY, t > 0. (7.3.12)

We again have the energy norm of u:

d
E(r) := %Ad {u,(x,t)z + ) u(x.0)?p dx. (7.3.13)

i=1
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We have

d
dE
E = Ad {u,u,t +Zuxiuxit} dx

i=1

d
= Ad {Mt(un — Au) + Z ("‘t“xi)xi} dx

i=1

=0 (7.3.14)

if u(x,t) = 0 for sufficiently large |x| (where that may depend on ¢, so that this
computation may be applied to solutions of (7.3.12) with compactly supported
initial values).

In this manner, it is easy to show the following result about the region of
dependency of a solution of (7.3.12), partially generalizing the corresponding results
of Sect. 7.4 to arbitrary dimensions:

Theorem 7.3.1. Let u be a solution of (7.3.12) with
u(x,0) = f(x), wu(x,0)=0 (7.3.15)

and let K := supp f (:: {x eRY: f(x) # 0}) be compact. Then
u(x,t) =0 for dist(x, K) > t. (7.3.16)

Proof. We show that f(y) = O forall y € B(x,T) implies u(x, T) > 0, which is
equivalent to our assertion. We put

— 1
E@) = —/
2 J .=

and obtain as in (7.3.14) (cf. (2.1.1))
B % /83(X,T—r) {M’z + Z uii } do(y)
B /BB(x,T—t) {utg_\bfl B % (uf * Z uii)} don).

By the Schwarz inequality, the integrand is nonpositive, and we conclude that

u? + Zui,} dy (7.3.17)

i=1

dE
— <0 fort>0.
dt
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Since by assumption E(0) = 0 and E is nonnegative, necessarily

E(t)=0 forallt <T,

and hence
u(y,t) =0 for |x —y|<T —1,
so that
u(x,T)y=0
as desired. O

Theorem 7.3.2. As in Theorem 7.3.1, let u be a solution of the wave equation with
initial values

u(x,0) = f(x) with compact support
and
u;(x,0) =0.

Then

-
v(x,t) = / u(x, s)ds
—oco VA4t
yields a solution of the heat equation
vi(x,1) — Av(x,t) =0 forx eRYt>0
with initial values

v(x,0) = f(x).

Proof. That u solves the heat equation is seen by differentiating under the integral

2
] © 9 [ e
—v(x,t) = — u(x, s)ds
0= [ 5 | a1

2

o) 32 e

= — u(x, s)ds
/—oo 852 \/4]Tt ( )

(since the kernel solves the heat equation)

2
[es) e_th 32
:/_oo Tl WM(X,S)CIS
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[ele) —“'2
/OO

(sinceusolves the wave equation)

= Av(x,1),

where we omit the detailed justification of interchanging differentiation and integra-
tion here. Then v(x, 0) = u(x,0) = f(x) follows as in Sect. 5.1. O

7.4 The Mean Value Method: Solving the Wave Equation
Through the Darboux Equation

Letv e CO(Rd), x € R4, r > 0. As in Sect. 2.2, we consider the spatial mean

S, x,r) = ! /B( )v(y)do(y). (7.4.1)

da)drd—l P

For r > 0, we put S(v, x,—r) := S(v, x,r), and S(v, x, r) thus is an even function
of r € R. Since %S (v, x,1)|;=0 = 0, the extended function remains sufficiently
many times differentiable.

Theorem 7.4.1 (Darboux equation). Forv e C2(RY),

i + u 9 S, x,r) = A S, x, 7). (7.4.2)
or? ror

Proof. We have
1
Soxr) = / vx + ré) do(§).

and hence

—S(vxr / —x+r “do(
)= Gor i IZ (x + r§)E" do(®)
1
:W B(“)a—v()’)do()’)
where v is the exterior normal of B(x, r)

1
= A d
dwdrd_l /;(x,r) V(Z) ‘

by the Gauss integral theorem. (7.4.3)
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This implies
LT [ meus o [ s dew)
— S, x,r) = —— v(z)dz + ——— v 0
ar? dwqrd Jpr) dward=" Jyper) Y Y
d—1290 1
= — —S - —A d
St + [ v dow)
(7.4.4)
because
acf ooy =a, [ -0+ ) dot)
B(x.r) 9B (x0.r)
=/ Awv(x —xo+ y)do(y)
33()((),7‘)
— [ a)dow.
dB(x,r)
Equation (7.4.4) is equivalent to (7.4.2). O

Corollary 7.4.1. Let u(x,t) be a solution of the initial value problem for the wave
equation

u(x,1) —A(x, 1) =0 forx eRY, >0,

u(x,0) = f(x),
u; (x,0) = g(x). (7.4.5)
We define the spatial mean
1
M(u,x,r,t) = —/ u(y,t)ydo(y).s (7.4.6)
dwqrd=" Jop.r
We then have
9’ 0? d—10
WM(u,x,r,t) = (W + TE) M(u,x,r,t). (7.4.7)
Proof. By the first line of (7.4.4),
0? d—10 1
(W + p 5) M(u,x,rt) = donrdT / Ayu(y,t)do(y)
dB(x,r)

1 9
= dogri 1 / ﬁu(y,t)do(y),
dB(x,r)
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since u solves the wave equation, and this in turn equals

92
WM(u,x,r,t). q
For abbreviation, we put
w(r,t) ;= M(u,x,r,t). (7.4.8)

Thus w solves the differential equation

d—1
Wit = Wrp + ——— Wy (749)
r

with initial data

w(r,0) = S(f, x,r),
wy(r,0) = S(g,x,r).vspace x =3pt (7.4.10)

If the space dimension d equals 3, for a solution w of (7.4.9), v := rw then solves
the one-dimensional wave equation

Vit = Vpr (7411)

with initial data

v(r,0) =rS(f, x,r),
vi(r,0) =rS(g,x,r). (7.4.12)

By Theorem 7.1.1, this implies

PMx.r0) = LA+ OSxr 1)+ (= 0S(fxr —0)

1 r+t
+3 / pS(g.x, p)dp. (7.4.13)
r—t

Since S(f, x,r) and S(g, x, r) are even functions of r, we obtain

M(u,x,r,t) = 2—1r{(t +r)S(f,ix,r+t)—(@—r)S(fix,t —r)}

1 t+r
+ — / pS(g.x, p)dp. (7.4.14)
2r Ji—
We want to let r tend to 0 in this formula. By continuity of u,

M(u, x,0,t) = u(x,1t), (7.4.15)
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and we obtain
u(x,t) =1tS(g,x,t) + %(IS(f, x,1)). (7.4.16)

By our preceding considerations, every solution of class C? of the initial value
problem (7.4.5) for the wave equation must be represented in this way, and we thus
obtain the following result:

Theorem 7.4.2. The unique solution of the initial value problem for the wave
equation in 3 space dimensions,

w(x,t) — Au(x,t) =0 forx e R® >0,
u(x,0) = f(x), (7.4.17)
ur(x,0) = g(x),

for given f € C3(R?), g € C2(R?), can be represented as

1 > S
u(e,n) = s /a . (rg(y) SO+ 0" - x’)) do(y).

i=1

(7.4.18)
Proof. First of all, (7.4.16) yields
(x.0) = — o)+ 5 (g [ frdo)). 1419
u(x,t) = — 0 — | — 0 . 4.
4t E)B(x,t)g Y Y ot \ dmt dB(x.1) y y

In order to carry out the differentiation in the integral, we need to transform the
mean value of f back to the unit sphere, i.e.,

f@do) == | f(x +1ado).

4t Japixs) =1

The Darboux equation implies that u from (7.4.19) solves the wave equation, and
the correct initial data result from the relations

S(w, x,0) = w(x), aiS(w,x,r)b:o =0
r

satisfied by every continuous w. O

An important observation resulting from (7.4.18) is that for space dimensions
3 (and higher), a solution of the wave equation can be less regular than its initial
values. Namely, if u(x,0) € C*, u,(x,0) € C*~!, this implies u(x,t) € CK7!,
u;(x,t) € C*=2 for positive ¢.
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Moreover, as in the case d = 1, we may determine the regions of influence of
the initial data. It is quite remarkable that the value of u at (x,¢) depends on the
initial data only on the sphere dB(x, t), but not on the data in the interior of the ball
B(x,t). This is the so-called Huygens principle. This principle, however, holds only
in odd dimensions greater than 1, but not in even dimensions. We want to explain
this for the case d = 2. Obviously, a solution of the wave equation for d = 2 can
be considered as a solution for d = 3 that happens to be independent of the third
spatial coordinate x>.

We thus put x* = 0 in (7.4.19) and integrate on the sphere dB(x,1) = {y € R3:
' = xH2 4+ (2 = x2)? + (v*)? = 12} with surface element

do(y) = |yt—_,)ldyldyz.

Since the points (y', y2, ¥%) and (y', y2, —y?) yield the same contributions, we
obtain

1
u(xl,xz,t) — 2_/ g(y) dy
Y x
20 \f2 =P

0 1
NN R ——
IO 12— =y

where x = (x', x?), y = (¥', y?), and the ball B(x, t) now is the two-dimensional
one.

The values of u at (x, ) now depend on the values on the whole disk B(x,7) and
not only on its boundary dB(x, ).

A reference for Sects. 7.3 and 7.4 is John [14].

Summary

In this chapter we have studied the wave equation

32
Wu(x,t) —Au(x,t)=0 forxeR? >0

with initial data

u(x,0) = f(x),
ad
Eu(x,O) = g(x).

In contrast to the heat equation, there is no gain of regularity compared to the initial
data, and in fact, for d > 1, there may even occur a loss of regularity.
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As was the case with the Laplace equation, mean value constructions are
important for the wave equation, and they permit us to reduce the wave equation
for d > 1 to the Darboux equation for the mean values, which is hyperbolic as well
but involves only one spatial coordinate.

The propagation speed for the wave equation is finite, in contrast to the heat
equation. The effect of perturbations sets in sharply, and in odd dimensions greater
than 1, it also terminates sharply (Huygens principle).

The energy

E(t) = /Rd (|u,(x,r)|2 + |qu(x,t)|2) dx

is constant in time.

By a certain time averaging, a solution of the wave equation yields a solution of
the heat equation.

In fact, any solution of the one-dimensional wave equation can be represented as

ulx,t) =px+1t)+¢v(x—1)

with arbitrary functions ¢, ¥. Since such functions need not be regular, we naturally
arrive at a concept of a generalized solution of the wave equation. When ¢ and
are differentiable, they satisfy the transport equations

o —ox=0,9% +v, =0.

We have then considered the more general first-order hyperbolic equation

h(x,1)

- 0.
ox

9 <
o hGe ) + > fitx)

i=1

This equation is solved by the method of characteristics. That simply means that we
let &2 be constant along characteristic curves, i.e., solutions of the system of ODEs

Xty = fi(t,x@))fori =1,....d.

The more general hyperbolic equation

9 4 h(x.1)
S+ f =

i=1

i.e., where the factors /' now also may depend on the solution itself, can still be
approached by the method of characteristics. Here, however, the problem arises that
characteristic curves may intersect, leading to singularities of the solution because
of incompatible values along these curves. Conversely, the family of characteristic
curves may also leave out some region of space, necessitating some interpolation
scheme.
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Exercises

7.1. We consider the wave equation in one space dimension,
Ur —Uyy =0 forO<x <m,t >0,

with initial data
o0 o0
u(x,0) = Zan sinnx, u/(x,0) = Z'B” sinnx
n=1 n=1

and boundary values
u(0,¢t) =u(w,t) =0 forallt > 0.
Represent the solution as a Fourier series
o0
u(x,t) = Z Y (t) sinnx

n=1
and compute the coefficients y,(¢).
7.2. Consider the equation

U + Cuy = 0

for some function u(x,t), x,t € R, where c¢ is constant. Show that u is constant
along any line

X —ct = const = £,
and thus the general solution of this equation is given as
u(x,1) = f(§) = flx —cr)

where the initial values are u(x,0) = f(x). Does this differential equation satisfy
the Huygens principle?

7.3. We consider the general quasilinear PDE for a function u(x,y) of two
variables,

Auyy + 2buyy + cuyy =d,

where a, b, ¢, d are allowed to depend on x, y, u, u., and u,. We consider the curve
y(s) = (p(s), ¥(s)) in the xy-plane, where we wish to prescribe the function # and
its first derivatives:

u=f(s), ux = g(s), uy = h(s) forx =e(s),y = y(s).
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Show that for this to be possible, we need the relation

11(s) = g(5)¢"(s) + h(s)Y'(s).

For the values of uy, uy,u,, along y, compute the equations

ﬁoluxx + 1p/’/lxy = g/,
QD/MXy =+ w/uyy = I’Z/.

Conclude that the values of u,y, ux,, and u,, along y are uniquely determined by
the differential equations and the data f, g, h (satisfying the above compatibility
conditions), unless

ay’? —2bg'y + g =0

along y. If this latter equation holds, y is called a characteristic curve for the solution
u of our PDE au,, + 2bu,, + cu,, = d. (Since a, b, c,d may depend on u and
uy, uy, in general it depends not only on the equation, but also on the solution, which
curves are characteristic.) How is this existence of characteristic curves related
to the classification into elliptic, hyperbolic, and parabolic PDEs discussed in the
introduction? What are the characteristic curves of the wave equation u;; —uy, = 0?



Chapter 8
The Heat Equation, Semigroups,
and Brownian Motion

8.1 Semigroups

We first want to reinterpret some of our results about the heat equation. For
that purpose, we again consider the heat kernel of R¢, which we now denote by

p(x,y,1),

plx,y,t) = ! v e_ﬁ (8.1.1)
(4mt)2
For a continuous and bounded function f : R¢ — R, by Lemma 5.2.1,
wtxin) = [ peyn oy (812
then solves the heat equation
Au(x,t) —u(x,t) = 0. (8.1.3)

For ¢t > 0, and letting C}? denote the class of bounded continuous functions, we
define the operator

P : C)(RY) — CYRY)
via
(Ptf)(x) = u(x,t), (814)

with u from (8.1.2). By Lemma 5.2.2

Pof :==1lim P f = f; (8.1.5)
t—0
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i.e., Py is the identity operator. The crucial point is that we have for any #;,#, > 0,
Py, = Pyo Py (8.1.6)
Written out, this means that for all f € Cz? (R?),

1 =
/ ———————— ¢ ¥ f(y)dy
RO (47 (1 + 1)) 2

1 _l—ef? 1 =P
= / e / e 1 f(y)dydz (8.1.7)
R R

¢ (4m1)* ¢ (4mn)*
This follows from the formula
1 _ b 1 1 =2 =
— ¢ Yt = y d/ e e 4 dz, (8.1.8)
(4m (11 + 1))? (4rty)2 (4mt)2 JRA

which can be verified by direct computation (cf. also Exercise 5.3).

There exists, however, a deeper and more abstract reason for (8.1.6): Py, 4, f(x)
is the solution at time #; + £, of the heat equation with initial values f. At time ?q,
this solution has the value Py, f(x). On the other hand, P, (P, f)(x) is the solution
at time #, of the heat equation with initial values Py, f. Since by Theorem 5.1.2, the
solution of the heat equation is unique within the class of bounded functions and
the heat equation is invariant under time translations, it must lead to the same result
starting at time O with initial values P;, f and considering the solution at time #,, or
starting at time #; with value P, f and considering the solution at time ¢, + 5, since
the time difference is the same in both cases. This reasoning is also valid for the
initial value problem because solutions here are unique as well, by Corollary 5.1.1.
We have the following results:

Theorem 8.1.1. Let 2 C R? be bounded and of class C?, and let g : 32 — R be
continuous. For any f € C}?(.Q), we let

Pogi f(x)

be the solution of the initial value problem
Au—u; =0 in 2 x (0, 00),
u(x,t) = g(x) forx e ds2,
u(x,0) = f(x) forx e 2. (8.1.9)

We then have
Poeof = li\I‘I(l) Poef =) forall f e CO(.Q), (8.1.10)
t

Poentn, = Pogen o Pogs. (8.1.11)
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Corollary 8.1.1. Under the assumptions of Theorem 8.1.1, we have for all ty > 0
and forall f € C}?(Q),

Poguf = lim Pog,f

We wish to cover the phenomenon just exhibited by a general definition:

Definition 8.1.1. Let B be a Banach space, and for# > 0,let 7, : B — B be
continuous linear operators with:

1) To=1d
(11) T‘H-’rtz = T‘fz © T‘f] for all I,Ir = 0
(iii) lim;—, T;v = Ty,vforall#p > Oand allv € B

Then the family {7 },> is called a continuous semigroup (of operators).

A different and simpler example of a semigroup is the following: Let B be the
Banach space of bounded, uniformly continuous functions on [0, c0). For ¢ > 0,
we put

T, f(x) = f(x +1). (8.1.12)

Then all conditions of Definition 8.1.1 are satisfied. Both semigroups (for the
heat semigroup, this follows from the maximum principle) satisfy the following
definition:

Definition 8.1.2. A continuous semigroup {7} };>0 of continuous linear operators of
a Banach space B with norm || - || is called contracting if forall v € B and all # > 0,

ITevll < vl (8.1.13)

(Here, continuity of the semigroup means continuous dependence of the operators
T, ont.)

8.2 Infinitesimal Generators of Semigroups

If the initial values f(x) = u(x, 0) of a solution u of the heat equation
u(x,t) — Au(x,t) =0 (8.2.1)
are of class C2, we expect that

lim w — (%, 0) = Au(x,0) = Af(x), (8.2.2)
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or with the notation

u(x,t) = P f(u)

of the previous section,
1
lim—(P, —1d) f = Af. (8.2.3)
t\O 1

We want to discuss this in more abstract terms and verify the following definition:

Definition 8.2.1. Let {7;};>0 be a continuous semigroup on a Banach space B.
We put

1
D(A) = jve B:lim (T, — v exists C B (8.2.4)
1O

and call the linear operator

A:D(A) — B,
defined as
1
Av := lim — (T, —Id)v, 8.2.5
v r{l(l) t( t Y ( )

the infinitesimal generator of the semigroup {7;}.
Then D(A) is nonempty, since it contains 0.

Lemma 8.2.1. Forallv € D(A) andallt > 0, we have
T, Av = ATyv. (8.2.6)
Thus A commutes with all the Ty;.
Proof. Forv € D(A), we have
o1
T;Av = T, lim —(T; — Id)v
™N\O0 T

1
= lim —(7; T, — T;)v (since T; is continuous and linear)
IN\O0 T

1
= li\l‘n —(T;T; — T;)v (by the semigroup property)
™NO0 T

1
= lim = (T, — 1d)T}v
™N\O0 T

= ATv.
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In particular, if v € D(A), then so is T;v. In that sense, there is no loss of regularity
of T;v when compared with v (= Tyv).
In the sequel, we shall employ the notation

o0
Jv = / Ae M Towds ford >0 (8.2.7)
0

for a contracting semigroup {7;}. The integral here is a Riemann integral for
functions with values in some Banach space. The standard definition of the Riemann
integral as a limit of step functions easily generalizes to the Banach-space-valued
case. The convergence of the improper integral follows from the estimate

M
/ re M Tovds
K

M
lim ‘ < lim e || Tyv| ds
K,.M—0o0 K.M—o0 Jk

M
< lim || / e Mds
K,M—o0 K
=0,

which holds because of the contraction property and the completeness of B.
Since

o0 o0 d
/ e Mds = / —— (™) ds =1, (8.2.8)
0 0 dS

Jyvis a weighted mean of the semigroup {7;} applied to v. Since

o0
[Jav] < / Ae™H || Tyv| ds
0

o0
< vl / Ae M ds
0
by the contraction property
< vl (8.2.9)
by (8.2.8), J1 : B — B is a bounded linear operator with norm || J, || < 1.

Lemma 8.2.2. Forallv € B, we have

lim Jyv = v. (8.2.10)

A—00

Proof. By (8.2.8),

o0
Jv—v =/ Ae_“(Tsv—v)ds.
0
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For § > 0, let

I} =

8
/ Ae M (Tyv — v)ds
0

o0
, If = H/ Ae_“(Tsv—v)ds
§

Now let ¢ > 0 be given. Since Tyv is continuous in s, there exists § > 0 such that
e
| Tsv —v|| < 3 for0 <s <94

and thus also

§
Ij < E/ e Mds < £
2 Jo 2

by (8.2.8). For each 6 > 0, there also exists Ay € R such that for all A > A,

o0
2 < /8 e (1Tl + vl ds

o0
<2l /8 Ae~*ds (by the contraction property)

€
< —.
2

This easily implies (8.2.10). O

Theorem 8.2.1. Let {T}},>0 be a contracting semigroup with infinitesimal genera-
tor A. Then D(A) is dense in B.

Proof. We shall show that forall A > O and all v € B,
Jyv € D(A). (8.2.11)
Since by Lemma 8.2.2,
{Jv:A>0,ve B}
is dense in B, this will imply the assertion. We have

1 1 *® —As 1 *® —As
—(T; —1d)Jyv = - e M T povds — — Ae M Tvds
t t Jo tJo

since 7 is continuous and linear

1 [ 1 [
= ;/ rete ™ T vdo — ;/ Ae M Tvds
1 0
et — 1

o0 1 t
= / re M Tvdo — — / re M T,vds
t ! t Jo

e/\t —1 t 1 t
= Jw—/ re M Tovdo ——/ Ae M T, ds.
t 0 t Jo
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The last term, the integral being continuous in s, for t — 0 tends to —ATyy =
—Av, while the first term in the last line tends to AJ; v. This implies

AJyv=A(Jy —1d)v forallv e B, (8.2.12)

which in turn implies (8.2.11). O

For a contracting semigroup {7; };>0, we now define operators

DT, : D(D,T)(C B) —> B

1
D Tyv = lim = (Tiy = T) v, (8.2.13)

where D(D,T;) is the subspace of B where this limit exists.
Lemma 8.2.3. v € D(A) impliesv € D(D,T;), and we have

D Tyv=AT,v=T;Av fort > 0. (8.2.14)

Proof. The second equation has already been established as shown in Lemma 8.2.1.
We thus have for v € D(A),

o1
IEI\I.I})Z (Tiyn —Ty)v = ATv = T, Av. (8.2.15)

Equation (8.2.15) means that the right derivative of 7;v with respect to ¢ exists for all
v € D(A) and is continuous in . By a well-known calculus lemma, this then implies
that the left derivative exists as well and coincides with the right one, implying
differentiability and (8.2.14). The proof of the calculus lemma goes as follows: Let
f :]0,00) — B be continuous, and suppose that for all # > 0, the right derivative
dT f(t) = limyo %(f(t + h) — f(t)) exists and is continuous. The continuity of
d™ f implies that on every interval [0, T'] this limit relation even holds uniformly in
t. In order to conclude that f is differentiable with derivative d* f, one argues that

lim | (700 £ =)= 100

< lim H%(f((t — ) +h) = fe—h)—d* fu —h)H

+lim |dF £t —h)y—dT f@0)] = 0.)
AN

We can interpret Lemma 8.2.3 as:
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Corollary 8.2.1. For a contracting semigroup {T;},>0 with infinitesimal generator
A andv € D(A), u(t) := T,v satisfies

' (t) = Au(t) with u(0) = v. (8.2.16)

Proof. Since we have seen in the proof of Lemma 8.2.3 that u(¢) is differentiable
w.r.t. t, the differential equation (8.2.16) is simply a restatement of (8.2.14), and that
u satisfies the initial condition u(0) = v is a reformulation of 7y = Id. O

Theorem 8.2.2. For A > 0, the operator (A\1d—A) : D(A) — B is invertible (A
being the infinitesimal generator of a contracting semigroup), and we have

1
AId—A)"'= R, A) = XJA, (8.2.17)
ie.,
o0
(Ald—A)""v = R\, Ay = / e M Tyvds. (8.2.18)
0

Proof. In order that (A Id —A) be invertible, we need to show first that (A Id —A) is
injective. So, we need to exclude that there exists vy € D(A), vy # 0, with

Avo = Avy. (8.2.19)
For such a vy, we would have by (8.2.14)
D, Tivy = T, Avy = AT, vo, (8.2.20)
and hence

Tivo = e vy. (8.2.21)

Since A > 0, for vy # 0, this would violate the contraction property
[ Tevoll < [Ivoll »

however. Therefore, (A Id —A) is invertible for A > 0. In order to obtain (8.2.17),
we start with (8.2.12), i.e.,

AJyv = A(Jy —1d)v,
and get

AId—A) v = Av. (8.2.22)
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Therefore, (A Id —A) maps the image of J; bijectively onto B. Since this image is
dense in D(A) by (8.2.11) and since (A Id —A) is injective, (A Id —A) then also has
to map D(A) bijectively onto B. Thus, D(A) has to coincide with the image of Jj,
and (8.2.22) then implies (8.2.17). O

Lemma 8.2.4 (Resolvent equation). Under the assumptions of Theorem 8.2.2, we
have for A, ;. > 0,

R(A,A) — R(n, A) = (L —A)R(A, A)R (i, A). (8.2.23)
Proof.

R(A, A) = R(L, A)(Id—A)R (1, A)
= R, A) (1t — M) Id+(ATd—A)) R, A)

= (u=VRA. AR (1. A) + R(p. A). .
We now want to compute the infinitesimal generators of some examples with
the help of the preceding formalism. We begin with the translation semigroup as
introduced at the end of Sect. 8.1: B here is the Banach space of bounded, uniformly
continuous functions on [0, 00), and T; f(x) = f(x +¢) for f € B, x,t > 0. We
then have

(. f)(x) = /0 - Ae ™ f(x + s)ds = / - Ae 079 £(5)ds, (8.2.24)

and hence
d
N6 = =Af(x) + AL (). (8.2.25)
By (8.2.12), the infinitesimal generator satisfies
ATy f(x) = AU f = ), (8.2.26)
and consequently
d
AlLf = — I f (8.2.27)
dx

At the end of the proof of Theorem 8.2.2, we have seen that the image of J,
coincides with D(A), and we thus have

d
Ag = d—g forall g € D(A). (8.2.28)
X

We now intend to show that D(A) contains precisely those g € B for which % g
belongs to B as well. For such a g, we define f € B by

()~ Ag) = A/ (). (3229)
X
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By (8.2.25), we then also have

%(fo)(x) — A f(x) = =Af(x). (8.2.30)
Thus

p(x) == g(x) = i f(x)

satisfies
d
d—w(X) = Ap(x), (8.2.31)
X

whence ¢(x) = ce**, and since ¢ € B, necessarily c = 0, andso g = Jj, f.

We thus have verified that the infinitesimal generator A4 is given by (8.2.28), with
the domain of definition D(A) containing precisely those g € B for which % g€eB
as well.

We now wish to generalize this example in the following important direction. We
consider a system of autonomous ordinary differential equations:

dx'! :
—=F'(x),i=1,...,d,
m (x)
x(0) = xo. (8.2.32)
We shall often employ vector notation, i.e., write x = (x',..., x?), etc. We assume

here that the F' are continuously differentiable and that for all x( € R?, the solution
x(t) exists for all # € R. With

Si(x0) := x(2), (8.2.33)
we can then define a contracting semigroup by

U f(x0) :== f(S:(x0)) (8.2.34)

in the Banach space of all continuous functions with bounded support in R?. This
semigroup is called the Koopman semigroup. Except for the more restricted Banach
space, this clearly generalizes the semigroup 7; from (8.1.12) which corresponds to
the ODE & = 1 (d = 1). We then have

Jofx) = /0 " he ™ £(S (0)ds

* d
_ /0 (=) (S (x))ds

= /oo e Xd: %F"(x)ds + f. (8.2.35)
= o : 2.

i=1
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Using (8.2.26) again, we then have

ADS =2(f =)= faF'. (8.2.36)

Thus, using again that the image of J, consists with D(A), we obtain

Ag =) guF'forallg € D(A). (8.2.37)
i
Thus, by Corollary 8.2.1, h(t,x) := U, f(x) satisfies the partial differential
equation:
oh oh .
— - —F'(x) =0. 8.2.38
0 2 ) (8.2.38)

We next wish to study a semigroup that is dual to the Koopman semigroup, the
Perron—Frobenius semigroup. We first observe that U, f is defined by (9.1.1) for
any f € L*®(R?) (although U, is not a continuous semigroup on L°). We then
define a semigroup Q; on L' (R?) by

/Q,f(x)g(x)dx = / f(x)U,g(x)dx forall f e L', ge L>®. (8.2.39)

In order to get a more explicit form of Q,, we consider g = jy 4, the characteristic
function of a measurable set A. Then

/ 0, f(x)dx = / 0, f(x) 4 (x)dx

A
- / FUr ga(x)dx
- / FG)£a(S:(x))dx by 9.1.1)
- /A F()S, (x)dx

= / f(x)dx.
ST

‘We thus obtain
/ 0, f(x)dx = / f(x)dx forall f e L' (8.2.40)
4 Y

This is the characteristic property of the Perron—Frobenius semigroup.
Since U, is contracting, i.e., |U;gllcc < ||glleo for all g, as is clear from (9.1.1),
from Holder’s inequality (A.4), we see that Q, is contracting as well. Letting A
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be the infinitesimal generator of U, as given in (8.2.37) and denoting by A. the
infinitesimal generator of Q,, we readily obtain from (8.2.39)

/A*f(x)g(x)dx = /f(x)Ag(x)dx forall f € D(Ax),g € D(A).

(8.2.41)

When g is continuously differentiable with compact support and f is continuously
differentiable, we can insert (8.2.37) and integrate by parts to obtain

/ As f(X)g(x)dx = / Z of (X)F l(x) (x)dx. (8.2.42)

Since we show in the appendix that the compactly supported differentiable functions
are dense in L', we infer

Auf ==Y a(;jl) (8.2.43)

i

for continuously differentiable f. By Corollary 8.2.1 again, h(t,x) := Q;f(x)
satisfies the partial differential equation:

h AhF)
ot + Z oxt

=0. (8.2.44)

This equation has been studied already in Sect.7.2; see (7.2.9). For more details
about the Koopman and Perron—Frobenius semigroups, we refer to [25].

We now want to study the other example from Sect. 8.1, the heat semigroup,
according to the same pattern. Let B be the Banach space of bounded, uniformly
continuous functions on R?, and

P f(x) = — _ / "7 f(y)dy fort > 0. (8.2.45)
(4mt)z
We now have
D f(x) = / / A e 4 )y (8.2.46)
r:Jo  (4me)?

We compute

o0 A’ ‘xiy‘z
AJ = Ae M m d d
() /R d /0 T (f (y)dy

_ o0 _Mi 1 _lx y\
_/Rd/() e o ((47”)2 )dtf(y)dy
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i - [ / eny L -kt
R4 (47tt) 2
= —Af(x) + Ay f(x).
It follows as before that
Al f = AJ, f, (8.2.47)
and thus
Ag = Ag forall g € D(A). (8.2.48)

We now want to show that this time, D(A) contains all those g € B for which Ag
is contained in B as well. For such a g, we define f € B by

Ag(x) —Ag(x) = —=Af(x) (8.2.49)
and compare this with

AT f(x) = A f(x) = —Af(x). (8.2.50)

Thus ¢ := g — J, f is bounded and satisfies
Ap—Ap =0 ford > 0. (8.2.51)

The next lemma will imply ¢ = 0, whence g = J, f as desired.

Lemma 8.2.5. Let A > 0. There does not exist a bounded ¢ £ 0 with
Ap(x) = Ap(x) forall x € RY. (8.2.52)

Proof. For a solution of (8.2.52), we compute
2 2 . 0 0
Ap~ =2|Vo|" +2¢0A¢ withVo = —o¢,..., —9¢
ox! dxd
=2|Vep|* +20¢> by (8.2.52). (8.2.53)

Let xo € R?. We choose C2-functions ng for R > 1 with

0<nr(x) <1 forallx e R?, (8.2.54)

nr(x) =0 for |[x —xo| > R+ 1, (8.2.55)

nr(x) =1 for |x —xo| < R, (8.2.56)

[IVnr(x)| + |Angr(x)| < co with a constant ¢y that does (8.2.57)

not depend on x and R.
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We compute

A (nk9%) = nxA@* + @*Ang, + 81z Vg - Vo
> 20y [Vl + 243¢” + (Ang) ¢* = 207 [Vo|* =8 |Vir|* ¢
by (8.2.53) and the Schwarz inequality
= 2An%0* + (Arﬁe 8 |Vr)R|2) 2. (8.2.58)

Together with (8.2.54)—(8.2.57), this implies

0= / A (nje?) = 21 0 —c / @’ (8.2.59)
B(xo,R+1) B(x0,R) B(x0,R+1)\B(x0.R)

where the constant ¢; does not depend on R.
By assumption, ¢ is bounded, so

¢’ <K. (8.2.60)
Thus (8.2.59) implies
/ o < 2K gi-r (8.2.61)
Bixo.R) A

where the constant ¢, again is independent of R. Equation (8.2.53) implies that ¢ is
subharmonic. The mean value inequality (cf. Theorem 2.2.2) thus implies

K
02(x0) < / 02 < 22 (by(82.61)) = 0 for R — oo.
B(x0,R)

wq R? ~ wgAR

(8.2.62)
Thus, ¢(xo) = 0. Since this holds for all xo € R?, ¢ has to vanish identically. O

Lemma 8.2.6. Let B be a Banach space, L : B — B a continuous linear operator
with ||L|| < 1. Then for every t > 0 and each x € B, the series

o0

exp(iL)x == ) %(ZL)”x

v=0
converges and defines a continuous semigroup with infinitesimal generator L.

Proof. Because of ||L|| < 1, we also have

IL"| <1 foralln € N. (8.2.63)
Thus
"1 "1 “LrY
Do ULx| < 3L < Ikl Y (8.2.64)
—m V. —m V. —m V.
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By the Cauchy property of the real-valued exponential series, the last expression
becomes arbitrarily small for sufficiently large m,n, and thus our Banach-space-
valued exponential series satisfies the Cauchy property as well, and therefore it
converges, since B is complete. The limit exp(¢L) is bounded, because by (8.2.64)

"1
Yo —aLyx| <é|lx|
v!
v=0
and thus also
lexp(tL)x]|| <" [|x] . (8.2.65)
As for the real exponential series, we have
o0 o0
t t o
Z e+ S) - .y ( S—'L") x, (8.2.66)
g2 i o!
i.e.,
exp((t + s)L) = exptL oexpsL, (8.2.67)

whence the semigroup property. Furthermore,
00 g y—1 [e%e} Qv

h
<> =Ll ==Y
v=2

V=2
Since the last expression tends to 0 as 7 — 0, L is the infinitesimal generator of the
semigroup {exp(L)}>o. O

H% (exp(hL) —1d) x — Lx

In the same manner as (8.2.67), one proves (cf. (8.2.66)) the following lemma.

Lemma 8.2.7. Let L,M : B — B be continuous linear operators satisfying the
assumptions of Lemma 8.2.6, and suppose

LM = ML. (8.2.68)
Then
exp(t(M + L)) = exp(tM) o exp(tL). (8.2.69)

We have started our discussion with the semigroup of operators 7;, and we have
then introduced the operators J, and the infinitesimal generator A. In practice,
however, it is rather the other way around. The operator A is what is typically
given, and it defines some differential equation, as in Corollary 8.2.1. Solving this
differential equation then amounts to constructing the semigroup {7;}. The Hille—
Yosida theorem shows us how to do this. From A, we first construct the J; and then
with their help the 7;.
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Theorem 8.2.3 (Hille-Yosida). Let A : D(A) — B be a linear operator whose
domain of definition D(A) is dense in the Banach space B. Suppose that the

resolvent R(n, A) = (n1d —A)~" exists for all n € N and that

—1
(Id_lA)
n

Then A generates a unique contracting semigroup.

<1 foralln eN.

Proof. As before, we put

1\
Jy = (Id ——A) for n € N (cf. Theorem 8.2.2).
n
The proof will consist of several steps:
(1) We claim

lim J,x =x forallx € B,
n—>o00

and
Jux € D(A) forall x € B.
Namely, for x € D(A), we first have
AJyx = JyAx = J,(A —nld)x + nJ,x = n(J, —1d)x,

and since by assumption || J, Ax| < ||Ax||, it follows that

1
Jox—x=—-J,Ax - 0 forn — oo.
n

(8.2.70)

(8.2.71)

(8.2.72)

(8.2.73)

As D(A) is dense in B and the operators J, are equicontinuous by our
assumptions, (8.2.71) follows. Equation (8.2.73) then also implies (8.2.72).

(2) By Lemma 8.2.6, the semigroup

{eXP(SJn)}szo

exists, because of (8.2.70). Putting s = tn, we obtain the semigroup

texp(tndy)}i=o0
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and likewise the semigroup
T = exp(tAJ,) = exp(tn(J, —1d)) (1 > 0)
(cf. (8.2.73)). By Lemma 8.2.7, we then have
7" = exp(—tn) exp(tnd,). (8.2.74)

Since by (8.2.70)
(o]
(nt)”
llexp(tndy)x| = Z —— Iy x|l < exp(ne) || x|,
= v
it follows that
<1

H 77| <1, (8.2.75)

and thus, in particular, the operators are equicontinuousin ¢t > O and n € N.
(3) Forall m,n € N, we have

Indn = Indn. (8.2.76)

Since by (8.2.74), J, commutes with 7,"; then also J,, commutes with 7,""
foralln,m € N, ¢t > 0. By Lemmas 8.2.3 and 8.2.6, we have for x € B,

D,T"x = AJ,T""x = T" AJ,x: (8.2.77)

hence

=] -

/0 b, (T,i”?rjmx) ds

t
= H / TV (AT, — AJy) x ds
0

<t|(AJ, — AJy)x| (8.2.78)
with (8.2.75). For x € D(A), we have by (8.2.73)
(AJy, — Adp)x = (J, — J) Ax. (8.2.79)

Equations (8.2.78), (8.2.79), and (8.2.71) imply that for x € D(A),

(7
neN
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is a Cauchy sequence and the Cauchy property holds uniformly on 0 < ¢ < 1y,
for any 7. Since the operators Tt(") are equicontinuous by (8.2.75) and D(A) is
dense in B by assumption, then
(9
neN

is even a Cauchy sequence for all x € B, again locally uniformly with respect
to z. Thus the limit

T,x = lim T"x
n—>oo

exists locally uniformly in ¢, and 7; is a continuous linear operator with
1T <1 (8.2.80)

(cf. (8.2.75)).
We claim that (7;),>0 is a semigroup. Namely, since {T,(”)},Zo is a semigroup
for all n € N, using (8.2.75), we get

1T = LT = | T = T + | 7500 = 7T
+ |1 Tx - 1T
<[ T = 1] 4 |70 - 7|

)

() e

and this tends to 0 for n — oo.

By (4) and (8.2.80), {T;}/>0 is a contracting semigroup. We now want to
show that A is the infinitesimal generator of this semigroup. Letting A be the
infinitesimal generator, we are thus claiming

A= A. (8.2.81)
Let x € D(A). From (8.2.71) and (8.2.73), we easily obtain

T,Ax = lim T,"" AJ,x, (8.2.82)
n—>o0
again locally uniformly with respect to ¢. Thus, for x € D(A),

1 1 )
lim - (T,x — x) = lim - lim (T,‘ Iy — x)
t\O N\O  n—>00

1 t
=lim- lim [ T AJ,xds by (8.2.77)
N0 I n—>00 J,

1 t
= lim — T,Axds
tN\O I Jo

= Ax.
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Thus, for x € D(A), we also have x € D(A), and Ax = Ax. All that remains
is to show that D(A4) = D(A). By the proof of Theorem 8.2.2, (n Id —A) maps
D(A) bijectively onto B. Since (n Id —A) already maps D(A) bijectively onto
B, we must have D(A) = D(A) as desired.

(6) It remains to show the uniqueness of the semigroup {7;};>0 generated by A.
Let {7_}},20 be another contracting semigroup generated by A. Since A then
commutes with 7}, so do AJ, and T,("). We thus obtain as in (8.2.78) for x €
D(4),

t
HTf(")x _ ﬂx“ = /0 D, (T, T"x) ds
t —_
= / (—T= T (A — AJ,)x) ds
0
Then (8.2.71) implies
T,x = lim T,"”
n—od

for all x € D(A) and then as usual also for all x € B; hence T, = T;. O

We now wish to show that the two examples of the translation and the heat
semigroup that we have been considering satisfy the assumptions of the Hille—
Yosida theorem. Again, we start with the translation semigroup and continue to
employ the previous notation. We had identified

_d
T dx

as the infinitesimal generator, and we want to show that A satisfies condition (8.2.70).
Thus, assume

A (8.2.83)

1d\"!
Id——— f=g (8.2.84)
ndx
and we have to show that

su% lg(x)] < su% | f(0)]. (8.2.85)

Equation (8.2.84) is equivalent to

f(x)=g(x) — %g’(X). (8.2.86)

We first consider the case where g assumes its supremum at some xg € [0, 00). We
then have

g'(x) <0 (=0, if xo > 0).
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From this,
1
sup g(x) = g(xo) = g(xo) — Eg'(xo) = f(x0) < sup f(x). (8.2.87)

If g does not assume its supremum, we can at least find a sequence (x,),ey C [0, c0)
with

g(xy) — sup g(x). (8.2.88)
We claim that for every gy > 0 there exists vy € N such that for all v > vy,
g'(x)) < . (8.2.89)
Namely, if we had
g'(x) = o (8.2.90)

for some g9 and almost all v, by the uniform continuity of g’ that follows
from (8.2.86) because f, g € B, there would also exist § > 0 such that

g(x) 28—20 if |x — x| <6

for all v with (8.2.90). Thus we would have

]
)
g0 +8) = g(x) + / ¢+ 01 = gr) + 20 (82.91)
0

On the other hand, by (8.2.88), we may assume

805
V)

g(xy) = sup g(x) — 1

which in conjunction with (8.2.91) yields the contradiction
g(xy +8) > supg(x).
Consequently, (8.2.89) must hold. As in (8.2.87), we now obtain for each ¢ > 0
. . 1, e
supg(x) = lim g(x,) < lim | g(x)) — —g'(x)) ) + —
X V—>00 V—>00 n n
. € &
= lim f(x)) +— <sup f(x) + —.
V=00 n X n

The case of an infimum is treated analogously, and (8.2.85) follows.
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We now want to carry out the corresponding analysis for the heat semigroup,
again using the notation already established. In this case, the infinitesimal generator
is the Laplace operator:

A=A (8.2.92)
We again consider the equation
1 _l
(Id——A) /=g (8.2.93)
n
or equivalently,
1
fx) = g(x) — - Ag(x), (8.2.94)

and we again want to verify (8.2.70), i.e.,

sup |g(x)| < sup | f(x)]. (8.2.95)

x€R4 x€R4

Again, we first consider the case where g achieves its supremum at some xo € R¢.
Then

Ag(xo) =0,

and consequently,
1
sup g(x) = g(xo) = g(xo) — ;Ag(xo) = f(xo) < sup f(x). (8.2.96)

If g does not assume its supremum, we select some xo € R¢, and for every n > 0,
we consider the function

gy(x) == g(x) —n|x — xo|*.

Since
lim g,(x) = —oo,
|x|—>00
g, assumes its supremum at some x, € R?. Then
Ag n(xn) <0,

ie.,

Ag(xy) < 2dn.
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For y € R?, we obtain
g(y) < glxy) +nly —xof

1 2d
< glxy) — ;Ag(x,,) +1 (7 + |y —x0|2)

d
= fxp+n (25 + 1y =l

IA

2d
sup f(x) + 0(7 + |y—x0|2).

x€RY

Since 17 > 0 can be chosen arbitrarily small, we thus get for every y € R¢

g(y) < sup f(x),

x€R4

i.e., (8.2.95) if we treat the infimum analogously.

It is no longer so easy to verify directly that (8.2.94) is solvable with respect
to g for given f. By our previous considerations, however, we already know
that A generates a contracting semigroup, namely, the heat semigroup, and the
solvability of (8.2.94) therefore follows from Theorem 8.2.2. Of course, we could
have deduced (8.2.70) in the same way, since it is easy to see that (8.2.70) is
also necessary for generating a contracting semigroup. The direct proof given here,
however, was simple and instructive enough to be presented.

8.3 Brownian Motion

We consider a particle that moves around in some set S, for simplicity assumed to
be a measurable subset of R?, obeying the following rules: The probability that the
particle that is at the point x at time ¢ happens to be in the set £ C S fors > ¢ is
denoted by P(¢, x; s, E). In particular,

P(t,x;5,8) =1,
P(t,x;5,0) =0.

This probability should not depend on the positions of the particles at any times
less than ¢. Thus, the particle has no memory, or, as one also says, the process has
the Markov property. This means that for r < v < s, the Chapman—Kolmogorov
equation

P(t, x5, ) = / P(r.yis. EYP(t.x: 7, y)dy (83.1)
S
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holds. Here, P(t,x;7,y) has to be considered as a probability density, i.e.,
P(t,x;t,y) = O and [¢ P(t,x;7,y)dy = 1 for all x,7,7. We want to assume
that the process is homogeneous in time, meaning that P(z, x; s, E) depends only
on (s — t). We thus have

P(t,x;s,E) = PO, x;5s—t,E)=: P(s—t,x,E),

and (8.3.1) becomes
P(it+1,x,FE):= / P(z,y,E)P(t,x,y)dy. (8.3.2)
s

We express this property through the following definition:

Definition 8.3.1. Let BB a o-additive set of subsets of S with S € B. For¢t > 0,
x € S,and E € B, let P(t, x, E) be defined satisfying:

i) P(t,x,E)=>0,P(t,x,S)=1.
(i) P(¢,x, E) is o-additive with respect to E € B for all ¢, x.
(iii) P(¢, x, E) is B-measurable with respect to x forall z, E.
(iv) P(t + t,x,E) = [g P(t,y, E)P(t,x, y)dy (Chapman—Kolmogorov equa-
tion) forall¢t,7 > 0, x, E.

Then P (¢, x, E) is called a Markov process on (S, B).

Let L°°(S) be the space of bounded functions on S. For f € L*®(S),t > 0,
we put

(T, f)(x) = /S P(t.x.y) f()dy. (833)

The Chapman—Kolmogorov equation implies the semigroup property
Tivs =T, 0Ty fort,s > 0. (8.3.4)

Since, by (i), P(t,x,y) > 0 and
/SP(t,x,y)dy =1, (8.3.5)
it follows that
sup 1T f(0)] = ilélg)lf(X)l, (8.3.6)

i.e., the contraction property.

In order that 7; map continuous functions to continuous functions and that
{T:}t>0 define a continuous semigroup, we need additional assumptions. For
simplicity, we consider only the case S = RY.
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Definition 8.3.2. The Markov process P(¢, x, E) is called spatially homogeneous
if for all translations i : R¢Y — R4,

P(t,i(x),i(E)) = P(t,x, E). (8.3.7)

A spatially homogeneous Markov process is called a Brownian motion if for all
0> 0andall x € R?,

1
lim — P(t,x,y)dy =0. (8.3.8)
™NO L Jx—yl>o

Theorem 8.3.1. Let B be the Banach space of bounded and uniformly continuous
functions on R, equipped with the supremum norm. Let P(t, x, E) be a Brownian
motion. We put

(T, f)(x): = /R P 0y fort >0,
Tvf = f

Then {T,}:>0 constitutes a contracting semigroup on B.

Proof. As already explained, P(t,x,E) > 0, P(t,x,Rd) = 1 implies the
contraction property:

sup [(T: f)(x)] < sup | f(x)| forall f e B,t>0, (8.3.9)

x€ERd x€Rd

and the semigroup property follows from the Chapman—Kolmogorov equation. Let
i be a translation of Euclidean space. We put

if(x) = f(ix)

and obtain
iT,f(x) = T, f(ix) = /R P(ix ) f()dy

= [ P.ixinsana.
R4
since d(iy) = dy for a translation,
= [ Pexfaney,
R4

since the process is spatially homogeneous,

= Tiif(x),
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i.e.,
iT, =Ti. (8.3.10)
For x,y € R?, we may find a translation i : R — R with
ix =y.
We then have
(T f)X) = (T YD = (T f)(x) = GT o] = T (f —if)(x)] .

Since f is uniformly continuous, this implies that 7; f is uniformly continuous as
well; namely,

T (f =i )(X)| = V P(t,x.2)(f(2) = f(iz))dz| < sup|f(z) — f(i2)].

and if |x — y| < §, then also |z —iz| < & for all z € R, and § may be chosen such
that this expression becomes smaller than any given ¢ > 0. Note that this estimate
does not depend on .

It remains to show continuity with respectto ¢. Let > s. For f € B, we consider

1T f(x) = Ts f()| = Teg(x) —g(x)| forr:=1—s5.g:=T:f

_ ‘ /R P(x )80 — g()dy

because of / P(t,x,y)dy =1
R4

<

/ | P(my)(g(y)—g(x))dy'
x—yl<e

+

/ P(r.x.y)(g(y) — g(x))dy‘
[x=y|>eo

<

/ | P(r,x,y)(g(y)—g(x))dy‘
x—yl<o

+ 2 sup | f(2)] P(t,x, y)dy

7€R4 [x=yl>0

by (8.3.9). Since we have checked already that g = T f satisfies the same
continuity estimates as f, for given ¢ > 0, we may choose ¢ > 0 so small that
the first term on the right-hand side becomes smaller than ¢/2. For that value of o
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we may then choose t so small that the second term becomes smaller than ¢/2 as
well. Note that because of the spatial homogeneity, t can be chosen independently
of x and y. This shows that {7;},>¢ is a continuous semigroup, and the proof of
Theorem 8.3.1 is complete. O

An example of Brownian motion is given by the heat kernel

1 L=

P(t,x,y) = R (8.3.11)
(4mt)z

We shall now see that this already is the typical case of a Brownian motion.

Theorem 8.3.2. Let P(t,x, E) be a Brownian motion that is invariant under all
isometries of Euclidean space, i.e.,

P(t,i(x),i(E)) = P(t,x,E) (8.3.12)

for all Euclidean isometries i. Then the infinitesimal generator of the contracting
semigroup defined by this process is

A =cA, (8.3.13)

where ¢ = const > 0 and A =Laplace operator, and this semigroup then coincides
with the heat semigroup up to reparametrization, according to the uniqueness result
of Theorem 8.2.3. More precisely, we have

1 oy ?
P(t.x.y) = ——e @ (8.3.14)
(4mct)2

Proof. (1) Let B again be the Banach space of bounded, uniformly continuous
functions on R¢, equipped with the supremum norm. By Theorem 8.3.1, our
semigroup operates on B. By Theorem 8.2.1, the domain of definition D(A) of
the infinitesimal operator A is dense in B.

(2) We claim that D(A)NC > (R?) is still dense in B. To verify that, as in Sect. 2.2,
we consider mollifications with a smooth kernel, i.e., for f € D(A),

Jr(x) rid Rd@(lx:—y') f(y)dy asin(2.2.6)

/Rd o(|z]) f(x —rz)dz. (8.3.15)

Since we are assuming translation invariance, if the function f(x) is contained
in D(A), sois (i,.f)(x) = f(x —rz) forall r > 0,z € R? in D(A), and the
defining criterion, namely,

t—0t

lim (/ Pt x.y) f(y —rz) — fx— rZ)) =0,
R4
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holds uniformly in r, z. Approximating the preceding integral by step functions
of the form ) ¢, f(x — rz,) (where we have only finitely many summands,
since p has compact support), we see that since f does, f, also satisfies
limy—o + (fa P(t.x. ) f+(y)dy — f(x)) = 0, hence is contained in D(A).
Since f; is contained in C*°(R?) for r > 0 and converges to f uniformly as
r — 0, the claim follows.

(3) We claim that there exists a function ¢ € D(A4) N C*®(R?) with

. 92
x’xka <Pk

0) > Z(x/)z forall x € RY. (8.3.16)

j=1

For that purpose, we select ¢ € B with

02y 1 forj =k
0 28 Six = ,
9x7 dxk Txionk O = 205 ( I {0 otherwise)

and from (2), we find a sequence (f)),en C D(A) N C®(R?), converging
uniformly to ¥. Then

& |y — x|
M) =
8x13xkf ©) = rd/BxfE)ku( r )
Yy(y)dy forv — oo

] / 9? ly — x|
rd | oxioxk® r 0

1 ly — x| 9?
== : d
rd ,0( r ) dx/ 0xk vy

M) dy

x=0

replacing the derivative with respect to x by one with
respect to y and integrating by parts
2

0
— WW(O) forr - 0

=25jk-

We may thus put ¢ = f,.(v) for suitable v € N, r > 0, in order to
achieve (8.3.16). By Euclidean invariance, for every xo € RY, there then exists
a function in D(A) N C*®(RY), again denoted by ¢ for simplicity, with

(xf —xF = xf)———(r0) = D (¢ —x{)? forallx e RY. (8.3.17)

a/ak

(4) Forallxo eR?,j =1,....,d,r >0,t>0,

/ ‘ (xj —x({)P(t,xo,x)dx =0, xy= (xé,...,xg); (8.3.18)
X—Xx0|<r
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namely, let
i:R?—>RY
be the Euclidean isometry defined by

i(x/ —xé) = —(x/ —x({),
(8.3.19)
i(x* —xé‘) = xk —xé fork # j

(reflection across the hyperplane through x, that is orthogonal to the jth
coordinate axis). We then have

/ (x] —x({)P(t,XO,X)dx = / l(xj —xé)P(t,ixo,ix)dx

[x—xo|<r [x—xol<r

/ (xj — x({)P(t, X, x)dx

[x—xo|<r
because of (8.3.19) and the assumed invariance of P, and this indeed im-

plies (8.3.18).
Similarly, the invariance of P under rotations of R? yields

/ | (x/ —xé)zP(t,xo,x)dx = / (x* —xé)zP(t,xo,x)dx
xX—Xx0|=<r

[x—xol<r

forall xo e R, r >0, >0,j,k =1,....d, (8.3.20)

and finally as in (8.3.18),
/ () =X K =X P, x0, x)dx =0 forj £k, (8.3.21)
[xo—x|<r

ifxoe R, r>0,t>0,j,kef{l,...d}.
(5) Let @ € D(A) N C*(RY). We then obtain the existence of

Ag(xo) = lm : /1; P00, 1) () — plxo))dx

—lim » P(t. x0.%)(0(x) — p(x0))dx by (83.8)
™NO T [x—xo|<e
1 d
= lim — > —xO)—(xo)P(t X0, X)dx

N0 t Ix_xolfgj 1
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1 1 . .
+ lim — =) () —x])(xF = xk
INO T J | —xo|<e 2 ;; 0 0
POy (e - x0) Pt 30 1)
——(xo+ t(x — x , X0, x)dx
dx axk O 0 0

by Taylor expansion for some 7 € [0, 1), as ¢ € C*(R?).

The first term on the right-hand side vanishes by (8.3.18). Thus, the limit
for t N\, O of the second term exists, and it follows from (8.3.17) and
P(t, xp,x) > 0 that

1 . )
lim sup -/ Z(x’ —x3)? P (t, X, x)dx < 0. (8.3.22)
t\0 |x—xo|<e

By (8.3.8), this limit superior does not depend on ¢ > 0, and neither does the
corresponding limit inferior.

(6) Now let f € D(A) N C*(RY). As in (5), we obtain, by Taylor expanding f
at xo,

T f o)~ Fo)

;Ad (f(x) = f(x0)) P(t, x0, x)dx

] U@ sePe s vax

1

—i—;/ | Z(x/ —xo) of (xo)P(t Xo, x)dx

+; /x xo|<e % %;(xj xo)(x - xO) gk(-xo)P(t xo,x)dx

1 . .
+- / > (= x ek = xb)oi () P(2. x0. x)dx
L Jix—xol<e ik
(where the notation suppresses the x-dependence of the remainder
term o;; (¢), since this converges to 0 for ¢ — 0 uniformly in x, since
f e C*RY)
1

=] 0 s

xX—Xxo|>¢

t

+l/ Z(xj —xj)2 32f (x0) P (t, xo, x)dx
U x=xolze 55 07 (3x7)? T
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1 S
+—/ Z(x/ —xé)(xk —xg)aij(s)P(t,xo,x)dx
|x—xo|<e

t

by (8.3.18) and (8.3.21). (8.3.23)

By (8.3.8), the first term on the right-hand side tends to 0 as ¢t — 0 for every
e > 0. Because of (8.3.22) and lim, 0;;(¢) = 0 (since f € C?), the last term
converges to 0 as ¢ — 0 for every # > 0. Since we have observed at the end of
(5), however, that in the second term on the right-hand side, limits can be performed
independently of ¢, for all ¢ > 0, we obtain the existence of

1 . .
,h\‘}é? |X_XO‘SSZ()C/ —x])? a5 f)2 (x0) P(f, x0, x)dx = Af(x0), (8.3.24)

by performing the limit # — O on the right-hand side of (8.3.23).
The argument of (3) shows that for f € D(A),

Pf
W(XO)

may approximate arbitrary values, and so in particular, we infer the existence of

lim — x/—x 2P(t, xo, x)dx
N\O /IV xXo|<e Z( ) ( o )

independently of €. By (8.3.20), foreach j = 1,...,d,

1 S
lim — (x/ —x])?P(t, x0, x)dx
INO 1 Jx—xo|<e 0

exists and is independent of j and by translation invariance independent of x( as
well. We thus call this limit c. By (8.3.24), we then have

Af(x0) = cAf(xop).

The rest follows from Theorem 8.2.3. O

Remark. If we assume only spatial homogeneity, i.e., translation invariance, but
not invariance under reflections and rotations, the infinitesimal generator still is a
second-order differential operator; namely, it is of the form

d

Af(x) =) a¥(x)

jk=1

*f
dxJ dxk

()+be( e
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with

. 1 S
a’* (x) = lim - - () = x))(* = x*)P(t, x, y)dy,
y—x|<e

and thus, in particular,
a’* =ad", a¥ >0 forall jok,

and

. 1 . .
b’ (x) = lim — (y/ —x))P(t,x,y)dy,
INO T J]y—x|<e

where the limits again are independent of ¢ > 0. The proof can be carried out with
the same methods as employed for demonstrating Theorem 8.3.2.

A reference for the present chapter is Yosida [32].

Summary

The heat equation satisfies a Markov property in the sense that the solution u(x, ¢)
at time ¢, + t, with initial values u(x, 0) = f(x) equals the solution at time #, with
initial values u(x, ;). Putting

(P f)(x) :=u(x,1),
we thus have
(P46, /) (x) = Pi(Pr, f)(X);
i.e., P, satisfies the semigroup property
Py, =P,0P, fort;,t,>0.
Moreover, { P; };> is continuous on the space C 9 in the sense that

hm Pt == Pt()
™\ulo

for all 7y > O (in particular, this also holds for ¢y = 0, with Py = 1d).
Moreover, P; is contracting because of the maximum principle, i.e.,

||Ptf||co < ||f||co fort > O,f € CO.
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The infinitesimal generator of the semigroup P, is the Laplace generator, i.e.,
A =1i ! (P, —1d)
= lim —(P; —1d).
t\O !

Upon these properties one may found an abstract theory of semigroups in Banach
spaces. The Hille—Yosida theorem says that a linear operator A : D(A) — B whose
domain of definition D(A) is dense in the Banach space B and for which Id —%A is
invertible for all n € N, and

<1

1
H (Id——A)™!
n

generates a unique contracting semigroup of operators
T,:B—B (t>0).

For a stochastic interpretation, one considers the probability density P(Z, x, y)
that some particle that during the random walk happened to be at the point x at
a certain time can be found at y at a time that is larger by the amount 7. This
constitutes a Markov process inasmuch as this probability density depends only
on the time difference, but not on the individual values of the times involved.
In particular, P (¢, x,y) does not depend on where the particle had been before
reaching x (random walk without memory). Such a random walk on the set S
satisfies the Chapman—Kolmogorov equation

Pt + 12, x, ) = / P(t1.x.2)P(t2.2, y)dz
S

and thus constitutes a semigroup.
If such a process on R is spatially homogeneous and satisfies

1
lim — P(t,x,y)dy =0
™NO T Jix—y[>p

forall p > 0and x € R4, it is called a Brownian motion. One shows that up to a
scaling factor, such a Brownian motion has to be given by the heat semigroup, i.e.,

1 _L=yi?

P(t,x,y) = We
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Exercises

8.1. Let f € C°(R?) be bounded and u(x, ) a solution of the heat equation:

u;(x,t) = Au(x,t) forx € RY, 1 >0,

u(x,0) = f(x).

Show that the derivatives of u satisfy

< const sup | f| T2,

‘%u(x, t)
(Hint: Use the representation formula (5.2.3) from Sect. 5.2.)
8.2. Asin Sect. 8.2, we consider a continuous semigroup
exp(tA) : B— B (¢t > 0), B a Banach space.
Let B, be another Banach space, and for r > 0, suppose
exp(tA): B — B

is defined, and we have for0 < ¢ < 1 and for all ¢ € Bj,

|lexp(tA)¢|lp < constt “|¢|lp, forsomewo < 1.
Finally, let

®:B— B

be Lipschitz continuous.

Show that for every f € B, there exists T > 0 with the property that the
evolution equation

9
3—: = Av+ ®d(v(t)) fort >0,

v(0) = f

has a unique, continuous solution v : [0, T] — B.
(Hint: Convert the problem into the integral equation

v(t) = exp(tA) f + /Ot exp((t —s)A)D(v(s))ds,
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and use the Banach fixed-point theorem (as in the standard proof of the
Picard—Lindel6f theorem for ODEs) to obtain a solution of that integral equation.)

8.3. Apply the results of Exercises 8.1 and 8.2 to the initial value problem for the
following semilinear parabolic PDE:

3u(axt,t) = Au(x,t) + F(t,x,u(x), Du(x)) for x € Rd,t >0,
u(x,0) = f(x),

for compactly supported f € C°(R?). We assume that F is smooth with respect to
all its arguments.

8.4. Demonstrate the assertion in the remark at the end of Sect. 8.3.



Chapter 9
Relationships Between Different Partial
Differential Equations

9.1 The Continuity Equation for a Dynamical System

As in Sect. 6.1, we consider a system of ordinary differential equations (ODEs)

dxi (1)

= Fit,x"(t),....x@1)), fori =1,....d. 9.1.1)

For notational convenience, we shall leave out the vector index i; thus, in the
sequel. x may stand for the vector (x', ..., xd).

We assume that F' in (9.1.1) is Lipschitz continuous with respect to x and
continuous with respect to ¢ so that the Picard-Lindelof theorem guarantees the
existence of a solution for 0 < ¢ < T for some T > 0. In the sequel, we shall often
assume that this holds for 7" = oo.

We let x (¢, y) be the solution of (9.1.1) with

x(0,y) = y. 9.1.2)

The idea is to consider the flow generated by the system (9.1.1). That is, for a
measurable set A C RY of initial values, we consider the set A; = x(t,A) of
their images under the dynamical system (9.1.1). Instead of sets, however, it is more
useful to consider probability densities /(x,?) of x; that is, for each measurable
A C R", the probability that x (¢) is contained in A is given by

/h(y,t)dy, (9.1.3)
A
and we have the normalization
/ h(y,t)dy = 1forall > 0. 9.1.4)
]Rd
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When x satisfies (9.1.1), the density %, as a quantity derived from x, then also has
to satisfy some evolution equation. In fact, & evolves according to the continuity
equation

d
%h(x, n=>y_ %(—F’(r,x)h(x, 1)) = —div(hF). 9.1.5)
i=1

This equation states that the change of the probability density in time is the negative
of the change of the state as a function of its value. (In mechanics, this is also
called the conservation of mass equation. It represents the Eulerian point of view
that works with fields in contrast to the Lagrangian point of view that considers the
individual trajectories of (9.1.1).) We note that this equation is a generalization of
the Eq. (8.2.44) derived in Sect. 8.2.

We shall give two derivations of (9.1.5). At this point, these derivations will be
formal, in the sense that we do not yet know whether a solution exists. Actually, the
existence issue has already been addressed in Sect. 7.2, as we shall remark below.

We consider the functional

I(A,e): = /A h(x(t +¢€,y),t +€)dx(t +¢)
t+e

ax(t + ¢€)

= /A, hx(t +€,y),t+€) detT(t)dx(t),

where in the last step, we have used the flow x to transform the set A, back into
the original set 4,. We compute (with some obvious shorthand notation)

d
&I(A,e)‘go = / (hy 4+ hyx; + h divx,)dx = (hy + div(h F))dx, (9.1.6)
A; Ay

where, of course, for the last step, we have used (9.1.1). Since this holds for every
A, (9.1.5) follows.
For the alternative derivation of (9.1.5), we assume that we have an initial density

n(x) == h(x,0), 9.1.7)

and we write
h(x,t) =: Qin(x). (9.1.8)

This indicates that we consider the density A (¢, .) as the temporal evolution of the
initial density 1 under the dynamical system (9.1.1). Equation (9.1.3) then yields

/AQrﬂ(x) =/x(t’.)lw "(X)Z/Rn n(x) xa(x (1, x)) (9.1.9)

for the characteristic function y 4 of the set A.
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When we put, for a function v, k(¢, x) := ¥ (x(¢, x)), we have

k(t,x(—t,x)) = ¥(x) (9.1.10)

(because x (¢, x(—t,x)) = x). Taking the total derivative of (9.1.10) with respect
to ¢ then yields at # = 0, and hence by time translation at every ¢ > 0,

Ok(t.x) -~ KG)

o o Fi(t,x) = 0. (9.1.11)

Inserting (9.1.11) with ¢ = y4 into (9.1.9) yields

/ " >Z fm(x(t D i

/Z—(U(X)F (1. x)) xa(x(t, x))

0 .
- ( s i(n(X)F’(t,x))) .
A T ox

Since this holds for every measurable A C RY, we see, recalling (9.1.8), that h(x, t)
satisfies (9.1.5), indeed.

Equation (9.1.5) is, of course, the same as (7.2.5), the partial differential equation
of first order that we have studied in Sect. 7.2.

d
gQﬂ?(x)

9.2 Regularization by Elliptic Equations

As already emphasized repeatedly, a crucial issue in the theory of PDEs is regularity
of solutions. We have to break the circulus vitiosus that in order to qualify as a
solution of some PDE, a function should be sufficiently differentiable, but a PDE
can force any putative solution to have some singularities, and the spaces in which
we may naturally seek solutions and the schemes by which we try to obtain them
typically also contain nonsmooth functions. We have already seen the basic idea
how to overcome this problem, namely, to relax the requirement for a function to
count as a solution. More precisely, we seek some criterion that, for a differentiable
function, is necessary and sufficient to be a solution of the PDE in question, but
that as such does not depend on the differentiability of that function. A function that
then satisfies this requirement, without necessary being differentiable, is called a
weak solution of that PDE. The existence problem for solutions of PDEs is thereby
broken up into two subproblems. The first one concerns the existence of a weak
solution, and the second one consists in the investigation of the regularity properties
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of weak solutions. For certain classes of PDEs, in particular, elliptic ones, as we
shall see in subsequent chapters, one can show that any weak solution is sufficiently
differentiable. In that case, the scheme then succeeds in finding a classical solution.
In other cases, weak solutions may inevitably have some singularities. One then tries
to understand the nature of these singularities and what constraints weak solutions
have to obey.

There exist two important methods for defining weak solutions. One, which we
shall explore in Sects. 10.1 and 11.2, simply multiplies the differential equation
in question by any smooth functions, so-called test functions, and integrates by
parts to shift the derivatives from the unknown, and perhaps singular, solution to
the test functions. When the resulting identity is satisfied for all test functions,
we have a weak solution. The second method is based on the observation that
solutions of many PDEs have to satisfy some maximum principle and, conversely,
can be characterized by that maximum principle. Again, the maximum principle by
itself does not stipulate any differentiability, and therefore, one can try to develop
a concept of weak solution on the basis of the maximum principle. In fact, as we
shall explain, the maximum principle can even achieve more than that. It can yield
a selection principle among possible weak solutions, or expressed differently, it can
enforce uniqueness of weak solutions by selecting that weak solution that is best
possible in the sense of regularity properties.

Let us describe the idea first before we implement it in an existence scheme.

We recall from Chap. 2 that a twice differentiable function g is called harmonic
in the domain 2 C RY if

Ag(x) =O0forall x € £2. 9.2.1)
Likewise, such a function y is called subharmonic in £2 if
Ay(x) > Oforall x € £2. (9.2.2)

It turns out that these two concepts, harmonic and subharmonic, can be defined
in terms of each other, so as to dispense with the smoothness requirements. The
property required in the following definition is equivalent to (9.2.2) when y is twice
differentiable.

Definition 9.2.1. Let y : £2 — [—o00, 00) be upper semicontinuous (i.e., whenever
(xn) C $2 converges to x € £2, then y(x) > limsup,_,, V(X,)), with y # — oco.
Then y is called subharmonic in §2 if whenever g is harmonicin 2’ € 2 andy < g
on 052/, then also

y<gin &' 9.2.3)

Thus, a not necessarily smooth subharmonic function can be characterized in terms
of harmonic functions. A subharmonic function has to lie below any harmonic
function with the same boundary values on some subdomain of §2. Conversely, we
would like to characterize a harmonic function by always lying above subharmonic
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functions with the same boundary values. This is not yet sufficient, however, because
this property also holds for any superharmonic function (superharmonic functions
are defined in the same as subharmonic ones, simply by reversing inequalities; for
instance, in the smooth case, a subharmonic y has to satisfy Ay > 0). Of course,
we could then characterize a harmonic function by lying above all subharmonic and
below all superharmonic ones. It is often more convenient, however, to use only
subharmonic function and obtain a harmonic function as the smallest function that
lies above all subharmonic ones. That is the idea of the Perron method that we have
developed in Sect. 4.2. We recall Theorem 4.2.1.

Theorem 9.2.1. Let ¢ be a bounded function on 0§2. Then

g(x):= sup y(x) (9.2.4)
y<¢ on 02,y subharmonic in 2

is a harmonic function on §2. g is smooth in §2. Under suitable regularity conditions
on §2 and ¢ (not specified here), it satisfies the Dirichlet condition g(y) = ¢ (y) for
y € 052.

This, however, in the present context is only an interlude, meant to motivate
a solution concept for certain first-order equations where, according to our con-
siderations above, we need to reckon with singularities as well as with issues of
non-uniqueness. We consider problems of the form

dh(x, 1) dh(x.1)
J
or ( ox

,x) =0forx e Rt >0
h(x,0) = ho(x) for x € R?. 9.2.5)

Here, J is assumed to be bounded and continuous. Equation (9.2.5) can be seen as
a generalization of (7.2.14), and therefore, in particular, we have to reckon with all
the phenomena discussed in Sect. 7.2. As argued there, in general, we cannot expect
to find a differentiable solution of (9.2.5), and on the other hand, when we give
up the smoothness requirement, there could be several functions that may count as
a solution. Thus, we wish to find among those a best one. Of course, we need to
qualify what “best” means here. For instance, it could select a solution that is most
regular or, put differently, has the mildest possible singularity.

The idea of viscosity solutions that has been developed in [6] and that we are
going to present now consists in approximating (9.2.5) by another equation with
better solution properties. We then take the solutions of the approximating equations
and hope that they tend to a good solution of the original equation (9.2.5) when the
approximation parameter goes to 0. This works as follows:

Ohe (x, 1) L oh (x,t)’x
Jt dax
he(x,0) = ho(x) forx € R?, (9.2.6)

) = eAh¢ forx eRY,t >0
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€ > 0 is the approximation parameter that we want to let to tend to 0. The term
€ Ah¢, while being of higher order than the terms in the original equation (9.2.5),
ensures the regularity of solutions. (9.2.6) is a parabolic equation, and its solutions
he satisfy some maximum principle as we shall explain and utilize below. The idea
then is to obtain or define a solution of (9.2.5) as i = lim._, &€ (perhaps, we might
have to take a subsequence, but this is not important for the principal idea). 4 need
not be smooth or even continuous, even though the i are, because the regularity
properties of the latter may become worse and worse as € — 0. Nevertheless,
certain properties of the 4 should persist in the limit. In fact, it turns out that
h can be characterized and distinguished from other solutions of (9.2.5) by some
maximum principle property which we shall now explain. The key point is that this
is a property of the approximation solutions that does not depend on the value of
€ > 0.
Suppose that

1€ — n has a maximum at (x, ) € R x (0, 00) 9.2.7)

for some smooth function 1. Then

0h* (xo. 1) _ 0n(xo,to) 0h(x0. 1) _ 91 (xo, to)

9.2.8
ot ot dax ox ( )
and
AR (xg, 1y) < An(xo, to). (9.2.9)
Therefore, from (9.2.6), we can deduce that
0 1 d W
% +J (@x) < eAn(xo, 10). (9.2.10)
X

A key point here is, of course, that Eq. (9.2.5) involves only first derivatives of A,
but not £ itself.
Similarly, when 7€ — 7) has a minimum at (xo, #p), we have

an(xo, t an(xo, t -

hixo-to) -y (0000 10) N o pr ), ©2.11)
ot ox

Conversely, when these inequalities hold for any such 7 or 7, resp., then A€ is a

solution of (9.2.6). The expectation that this property passes to the limit € — 0 now

motivates

Definition 9.2.2. A function / that is bounded and uniformly continuous on R? x
[0, 00) is called a viscosity solution of (9.2.5) if h(x,0) = ho(x) for all x € R
(where hy is also assumed to be bounded and uniformly continuous) if whenever
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for a smooth function 1, 4 — n has a local maximum (minimum) at (xo, fo) € RY x
(0, 00), then

a'7(360,10)_'_J 377(x0,lo)’ .
Jt 0x

In particular, the solution concept of this definition does not require any differentia-
bility of 4. For the test functions 7, we can actually require that 7 — n < (>)0 and
h(xo,t) — n(xo, o) = 0. Derivatives then are only evaluated for test functions that
touch £ at the point in question, but not for / itself.

First of all, this solution concept is consistent in the sense that when a viscosity
h is smooth, it is a classical solution of (9.2.5). This is trivial; as in that case, we
may use the test function n = & so that 7 — n = 0 has both a local maximum and
minimum at any point, and the two inequalities in (9.2.12) then yield (9.2.5). With a
little more work, one shows that when a viscosity / is only known to be of class C'!
then it already is a classical solution of (9.2.5). Also, when J satisfies a Lipschitz
condition, then viscosity solutions are unique. We refer to [7] for details.

The existence question is more subtle. One can use the general theory of
parabolic equations to obtain the existence of a solution of (9.2.6) for any € > 0, as
well as suitable uniform estimates that are independent of € and that can be used to
obtain the uniform convergence of some subsequence of 4 to some function £ for
€ — 0. As we have explained, the viscosity inequalities pertain to the limit, and A
therefore is a viscosity solution in the sense of the definition.

The fundamental points in the scheme are that the higher order term €A has a
regularizing effect and that the qualitative control of the solutions gained from the
maximum principle is independent of € > 0 and can therefore passed on to the limit
fore — 0.

) < (>)0. (9.2.12)



Chapter 10

The Dirichlet Principle. Variational Methods
for the Solution of PDEs (Existence
Techniques III)

10.1 Dirichlet’s Principle

We consider the Dirichlet problem for harmonic functions once more.
We want to find a solution u : £2 — R, 2 ¢ R a domain, of

Au=0 1in$2,
u= f onas2,

(10.1.1)

with given f.
Dirichlet’s principle is based on the following observation: Let u € C2(£2) be a
function with u = f on 052 and

/|Vu(x)|2dx:min{/ |Vv(x)[*dx : v : 2—R with v=f on 952} . (10.1.2)
2 2

We now claim that u then solves (10.1.1). To show this, let
ne Cg(82).!
According to (10.1.2), the function

(1) :=/Q|V(u+tn)(X)|2dx

possesses a minimum at # = 0, because u + tn = f on 952, since 1 vanishes on
d£2. Expanding this expression, we obtain

LCE2(A) := {p € C°°(A) : the closure of {x : ¢(x) # 0} is compact and contained in A4}.

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 215
DOI 10.1007/978-1-4614-4809-9_10,
© Springer Science+Business Media New York 2013
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a(t) = / |Vu(x)* dx + 21/ Vu(x) - Vn(x)dx + IZ/ |Vn(x)|*dx. (10.1.3)
2 2 2

In particular, « is differentiable with respect to ¢, and the minimality at# = 0 implies

a(0) = 0. (10.1.4)

By (10.1.3) this implies
/ Vu(x) - Vn(x)dx =0, (10.1.5)
2

and this holds for all n € C5°(£2).
Integrating (10.1.5) by parts, we obtain

/ Au(x)n(x)dx =0 forall n € C5°(£2). (10.1.6)
o)

We now recall the following well-known and elementary fact:

Lemma 10.1.1. Suppose g € C°(82) satisfies

/ gx)n(x)dx =0 forallne C5°(£2).
o)

Then g = 0in 2.

Applying Lemma 10.1.1 to (10.1.6) (which is possible, since Au € C°(£2) by
our assumption u € C?(£2)), we indeed obtain

Au(x) =0 1in £,

as claimed.
This observation suggests that we try to minimize the so-called Dirichlet integral

D(u) := / |Vu(x)|? dx (10.1.7)
2

in the class of all functions u : £2 — R with u = f on d2. This is Dirichlet’s
principle.

Itis by no means evident, however, that the Dirichlet integral assumes its infimum
within the considered class of functions. This constitutes the essential difficulty
of Dirichlet’s principle. In any case, so far, we have not specified which class of
functions u : £2 — R (with the given boundary values) we allow for competition;
the possibilities include functions of class C*°, which would be natural, since we
have shown already in Chap.2 that any solution of (10.1.1) automatically is of
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regularity class C°°; functions of class C 2 which would be natural, since then the
differential equation Au(x) = 0 would have a meaning; and functions of class
C! because then at least (assuming £2 bounded and f sufficiently regular, e.g.,
f € C') the Dirichlet integral D () would be finite. Posing the question somewhat
differently, should we try to minimize D(U) in a space of functions that is as large
as possible, in order to increase the chance that a minimizing sequence possesses a
limit in that space that then would be a natural candidate for a minimizer, or should
we rather select a smaller space in order to facilitate the verification that a tentative
solution is a minimizer?

In order to analyze this question, we consider a minimizing sequence (u,),eN
for D, i.e.,

lim D(u,) =inf{D(v):v: 2 - R,v= fondR2} =:«, (10.1.8)

where, of course, we assume u,, = f on 952 for all u,. To find properties of such a
minimizing sequence, we shall employ the following simple lemma:

Lemma 10.1.2. Dirichlet’s integral is convex, i.e.,
D(tu+ (1—1t)v) <tDw)+ (1 —1t)D(v) (10.1.9)

forallu,v,andt € [0, 1].
Proof.

D(tu + (1 —1)v) :/ [tVu+ (1 —1)Vv]?
2

5/9 {z \Vul> + (1—1) |Vv|2}

because of the convexity of w — |w|*

=tDu)+ (1 —1¢)Dv.

O
Now let (u,,),en be a minimizing sequence. Then
DG~ ) = [ 1900 )P
Q
U, +u 2
:2/ |Vu,,|2+2/ |Vum|2—4/ v( - ’”)
Q 2 Q 2
u, + u,
=2D(uy) + 2D(uy) — 4D ( > ) . (10.1.10)

We now have
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k<D (HT”’”) by definition of « (10.1.8)

IA

1 1
ED(M") + ED(Mm) by Lemma 10.1.2
— Kk forn,m — oo, (10.1.11)

since (u,) is a minimizing sequence. This implies that the right-hand side of
(10.1.10) converges to 0 for n,m — oo, and so then does the left-hand side. This
means that (Vu,),ey is a Cauchy sequence with respect to the topology of the space
L*(£2). (Since Vu, has d components, i.e., is vector-valued, this says that g% isa
Cauchy sequence in L2(£2) fori = 1,...,d.) Since L*(£2) is a Hilbert space, hence
complete; Vu, thus converges to some w € L?(£2). The question now is whether w
can be represented as the gradient Vu of some function u : 2 — R. At the moment,
however, we know only that w € L2(£2), and so it is not clear what regularity
properties u should possess. In any case, this consideration suggests that we seek
a minimum of D in the space of those functions whose gradient is in L?(£2). In a
subsequent step we would then have to analyze the regularity properties of such a
minimizer u. For that step, the starting point would be relation (10.1.5), i.e.,

/ Vu(x) - Vn(x)dx =0 forall n € C5°(£2), (10.1.12)
2

which continues to hold in the context presently considered. By Corollary 2.2.1 this
already implies u € C°°(£2). In the next chapter, however, we shall investigate this
problem in greater generality.

Dividing the problem into two steps as just sketched, namely, first proving the
existence of a minimizer and afterwards establishing its regularity, proves to be a
fruitful approach indeed, as we shall find in the sequel. For that purpose, we first
need to investigate the space of functions just considered in more detail. This is the
task of the next section.

10.2 The Sobolev Space W 1:2

Definition 10.2.1. Let 2 C R? be openand u € L} (£2). A functionv € L! (£2)

. loc loc
is called weak derivative of u in the direction x’ (x = (x',...,x?) € RY)if

¢v=— [ u—dx (10.2.1)

forall ¢ € C}(£2).> We write v = D u.

2Ck) ;== {f € C¥(2) : the closure of {x : f(x) # 0} is a compact subset of 2} (k =
1,2,..).
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A function u is called weakly differentiable if it possesses a weak derivative in
the direction x’ foralli € {1,...,d}.

It is obvious that each u € C!(£2) is weakly differentiable, and the weak
derivatives are simply given by the ordinary derivatives. Equation (10.2.1) is then
the formula for integrating by parts. Thus, the idea behind the definition of weak
derivatives is to use the integration by parts formula as an abstract axiom.

Lemma 10.2.1. Letu € Llloc(.Q), and suppose v = D;u exists. If dist(x, d§2) > h,
we have

Di(up(x)) = (Diu)p(x).
Proof. By differentiating under the integral, we obtain

D) = 17 [ oo (5L utray

= ;—;/aiyig (x;y)u(y)dy

1 —
= h_d/Q (x 7 y) Diu(y)dy by (10.2.1)

= (Dju)n(x).

Lemmas A.3 and 10.2.1 and formula (10.2.1) imply the following theorem:
Theorem 10.2.1. Let u,v € L*(R2). Then

VZDZ‘M

precisely if there exists a sequence (u,) C C°°($2) with

0
U, —> U, T —v inL*(') forany 2 CC L.
X

Definition 10.2.2. The Sobolev space W!?(£2) is defined as the space of those
u € L?(£2) that possess a weak derivative of class L?(£2) for each direction x’ (i =

1...d).
In W'2(£2) we define a scalar product

d
(u, Vw2 ::/ uv—i—Z/ Diu- D;v
Q o /e

and a norm

1
lullwi22) = (“»’4)51/1.2(9)-
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We also define H'2(£2) as the closure of C*®(£2) N W'2(£2) with respect to the

W'2_norm, and HO1 ’2(.9) as the closure of C°(£2) with respect to this norm.

Corollary 10.2.1. W'2(£2) is complete with respect to ||y, and is hence a
Hilbert space. W'2(2) = H'(2).

Proof. Let (up),eny be a Cauchy sequence in Wl*z(.Q). Then (u,)nen,
(Djuy)pen (i = 1,...,d) are Cauchy sequences in L2(.§2). Since LZ(.Q) is
complete, there exist u, v € L?(£2) with

Uy = u, Diu, =V inL*(R2) (=1,....d).

For ¢ € C}(£2), we have

/Diun-qb = —/u,,D,-qb,

and the left-hand side converges to [ vl - ¢, the right-hand side to — Ju- Dig.
Therefore, D;u = V', and thus u € W12(£2). This shows completeness.

In order to prove the equality H'2(£2) = W!2(£2), we need to verify that the
space C*®(£2) N W12(£2) is dense in W'2(£2). Forn € N, we put

1
£, :=1x €2 :|x| <n,dist(x, 082) > —},
n

with £2¢ := 22— := 0. Thus,

2, CC 2y and |02, =2

neN

We let {¢; } jen be a partition of unity subordinate to the cover

{‘Qn+l \ Qn—l}

of 2. Letu € W'2(£2). By Theorem 10.2.1, for every & > 0, we may find a positive
number /,, for any n € N such that

h, < diSt(.Qn, a.Q,,.H),
&€

[(@ntn, — @ntllyrizoq) < o

Since the ¢, constitute a partition of unity, on any £2’ CC £2, at most finitely many
of the smooth functions (¢,u);, are non-zero. Consequently,

i =Y (gut)n, € C®(R2).
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We have
= il 2y < D I (@ate)n, — @aul] <&,
n

and we see that every u € W'2(£2) can be approximated by C *°-functions. O

Corollary 10.2.1 answers one of the questions raised in Sect. 10.1, namely,
whether the function w considered there can be represented as the gradient of an
L>-function.

Examples:

(i) We consider £2 = (—1,1) C Rand u(x) := |x|.
In that case, u € W'?((—1, 1)), and

1 for0 < x <1,
—1 for —1<x <0,

Du(x) = §
because for every ¢ € CJ((—1, 1)),

0 1 1
/_1 —¢(x)dx +/0 ¢(x)dx = —/_lqﬁ’(x) - |x|dx.

(i) Again, 2 = (—1,1) C R, and

1 for0<x <1,
u(x) :=
0 for —1<x<0,
is not weakly differentiable, for if it were, necessarily Du(x) = 0 for x #
0; hence as an LllOc function Du = 0, but we do not have, for every ¢ €
Cy (=1, 1)),

1 1 1
0= /_1 ¢(x)-0dx = —/_1 ¢ (X)u(x)dx = —/O ¢’ (x)dx = ¢(0).

Remark. Any u € L! (£2) defines a distribution (cf. Sect.2.1) [, by

loc
Lol = [ uteix forg € CR(@).

Every distribution / possesses distributional derivatives D;l, i = 1,...,d,
defined by
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(iii)
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Ifv=Diuel! (£2) is the weak derivative of u, then

loc
Di lu = lw

because
0
L[e] = /QDiu(x)fp(x)dx = —Lu(x)a—;(x)dx = D;l,[¢]

forall ¢ € C;°(£2).

Whereas the distributional derivative D;l, always exists, the weak derivative
need not exist. Thus, in general, the distributional derivative is not of the form
[, for some v € LlloC (£2), i.e., not represented by a locally integrable function.

This is what happens in Example (ii). Here, DI, = §, the delta distribution
at 0, because

1

1
Dllo] = ~Ll¢'] = — / u(x)g (x)dx = — /0 ¢/ (1)dx = g(0).

-1

The delta distribution cannot be represented by some locally integrable func-
tion v, because, as one easily verifies, there is no function v € Llloc((—l, 1))

with
1
/ v(x)p(x)dx = ¢(0) forall p € C°(£2).
-1

This explains why u from Example (ii) is not weakly differentiable.
This time, 2 = B(0,1) C RY, and u(x) = ‘"7"‘, i.e., we consider a mapping
from B(0, 1) to R?. u is smooth except at x = 0 where it is discontinuous. For
d = 1, of course, u(x) = 1 for x > 0 and u(x) = —1 for x < 0. Hence, in
that case, as in Example (ii), u is not weakly differentiable. We now consider
the case d > 1. We let ¢; be the i th unit vector, i.e., x = ), x'e;. For x # 0,
we have
J x e;  x'x

—— = —. 10.2.2

W al (1922
We claim that, for d > 1, this extends as the weak derivative D;u across the
singularity at x = 0. To check this, we need to verify that

/ (i - x—f) ¢ = —/ x99 (10.2.3)
o \ x| [x| B,1) |x] 0x'

for all test functions ¢ € Hy>(B(0,1),R?). (Note that (10.2.3) has to be

understood in the vector sense; for instance, ﬁa% stands for fol:l ﬁ%.)
First of all, we observe that (10.2.3) holds for all such ¢ that vanish in
the vicinity of 0, because u is smooth away from 0. In order to handle the

discontinuity at 0, we introduce the Lipschitz cut-off functions



10.2  The Sobolev Space W12 223

| if x| < 27
M= 3 g (=277 27 < fx = 270D
0 if 2-m=D < ||

and write ¢ = (1 — 1,)¢ + nu¢p. The first term then vanishes near 0,
and therefore, as just explained, this term is fine in (10.2.3). In order to
verify (10.2.3) for a general ¢, we therefore only have to verify that the
contributions coming from 7,,¢ go to 0 for m — oo. When we insert 71,,¢
in (10.2.3), the only contribution that does not obviously go to 0 for m — oo
(andd > 1)is

/ X (10.2.4)

[x| dx

However, since

My 21—’"% for 27 < |x| < 2~(m=D
ax'! 0 otherwise
we have
d 2
ﬂ < —since 27" < |x].
ax! | x|

Therefore, (10.2.4) does go to 0 for m — oo. We conclude that u possesses
weak derivatives for d > 1, indeed. We note, however, from (10.2.2) that

' x[f_d-1 (10.2.5)
x| x|’ -
and so,
/ |Du|2<oof0rdz3,
B(0.1)
ie,ue W'2(B(0,1)) ford > 3, but not for d = 2.
(iv) We leave it to the reader to check that
1
u(x) := loglog ﬂ (10.2.6)
X

is in W'? on the ball B(0, %) C R2. Again, this u is discontinuous (and
unbounded) at x = 0. Thus, also for d = 2, functions in the Sobolev space
W12 need not be continuous.

We now prove a replacement lemma exhibiting a characteristic property of Sobolev
functions:
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Lemma 10.2.2. Ler 20 CC 2, g € W'2(2), u € W'2(2), u — g € Hy*(20).
Then

{u(x) for x € §2,
v(x) =
g(x) forx e 2\ £,

is contained in W12(82), and

Diu(x) forx € $2,

D; =
V(%) Dig(x) forx e 2\ £2.

Proof. By Corollary 10.2.1, there exist g, € C*°(82), u, € C*°(£§2y) with

g — g in W),
up — u in W(2p),
—gr =0 ondf2. (10.2.7)

We put

(1) = Diu,(x) forx € £2,
w =
Dig,(x) forx e 2\ £,

u,(x) forx € £,
vp(x) :
gn(x) forx € 2\ £2,

W (x) = Diu(x) forx € £,
Dig(x) forx e §2\ £2.

We then have for ¢ € C}(£2),

/@wz :/ ¢WZ+/ oW, :/ ¢Diun+/ ¢D; g,
Q 20 2\ 20 2\20
= —/ unD,-rp—/ gnDigp
20 2\20

since the two boundary terms resulting from integrating the two
integrals by parts have opposite signs and thus cancel because of
gn = u, on 982

= _/ D
2
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by (10.2.7). Now for n — oo,

/<pW§;—> ¢Diu+/ oD;g,
2 QO .Q\QO

/vnD,-qo—>/ vD;p,
Q Q

and the claim follows. O
The next lemma is a chain rule for Sobolev functions:

Lemma 10.2.3. Foru € W'2(R2), f € CY(R), suppose

sup‘f/(y)‘ < 00.
yER

Then f ou € W'2(R2), and the weak derivative satisfies D(f ou) = f'(u)Du.
Proof. Letu, € C®(2), u, — uin W12(2) for n — oo. Then

[ 1w = r@Pax < w7 [ o —uPax -0
2 2
and
/ | f"(un) Dty — ' (w) Du|” dxx < 2sup |f’|2/ |Duy — Dul* dx
2 2
+2/ |f’(un)—f’(u)|2|Du|2dx.
2

By a well-known result about L2-functions, after selection of a subsequence, u,
converges to u pointwise almost everywhere in £2.° Since f’ is continuous, f”(u,)
then also converges pointwise almost everywhere to f”(u), and since f” is also
bounded, the last integral converges to O for n — oo by Lebesgue’s theorem on
dominated convergence.

Thus
Su) = f(u) in L*(£2)
and
D(f(un)) = f'(ua)Duy — f'(u)Du in L*(82),
and hence f ou € W'2(2) and D(f ou) = f'(u)Du. 0

3See p. 240 of [19].
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Corollary 10.2.2. Ifue W'2(82), then also |u| € W'2(82), and D |u| = signu- Du.

Proof. We consider f.(u) := (1 + £2)? — &, apply Lemma 10.2.3, and let & — 0,
using once more Lebesgue’s theorem on dominated convergence to justify the limit
as before. O

We next prove the Poincaré inequality (see also Corollary 11.5.1 below).

Theorem 10.2.2. Foru € HOI’2 (£2), we have

21}

where |§2| denotes the (Lebesgue) measure of §2 and wg is the measure of the unit
ball in RY. In particular, for any u € H(}’Z(.Q), its W1-2-norm is controlled by the

L?-norm of Du:
1
21\
il < (1 (27 ) 1outis

Proof. Suppose first u € CO1 (£2); we put u(x) = 0 for x € R? \ 2. For w € R
with |w| = 1, by the fundamental theorem of calculus, we obtain by integrating
along the ray {rw : 0 < r < oo} that

u(x) = _/00 %u(x + rw)dr.
0

Integrating with respect to  then yields, as in the proof of Theorem 2.2.1,

u(x) = “doy / / - Eu(x + rw) dodr
w|=1
= da)d/ /B( )rd 18 (z)da(z)dr

1
" T dwg /_Q Ix — y|¢! Z dyi (Y) | (10.2.9)

and thus with the Schwarz inequality,

|u(x)| <

1
-|D dy. 10.2.10
= gor T 1Pl (10.2.10)
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We now need a lemma:

Lemma 10.2.4. For f € L'(2),0 < pu <1, let
V)@ = [ = fay.
Then
Ui Iz
|| V;Lf”LZ(Q) = ;wd |Q| ”f”LZ(Q) .

Proof. B(x,R) := {y € R? : |x —y| < R}. Let R be chosen such that |2| =
|B(x, R)| = wg R?. Since in that case

[£2\ (2 N B(x,R))| = |B(x,R) \ (£ N B(x, R))|
and

|x — y|6=D < RI=D - for |x — y| = R,

|x — y|d(“_l) > RY=D for |x —y| < R;

it follows that

1 | -
[yt ay s [ ey ay = o r = o) a2l
Q B(x,R) u I
(10.2.11)

We now write
— d(— d(py—
e =y = (e = 2270 (e = 312970 £ 0))

and obtain, applying the Cauchy Schwarz inequality,

RAE /Q v — 4D | £ ()] dy

1
2 2
s( /Q |x—y|"<“‘”dy) ( /Q Ix—yld“‘“_”lf(y)lzdy) :

and hence

1 _ _
/IVMf(X)Izde—wi "mw/ / I — 40D £ ()P dy dx
2 1% RJQ
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by estimating the first integral of the preceding inequality
with (10.2.11)

1 M)Z 2
f(de 2| /Qlf(y)l dy

by interchanging the integrations with respect to x and y and applying (10.2.11)
once more, whence the claim. O

We may now complete the proof of Theorem 10.2.2: Applying Lemma 10.2.4
with u = % and f = |Du] to the right-hand side of (10.2.10), we obtain (10.2.8) for
u € C}($2). Since by definition of Hol'z(.Q), it contains C, (£2) as a dense subspace,
we may approximate « in the H'?-norm by some sequence (#,)nen C CJ(£2).
Thus, u, converges to u in L? and Du, to u. Thus, the inequality (10.2.8) that has
been proved for u, extends to u. O

Remark. The assumption that u is contained in Hol’z(.Q), and not only in H'?(£2),
is necessary for Theorem 10.2.2, since otherwise the nonzero constants would
constitute counterexamples. However, the assumption u € Hol’z(.Q) may be
replaced by other assumptions that exclude nonzero constants, for example,by

[ u(x)dx = 0.

For our treatment of eigenvalues of the Laplace operator in Sect.11.5, the
fundamental tool will be the compactness theorem of Rellich:

Theorem 10.2.3. Let 2 € R? be open and bounded. Then HOI'Z(.Q) is compactly
embedded in L*(2); i.e., any sequence (u,),en C HOI’Z(.Q) with

lunllwr2¢2) < co (10.2.12)

contains a subsequence that converges in L*(£2).
Proof. The strategy is to find functions w, . € C'(£2), for every & > 0, with

&
”un - Wn,SHWl.Z(Q) < 5 (10213)

and
”Wn,SHWl.Z(_Q) = (10.2.14)

(the constant ¢; will depend on &, but not on n). By the Arzela—Ascoli theorem,
(Wn.¢)nen then contains a subsequence that converges uniformly, hence also in L2
Since this holds for every ¢ > 0, one may appeal to a general theorem about compact
subsets of metric spaces to conclude that the closure of (4, ),ey is compactin L2(£2)
and thus contains a convergent subsequence. That theorem* states that a subset of

4See, for example, [18], Theorem 7.38.
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a metric space is compact precisely if it is complete and totally bounded, i.e., if
for any ¢ > 0, it is contained in the union of a finite number of balls of radius ¢.
Applying this result to the (closure of the) sequence (w, ¢),en, We infer that there
exist finitely many z,, v =1,..., N, in L?*(£2) such that for everyn € N,

e = 20l 20 < g for some v € {1,...,N}. (10.2.15)
Hence, from (10.2.13) and (10.2.15), for every n € N,
ln = 20ll 12y < & for some v.

Since this holds for every ¢ > 0, the sequence (u,),en is totally bounded, and so
its closure is compact in L?(£2), and we get the desired convergent subsequence in
L*(2).

It remains to construct the w,, .. First of all, by definition of HOI’2 (£2), there exists
wy € Cy (£2) with

e
||Lt,, _Wn”Wl-Z(_Q) < Z. (10.2.16)
By (10.2.12), then also
W llwi2e) < ¢, for some constant c;. (10.2.17)

We then define w, . as the mollification of w, with a parameter 7 = h(¢) to be
determined subsequently:

e =57 [ o (55 mnay.

The crucial step now is to control the L2-norm of the difference w, — wy ¢ with the
help of the W '2-bound on the original u,. This goes as follows:

2
/ [ () — e ()P = / ( / Q(J’)(Wn(x)—wn(X—hY))dY) dx
Q 2 lyl<l

hly| 2 y
5/ / Q(Y)/ drdy| dx withw = —
Q lyl<1 0

|yl
1 Iyl i 2d
- /9 </y51 o(»)?e(y) /0 r y) X
= W2 yl? ()2 )
B (/ysl Q(y)dy) (/MSIQ(J’) |y /|DW (x)|"dxdy

ad
a—rwn (x —rw)

—wy(x —rw)

or
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by Holder’s inequality [(A.4) of the appendix] and Fubini’s theorem. Since fl

o(y) dy = 1, we obtain the estimate !
[wn — Wn,s”LZ(Q) < h|Dw, ||L2(Q) :
Because of (10.2.17), we may then choose / such that
1w =Wl 2 < Z (10.2.18)
Then (10.2.16) and (10.2.18) yield the desired estimate (10.2.13). ]

10.3 Weak Solutions of the Poisson Equation

As before, let 22 be an open and bounded subset of R?, ¢ € H'?(£2). With the
concepts introduced in the previous section, we now consider the following version
of the Dirichlet principle. We seek a solution of
Au=0 in£2,
u=g foraf2 (meaning u—ge Hol’z([?)),
by minimizing the Dirichlet integral

/ |Dv|*  (here, Dv = (Dyv,..., Dyv))
Q2

among all v € H'?(2) withv — g € HO1 2 (£2). We want to convince ourselves that
this approach indeed works. Let

K= mf{/ |Dv]* :ve H'}(2),v—g € H)*(2)},
2

and let (u,),en be a minimizing sequence, meaning that u, — g € Hol’z(.Q), and

/ |Duy, | — k.
o)

We have already argued in Sect.10.1 that for a minimizing sequence (,),eN,
the sequence of (weak) derivatives (Du,) is a Cauchy sequence in L*(£2).
Theorem 10.2.2 implies

”Mn — Uy ”LZ(.Q) < const || Du,, — Dum ||L2(Q) .
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Thus, (u,) also is a Cauchy sequence in L?(§2). We conclude that (1, ), ey converges
in W'2(£2) to some u. This u satisfies

/ |Dul* =«
2

u—g e Hy*(2).

as well as

because Hol’z(.Q) is a closed subspace of W!2(£2). Furthermore, for every v €
HOI'Z(Q), t € R, putting Du - Dv := Zflzl Diu- D;v, we have

KS/ |D(u+tv)|2:/ |Du|2+2t/ Du'Dv—i-tz/ |Dv[*,
2 2 2 2

and differentiating with respect to ¢ at f = 0 yields
d
0= —/ ID@u + tv)| |i=0 = 2/ Du-Dv forallve Hy*(£2).

Definition 10.3.1. A function u € H'?(£2) is called weakly harmonic, or a weak
solution of the Laplace equation, if

/ Du-Dv=0 forallve Hy*(82). (10.3.1)
2

Any harmonic function obviously satisfies (10.3.1). In order to obtain a harmonic
function from the Dirichlet principle one has to show that, conversely, any solution
of (10.3.1) is twice continuously differentiable, hence harmonic. In the present case,
this follows directly from Corollary 2.2.1:

Corollary 10.3.1. Any weakly harmonic function is smooth and harmonic. In par-
ticular, applying the Dirichlet principle yields harmonic functions. More precisely,
for any open and bounded 2 in R?, g € H'2(82), there exists a function u €
H'2(£2) N C®(82) with

Au=0 inf2
and
12
u—g e Hy"(£2).
The proof of Corollary 10.3.1 depends on the rotational invariance of the Laplace
operator and therefore cannot be generalized. For that reason, in the sequel, we

want to develop a more general approach to regularity theory. Before turning to that
theory, however, we wish to slightly extend the situation just considered.
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Definition 10.3.2. Let f € L%*(£2). A function u € H'?(£2) is called a weak
solution of the Poisson equation Au = f if forall v € HO1 ’2(.{2),

/Du'Dv—}—/ fv=0. (10.3.2)
2 2

Remark. For given boundary values g (meaningu — g € Hol’z(.Q)), a solution can

be obtained by minimizing
1 2
5 | IDwlm+ | fw
2 Je Q

inside the class of all w € H'?(2) withw—g € Hol’2 (£2). Note that this expression
is bounded from below by the Poincaré inequality (Theorem 10.2.2), because we are
assuming fixed boundary values g.

Lemma 10.3.1 (Stability lemma). Let u;—;, be a weak solution of Au; = f; with
Uy — Uy € Hol’z(.Q). Then

lur — uall 120y < const| fi = f2ll12(q) -

In particular, a weak solution of Au = f,u—g € Hol’2 (82) is uniquely determined.

Proof. We have
/ D(u; —up)Dv = —/ (fi— fo)v forallve Hol’z(.Q),
2 2

and thus in particular,

/ D(uy —u2) D(uy — uy) = —/ (fi = )1 —u2)
Q Q
= 1A = Ll llur — w2l 12
= const || fi = foll 20 [1Dur — Duzl| 12 ()

by Theorem 10.2.2, and hence

| Duy — Dusl| 2oy < const|| fi — fall12(q) -

The claim follows by applying Theorem 10.2.2 once more. O

We have thus obtained the existence and uniqueness of weak solutions of the
Poisson equation in a very simple manner. The task of regularity theory then consists
in showing that (for sufficiently well-behaved f) a weak solution is of class C? and
thus also a classical solution of Au = f.
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We shall present three different methods, namely, the so-called L>-theory, the
theory of strong solutions, and the C%-theory. The L2-theory will be developed in
Chap. 11, the theory of strong solutions in Chap. 12, and the C*-theory in Chap. 13.

10.4 Quadratic Variational Problems

We may ask whether the Dirichlet principle can be generalized to obtain solutions of
other PDEs. In general, of course, a minimizer u of some variational problem has to
satisfy the corresponding Euler—Lagrange equations, first in the weak sense, and if u
is regular, also in the classical sense. In the general case, however, regularity theory
encounters obstacles, and weak solutions of Euler—Lagrange equations need not
always be regular. We therefore restrict ourselves to quadratic variational problems
and consider

d

I(u) = /9 iglaij(x)Diu(x)Dju(x)

(10.4.1)

d
+2) b () Dju(x)u(x) + c(x)u(x)* ¢ dx.
j=1

We require the symmetry condition a”/ = a/’ forall i, j. In addition, the coefficients
a' (x), b/ (x), c(x) should all be bounded. Then I (x) is defined for u € H'?(2).
As before, we compute, for ¢ € HOI‘Z(Q),

I(u+tp) = I(u)+2t/ { ZaijDiuquo—i- ijungo

2 @ iJ J
+(bez),u+cu)<p}dx + 121 (p). (10.4.2)
J

A minimizer u thus satisfies, as before,

d
3 [t 19)li=o =0 forallgp e H)?(2); (10.4.3)
hence
/ > (ZaijDiu + bju) Dig+ > b/ Djutculgpde=0 (104.4)
Q J i J

forall g € Hy?(R2).
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If u € C*(2) and a”,b/ € C'(£2), then (10.4.4) implies the differential
equation

d d
; : du
Z T (Zaj (x)— + b/ (x)u) - ;b’(x)m —c(x)u=0. (10.4.5)
As the Euler—Lagrange equation of a quadratic variational integral, we thus obtain a
linear PDE of second order. This equation is elliptic when we assume that the matrix
(a7 (x))i j=1...a is positive definite at every x € £2.

In the next chapter we should see that weak solutions of (10.4.5) [i.e., solutions
of (10.4.4)] are regular, provided that appropriate assumptions for the coefficients
aV, b/, and ¢ hold. The direct method of the calculus of variations, as this
generalization of the Dirichlet principle is called, consists in finding a weak solution
of (10.4.5) by minimizing /(u), and then demonstrating its regularity. We finally
wish to study the transformation behavior of the Dirichlet integral and the Laplace
operator with respect to changes of the independent variables. We shall also need
that transformation rule for our investigation of boundary regularity in the next
chapter.

Thus let

§—x()

be a diffeomorphism from £2’ to £2. We put

ax* dx*
10.4.6
Z aéz aS] ( )
d
i a ]
Z 0§’ o (10.4.7)
ot Ox® 9xe’
ie.,
d . .
: 1 fori = j,
D gy =8 = o
=1 0 fori # j,
and
g = det (gif)i,j=1 _____ q- (10.4.8)

We then have, for u(£(x)),

d 2 d . . d
du 08" du 9§’ - du du
S(pe) -y S s

a=1 i,j=1
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The Dirichlet integral thus transforms via

Bu du
/Z(axa) / Z 9 35,«/_%' (10.4.10)

By (10.4.5), the Euler—Lagrange equation for the integral on the right-hand side is

_Z(ag:/ (\/—Zgu agz)) 0. (10.4.11)

j=1

where we have added the normalization factor 1/,/g. This means that under our

substitution x = x (&) of the independent variables, the Laplace equation, i.e., the

Euler-Lagrange equation for the Dirichlet integral, is transformed into (10.4.11).
Likewise, (10.4.5) is transformed into

1 &) - 9E 0g/ 9 £
aff —u o u
7 (“E(; O e g a5+ 2V W )
Zba( )ggaa%—c( Yu =0, (10.4.12)

where x = x (&) has to be inserted, of course.

10.5 Abstract Hilbert Space Formulation of the Variational
Problem. The Finite Element Method

The present section presents an abstract version of the approach described in
Sect. 10.3 together with a method for constructing an approximate solution.
We again set out from some model problem, the Poisson equation with homoge-

neous boundary data
Au= f in$2,
(10.5.1)
u=0 ondf2.

In Definition 10.3.2 we introduced a weak version of that problem, namely the
problem of finding a solution # in the Hilbert space Hol’z(.Q) of

/ DuDg +/ fo=0 forallg e Hy?*(82). (10.5.2)
2 2
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This problem can be generalized as an abstract Hilbert space problem that we now
wish to describe:

Definition 10.5.1. Let (H, (-,-)) be a Hilbert space with associated norm |-||, 4 :
H x H — R a continuous symmetric bilinear form. Here, continuity means that
there exists a constant C such that forall u,v € H,

A(u,v) = C lul Iv] -
Symmetry means that for all u,v € H,
A(u,v) = A(v, u).

The form A is called elliptic, or coercive, if there exists a positive A such that for all
ve H,

A, v) = A |v|]*. (10.5.3)
In our example, H = Hol’z(.Q), and
1
Au,v) = —/ Du- Dv. (10.5.4)
2Je

Symmetry is obvious here, continuity follows from Holder’s inequality, and ellip-
ticity results from

1 1 )

and the Poincaré inequality (Theorem 10.2.2), which implies for u € Hol’z(.Q),
||”||H0‘-2(9) < const || Dul|;2g)-

Moreover, for f € L%(£2),

L:H?*(2) — R, vr—)/fv,
2

yields a continuous linear map on HOI’Z(Q) (even on L%(£2)).
Namely,

|Lv|
IL] := sup 7—ri——

< f e -
vto IVlwi2g @)

for by Holder’s inequality,

/va = ||f||L2(Q) ”V||L2(Q) = ||f||L2(Q) ||V||W1»2(:2)-
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Of course, the purpose of Definition 10.5.1 is to isolate certain abstract assump-
tions that allow us to treat not only the Dirichlet integral, but also more general
variational problems as considered in Sect. 10.4. However, we do need to impose
certain restrictions, in particular for satisfying the ellipticity condition. We consider

d

Au,v) = %/Q Z a’ (xX)Dju(x)D;jv(x) + c(x)u(x)v(x) ¢ dx,

ij=1
withu,ve H = Hol’z(.Q), where we assume:
(A) Symmetry:
a’(x) =a’'(x) foralli,j, and x € £2.
(B) Ellipticity: There exists A > 0 with

d
> @ () = Mg forallx € 2.6 € RY.

ij=1
(C) Boundedness: There exists A < oo with

le(x)|,|a”| < A foralli,j, and x € 2.
(D) Nonnegativity:

c(x) >0 forallx € £2.
The ellipticity condition (B) and the nonnegativity (D) imply that
A, v) > %A/ﬂ Dv-Dv forallv e H?(R2),
and using the Poincaré inequality, we obtain

A
AW, v) z SVl forallve H)?(2);

i.e., A is elliptic in the sense of Definition 10.5.1. The continuity of A of course
follows from the boundedness condition (C), and the symmetry is condition (A).

Theorem 10.5.1. Let (H, (-,+)) be a Hilbert space with norm |-||, V. C H convex
and closed, A : H x H — R a continuous symmetric elliptic bilinear form, L :
H — R a continuous linear map. Then

J) = A(v,v) + L(v)

has precisely one minimizer u in V.
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Remark. The solution u depends not only on A and L but also on V, for it solves
the problem

J(u) = ‘15 J().

Proof. By ellipticity of A, J is bounded from below, namely,

56y 2 Al 1L v = ~1EE
- - 41
We put
K= vlglg J().
Now let (u,),eny C V be a minimizing sequence, i.e.,
lim J(u,) = «. (10.5.5)
n—o00

We claim that (u,),ecn is a Cauchy sequence, from which we then deduce, since V
is closed, the existence of a limit

u= lim u, €V.
n—00

The Cauchy property is verified as follows: By definition of «,

U, +u 1 1 1
‘< J( ! m) = 2IG0) 3 Gn) — Al — ).

(Here, we have used that if u,, and u,, are in V', so is @m, because V is convex.)
Since J(u,) and J(u,) by (10.4.5) for n,m — oo both converge to «, we

deduce that
Ay — Wy, Uy — tyy)

converges to 0 for n,m — oo. Ellipticity then implies that ||u,, — u,, || converges to
0 as well, and hence the Cauchy property.
Since J is continuous, the limit « satisfies

J() = lim J(u,) = inf J(v)
n—o00 vev

by the choice of the sequence (u,),en.

The preceding proof yields uniqueness of u, too. It is instructive, however, to
see this once more as a consequence of the convexity of J: Thus, let u;, u, be two
minimizers, i.e.,

) = J(w) = x = inf J(v).
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Since together with u; and u,, @ is also contained in the convex set V', we have

1 1 1
k<J (ul —;—uz) = EJ(“I) + EJ(Mz) - ZA(“I — Uy, Uy — Up)

1
=K — ZA(ul — U, Uy — Up),

and thus A(u; — us, u; — up) = 0, which by ellipticity of A implies u; = uj. O

Remark. Theorem 10.5.1 remains true without the symmetry assumption for A.
This is the content of the Lax—Milgram theorem, proved in Appendix A.

This remark allows us also to treat variational integrands that in addition to the
symmetric terms

d
Z a’ (x)D; Dv(x) (aV =a’")

ij=1

and c(x)u(x)v(x) also contain terms of the form 22’11:1 b7 (x)D;u(x)v(x) as

in (10.4.1). Of course, we need to impose conditions on the function b/ (x) so as
to guarantee boundedness and nonnegativity (the latter requires bounds on |5/ (x)|
depending on A and a lower bound for |c(x)|). We leave the details to the reader.

Corollary 10.5.1. The other assumptions of the previous theorem remaining in
force, now let V be a closed linear (hence convex) subspace of H. Then there exists
precisely one u € V that solves

24(u,¢) + L(¢) =0 forallp €V. (10.5.6)
Proof. The point u is a critical point (e.g., a minimum) of the functional
J(v) = A(v,v) + L(v)
in V precisely if
24A(v,0) + L(p) =0 forallgp e V.
Namely, that u is a critical point means here that

d
EJ(M +1¢)=0 =0 forallp €V.
This, however, is equivalent to
d
0= E(A(u +ito,u+tp)+ L(u+19))=o = 24, ¢) + L(¢p).

Conversely, if that holds, then

Ju+t@) = J(u) + t(2A(u, @) + L(9)) + 12 A(p, ) > J(u)
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for all ¢ € V, and u thus is a minimizer. The existence and uniqueness of a
minimizer established in the theorem thus yields the corollary. O

For our example A(u,v) = 1 [Du-Dv,L(v) = [ fv with f € L*(R),
Corollary 10.5.1 thus yields the existence of some u € HOI’2 (£2) satisfying

/ Du- Dy +/ fo =0, (10.5.7)
2 2

i.e, a weak solution of the Poisson equation in the sense of Definition 10.3.2.
As explained above, the assumptions apply to more general variational problems,
and we deduce the following result from Corollary 10.5.1:

Corollary 10.5.2. Let 2 C RY be open and bounded, and let the functions
a’(x) (i,j = 1,...,d) and c(x) satisfy the above assumptions (A)—(D). Let
f € L*(2). Then there exists a unique u € HOI’Z(Q) satisfying

d

[ 4 X @ D)D) + cComorp)

i,j=1
= / F(X)(x)dx  forall p € Hy*(£2).
2

Thus, we obtain a weak solution of

L
-3t () + et = £

ij=1

with u = 0 on d52. Of course, so far, this equation does not yet make sense, since
we do not know yet whether our weak solution u is regular, i.e., of class C 2(.Q).
This issue, however, will be addressed in the next chapter.

We now want to compare the solution of our variational problem J(v) — min in
H with the one obtained in the subspace V of H.

Lemma 10.5.1. Let A : H x H — R be a continuous, symmetric, elliptic, bilinear
form in the sense of Definition 10.5.1, and let L : H — R be linear and continuous.
We consider once more the problem

J() := A(v,v) + L(v) — min. (10.5.8)

Let u be the solution in H uy the solution in the closed linear subspace V. Then
< < f (10.5.9)

Ju =y < = inf flu—v] 5.

with the constants C and A from Definition 10.5.1.
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Proof. By Corollary 10.5.1,

2A(u, ) + L(p) =0 forallp € H,
2A(uy,¢) + L(p) =0 forallp €V,

hence also
2A(u —uy,p) =0 forallp € V. (10.5.10)

For v € V, we thus obtain
1
lu—uy|? < A= uy, u— uy) by ellipticity of 4
— L )+ A )
=7 U—uy,u—yv 1 U—uy,v—uy

1
= xA(u —uy,u—v) from (10.5.10) withg =v—uy € V

IA

7l —uvll =i

and since the inequality holds for arbitrary v € V', (10.5.9) follows. O

This lemma is the basis for an important numerical method for the approximative
solution of variational problems. Since numerically only finite-dimensional prob-
lems can be solved, it is necessary to approximate infinite-dimensional problems
by finite-dimensional ones. Thus, J(v) — min cannot be solved in an infinite-
dimensional Hilbert space like H = H(}‘Z(Q), but one needs to replace H by some
finite-dimensional subspace V of H that on the one hand can easily be handled
numerically and on the other hand possesses good approximation properties. These
requirements are satisfied well by the finite element spaces. Here, the region 2 is
subdivided into polyhedra that are as uniform as possible, for example, triangles or
squares in the two-dimensional case (if the boundary of £2 is curved, of course, it can
only be approximated by such a polyhedral subdivision). The finite elements then
are simply piecewise polynomials of a given degree. This means that the restriction
of such a finite element ¥ onto each polyhedron occurring in the subdivision is a
polynomial. In addition, one usually requires that across the boundaries between
the polyhedra, ¥ be continuous or even satisfy certain specified differentiability
properties. The simplest such finite elements are piecewise linear functions on
triangles, where the continuity requirement is satisfied by choosing the coefficients
on neighboring triangles approximately. The theory of numerical mathematics then
derives several approximation theorems of the type sketched above. This is not
particularly difficult and rather elementary, but somewhat lengthy and therefore not
pursued here. We rather refer to the corresponding textbooks like Strang—Fix [30]
or Braess [3].
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The quality of the approximation of course depends not only on the degree of the
polynomials but also on the scale of the subdivision employed. Typically, it makes
sense to work with a fixed polynomial degree, for example, admitting only piecewise
linear or quadratic elements, and make the subdivision finer and finer.

As presented here, the method of finite elements depends on the fact that
according to some abstract theorem, one is assured of the existence (and uniqueness)
of a solution of the variational problem under investigation and that one can
approximate that solution by elements of cleverly chosen subspaces. Even though
that will not be necessary for the theoretical analysis of the method, for reasons of
mathematical consistency it might be preferable to avoid the abstract existence result
and to convert the finite-dimensional approximations into a constructive existence
proof instead. This is what we now wish to do.

Theorem 10.5.2. Let A : HxH — R be a continuous, symmetric, elliptic, bilinear
form on the Hilbert space (H, (-,-)) with norm ||-||, and let L : H — R be linear
and continuous. We consider the variational problem

J(v) = A(v,v) + L(v) — min.

Let (Vy)nen C H be an increasing (i.e., V,, C V, 41 for all n) sequence of closed
linear subspaces exhausting H in the sense that for allv € H and § > 0, there exist
n € Nandv, € V, with

v —vu] <3§.
Let u,, be the solution of the problem
J(v) = min in V,

obtained in Theorem 10.5.1. Then (u,),en converges for n — oo towards a
solution of

J(v) — min in H.
Proof. Let
;= inf .
k1= inf J(v)
We want to show that
lim J(u,) = «.
n—>00

In that case, (#,),en Will be a minimizing sequence for J in H, and thus it will
converge to a minimizer of J in H by the proof of Theorem 10.5.1. We shall proceed
by contradiction and thus assume that for some ¢ > O and alln € N,

J(un) > & + ¢ (10.5.11)

(since V,, C V41, we have J(u,+1) < J(uy) for all n, by the way).
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By definition of «, there exists some uy € H with
J(ug) <k +¢/2. (10.5.12)

For every § > 0, by assumption, there exist some n € N and some v,, € V,, with
luo — vl < 6.

With w,, := v,, — uy, we then have

|J(vn) = J(uo)| = [A(n va) — Aluo, uo)| + [L(va) — L(uo)|
< AW wn) + 2| AW, uo)| + [|L | [wall
< Cllwall® 4 2C [wall luoll + L] wall
<eg/2

for some appropriate choice of §.
Thus

J(p) < J(up) +¢/2 <k +¢ by (10.5.12) < J(u,) by (10.5.11),

contradicting the minimizing property of u,,.
This contradiction shows that (u, ),y indeed is a minimizing sequence, implying
the convergence to a minimizer as already explained. O

We thus have a constructive method for the (approximative) solution of our
variational problem when we choose all the V, as suitable finite-dimensional
subspaces of H. For each V,, by Corollary 10.5.1, one needs to solve only a
finite linear system, with dim V, equations; namely, let e;,...,ey be a basis of
V,,. Then (10.5.6) is equivalent to the N linear equations for u, € V),

2A(u,e;) + L(ej) =0 forj =1,...,N. (10.5.13)

Of course, the more general quadratic variational problems studied in Sect. 10.4 can
also be covered by this method; we leave this as an exercise.

10.6 Convex Variational Problems

In the preceding sections, we have studied quadratic variational problems, and we
provided an abstract Hilbert space interpretation of Dirichlet’s principle. In this
section, we shall find out that what is essential is not the quadratic structure of the
integrand, but rather the fact that the integrand satisfies suitable bounds. In addition,
we need the key assumption of convexity of the integrand, and hence, as we shall
see, also of the variational integral.
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For simplicity, we consider only variational integrals of the form

1) = /9 f(x, Du(x))dx, (10.6.1)

where Du = (D1u, ..., D,yu) denotes the weak derivatives of u € Hl’z(.Q), instead
of admitting more general integrands of the type

f(x,u(x), Du(x)). (10.6.2)

The additional dependence on the function u itself, instead of just on its derivatives,
does not change the results significantly, but it makes the proofs technically more
complicated. In Sect. 14.4 below, when we address the regularity of minimizers, we
shall even drop the dependence on x and consider only integrands of the form

J(Du(x)),

in order to make the proofs as transparent as possible while still preserving the
essential features.
The main result of this section then is the following theorem:

Theorem 10.6.1. Let 2 C R? be open, and consider a function
f:2xR >R
satisfying:

(i) f(-,v) is measurable for all v € RY
(ii) f(x,-)is convex forall x € 2.
(iii) f(x,v) > —y(x) + k|v|? for almost all x € 2, all v € RY, with y € L'(£2),
k> 0.

We let g € H"*(2), and we consider the variational problem
I(u) := / f(x, Du(x))dx — min
Q

among all u € H'“2(Q) withu — g € HOI’Z(.Q) (thus, g are boundary values
prescribed in the Sobolev sense).
Then I assumes its infimum; i.e., there exists such a up with

I(uy) = inf  I(u).
u—geHy*(2)

To simplify our further considerations, we first observe that it suffices to consider
the case g = 0. Namely, otherwise, we consider, forw = u — g,

F e, w(x) == flx,wx) + g(x)).
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The function f satisfies the same structural assumptions that f does; this is clear
for (i) and (ii), and for (iii), we observe that

FGeow() 2 =y() + klwx) + g = =y(x) +« (%|w(x)|2 - |g(x)|2),
and so f satisfies the analogue of (iii) with
7(x) = y(x) + g e L'
and K := %/c. Thus, for the rest of this section, we assume

g=0. (10.6.3)

In order to prepare the proof of the Theorem 10.6.1, we shall first derive some
properties of the variational integral /. We point out that in the next two lemmas
the function v takes its values in RY, i.e., is vector- instead of scalar-valued, but that
will not influence our reasoning at all.

Lemma 10.6.1. Suppose that f is as in Theorem 10.6.1, but with (ii) weakened to
(ii’) f(x,-) is continuous for all x € §2,
and supposing in (iii) only k € R, but not necessarily k > 0.

Then

JO) = /Qf(x, v(x))dx

is a lower semicontinuous functional on L*(£2; R?).

Proof. We first observe that if v is in L2, it is measurable, and since f(x,v)
is continuous with respect to v, f(x,v(x)) then is measurable by a basic result
in Lebesgue integration theory.” Now let (v,),en converge to v in L?(£2;RRY).
By another basic result in Lebesgue integration theory,® after selection of a
subsequence, (v,) also converges to v pointwise almost everywhere. (It is legitimate
to select a subsequence here, because the subsequent arguments can be applied to
any subsequence of (v,).) By continuity of f,

S v) = k)P = Tim (£ (0) = Kl (),

Since f(x,v,(x)) — k|v(x)|> > —y(x) and y is integrable, we may apply Fatou’s
lemma’ to obtain

3See p- 214 of [19].
%See Lemma A.1 or p- 240 of [19].
7See p. 202 of [19].
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/ (f(x.v(x)) = k[p(x)]*) dx < lim inf/ (f (v (x)) = K |va(x)|?) dox,
Q n—oo Q
and since (v,) converges to v in L2, then also

/ f(x,v(x))dx < liminf/ f(x,v,(x))dx.
Q n—>oo Q

|

Lemma 10.6.2. Let f be as in Theorem 10.6.1, without necessarily requiring Kk in
(iii) to be positive. Then

Jv) = /Qf(x, v(x))dx

is convex on L*(£2;RY).

Proof. Letvg,v; € L?(£2,R?),0 <t < 1. We have
um+u—mo=/ﬂme+a—mm»

§/WUMMD+UHHUMQW by (i)
=tJ(vo) + (1 —1)J(v1).
Thus, J is convex. O

Lemmas 10.6.1 and 10.6.2 imply the following result:

Lemma 10.6.3. Let f be as in Theorem 10.6.1, still not necessarily requiring k>0.
With our previous simplification g = 0 (10.6.3), the functional

I(u):/gf(x,Du(x))dx

. . . . 1.2
is a convex and lower semicontinuous functional on H,~(§2).

With Lemma 10.6.3, Theorem 10.6.1 is a consequence of the following abstract
result:

Theorem 10.6.2. Let H be a Hilbert space, with norm |-,
I: H— RU{oo}

be bounded from below, not identically equal to +00, convex and lower semicontin-
uous. Then, for every A > 0, andu € H,
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Li(w) := inf (I(y) A fu— y||2) (10.6.4)
yeEH
is realized by a unique u) € H, i.e.,
L) = Tw) + A flu—u ). (10.6.5)
and if (uy) =0 remains bounded as A “\ 0, then
U := lim uy,
A—0
exists and minimizes I, i.e.,

I(uy) = uiéllg 1(u).

Proof. We first verify the auxiliary statement about the uniqueness and existence of
u). We let (y,),en be a minimizing sequence for (10.6.4), i.e.,

1) + M= yall” > inf (10 + & Jlu=yI).
yEH
For m,n € N, we put

1
Ymn = E(ym + V).

We then have
1
1Gma) + M= ymall® < 5 (10m) + A u =yl

1 A
5 (10 + A= 3all?) = 5 13w = 3al?
(10.6.6)
by the convexity of I and the general Hilbert space identity

2
1 1
=3 (Il =nlP + Ix=y2l?) = 7 Iy =32l (10.67)

1
X = E(J’l + »2)

for any x, y;, y» € H, which is easily derived from expressing the norm squares as
scalar products and expanding these scalar products.

Now, by definition of 7, (u), the left-hand side of (10.6.6) has to be > I, (u),
whereas for k = m and n, I(yx) + A ||u — yi||* converges to I (u), by choice of the
sequence (yi), for k — oo. This implies that

[y = yull*> = 0
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for m,n — oo. Thus, (y,)sen is a Cauchy sequence, and it converges to a unique
limit uy. Since |-||* is continuous, and I is lower semicontinuous, u; realizes the
infimum in (10.6.4); i.e., (10.6.5) holds.

If () then remains bounded for A — 0, this minimizing property implies that

)1&)1}) I(uy) = ylélg 1(y). (10.6.8)

Thus, for any sequence A, — 0, (u;,) is a minimizing sequence for /.
We now let 0 < A; < A,. From the definition of u,,,

L(u2,) + Al =13, 1 = Tua,) + A =z, |1
and so
H(uz,) + Ao flu = win)® = T(ua,) + A2 Ju =y, |
G = A2 (=, I = = 3]
Since u;, minimizes /(y) + Az |lu — y |2, we conclude from this and A; < A that
= i 1P = Nl = i, |
This means that
e —un|)?
is a decreasing function of A, or in other words, it increases as A ~\ 0. Since this

expression is also bounded by assumption, it has to converge as A \( 0. In particular,
for any ¢ > 0, we may find Ay > 0 such that for 0 < A}, A, < Ao,

P
= wp, |1* = llu = up, || < 5 (10.6.9)
We put
1
iz =5 (up, + uy,) .

If we assume, without loss of generality, /(uy,) > I(u,,), the convexity of / implies
I(u12) < I(uy,). (10.6.10)

We then have
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I(ur) + A [lu—ui o]
1 1 , 1 )
< ) + A ( 5 e+ 5 o= w1 = 5 o, =,

by (10.6.10) and (10.6.7)

e 1
< 1wy) + 4 (nu —uwl® 4 5 = g o - MA2||2) by (10.6.9).

Since u;, minimizes (y) + A |lu — y||*, we conclude that
2
”"‘)»1 - u)»2|| <&

So, we have shown the Cauchy property of u, for A \ 0, and therefore, we obtain
the existence of

up = lim u.
A—0

By (10.6.8) and the lower semicontinuity of I, we see that
I(up) = inf I(y).
yEH

Thus, we have shown the existence of a minimizer of /. This concludes the proof of
Theorem 10.6.2, as well as that of Theorem 10.6.1. O

While we shall see in Chap. 11 that the minimizers of the quadratic variational
problems studied in the preceding sections of this chapter are smooth, we have
to wait until Chap. 14 until we can derive a regularity theorem for minimizers
of a class of variational integrals that satisfy similar structural conditions as in
Theorem 10.6.1. Let us anticipate here Theorem 14.4.1 below:

Let f :RY — R be of class C*° and satisfy:

(i) There exists a constant K < oo with

Y )

)a <KW fori=1,....d @v=0"....v%) eR?).
Vi

(ii) There exist constants A > 0, A < oo with

2 f)

A7 <
|é§| - —1 avivj

§E < A|EP? forall £ e RY.

ij

Let 2 C R be open and bounded. Let uy € W'2(2) minimize

I(u) ::/Qf(Du(x))dx
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among all u € W2(2) with u — ug € Hol’z(.Q). Then
up € C*(£2).

In order to compare the assumptions of this result with those of Theorem 10.6.1, we
first observe that (i) implies that there exist constants ¢ and k with

1O <c+kvf.

Thus, in place of the lower bound in (iii) of Theorem 10.6.1, here we have an upper
bound with the same asymptotic growth as |v| — oo. Thus, altogether, we are
considering integrands with quadratic growth. In fact, it is also possible to consider
variational integrands that asymptotically grow like |v|”, with 1 < p < oo. The
existence of a minimizer follows with similar techniques as described here, by
working in the Banach space Hol’p (£2) and exploiting a crucial geometric property
of those particular Banach spaces, namely, that the unit ball is uniformly convex.
The first steps of the regularity proof also do not change significantly, but higher
regularity poses a problem for p # 2.

The lower bound in assumption (ii) above should be compared with the convexity
assumption in Theorem 10.6.1. For f € C*(R?), convexity means

82
%Si%‘ >0 forallé& = (&,...,&).

Thus, in contrast to the assumption in the regularity theorem, we are not summing
here with respect i, and j, and so this is a stronger assumption. On the other hand,
we are not requiring a positive lower bound as in the regularity theorem, but only
nonnegativity.

The existence of minimizers of variational problems is discussed in more detail
in Jost and Li-Jost [21]. The minimizing scheme presented here is put in a broader
context in Jost [16].

Summary

The Dirichlet principle consists in finding solutions of the Dirichlet problem
Au=0 in$2,
u=g onds2,

by minimizing the Dirichlet integral

/ | Du(x))*dx
2
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among all functions u with boundary values g in the function space W'?2(£2)
(Sobolev space) (which turns out to be the appropriate space for this task). More
generally, one may also treat the Poisson equation

Au= f in2

this way, namely, minimizing

/ |Du(x)|> dx + 2/ F(o)u(x)dx.
2 2
A minimizer then satisfies the equation

/ Du(x) De(x)dx =0
Q

(respectively [, Du(x)Dg(x)dx + [ f(x)¢(x)dx = 0 for the Poisson equation)
for all ¢ € C§°($2). If one manages to show that a minimizer u is regular (e.g., of
class C%(£2)), then this equation results from integrating the original differential
equation (Laplace or Poisson equation, respectively ) by parts. However, since
the Sobolev space W !2(£2) is considerably larger than the space C?(£2), we first
need to show in the next chapter that a solution of this equation (called a “weak”
differential equation) is indeed regular.

The Dirichlet principle also works for a more general class of elliptic equations,
and it admits an abstract Hilbert space formulation.

Exercises

10.1. Show that the norm

leell == lull 22y + 1Dull20)

is equivalent to the norm [u|y12(g) (i-€., there are constants 0 < o < ff < 00
satisfying

allull < Nullyrog) < Bllull - forallu € W'(£2)).

Why does one prefer the norm [[ul|y12(0)?

10.2. What would be a natural definition of k-times weak differentiability? (The
answer will be given in the next chapter, but you might wish to try yourself at
this point to define Sobolev spaces W*2(£2) of k-times weakly differentiably
functions that are contained in L?(£2) together with all their weak derivatives
and to prove results analogous to Theorem 10.2.1 and Corollary 10.2.1 for
them.)

10.3. Consider a variational problem of the type
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Fig. 10.1

1(u) = /Q F(Du(x))dx

with a smooth function F : RY — 2 satisfying an inequality of the form
|F(p)| < cilpl* +¢> forall p e RY.

Derive the corresponding Euler—Lagrange equations for a minimizer [in the
weak sense; cf. (10.4.4)]. Try more generally to find conditions for integrands
of the type F(x, u(x), Du(x)) that allow one to derive weak Euler-Lagrange
equations for minimizers.

10.4. Following R. Courant, as a model problem for finite elements, we consider
the Poisson equation

Au= f in$2,
u=0 onaf2

in the unit square 2 = [0, 1]x[0, 1] C R%. Forh = 5. (n € N), we subdivide £ into

h%(: 2?") subsquares of side length &, and each such square in turn is subdivided
into two right-angled symmetric triangles by the diagonal from the upper left to the
lower right vertex (see Fig. 10.1). We thus obtain triangles A;’, i=1,...2%*"
What is the number of interior vertices p; of this triangulation?

We consider the space of continuous triangular finite elements
Shi={peC'(Q): Plal linear for all i, ¢ = 0 on 3£2}.
The triangular elements ¢; with
@ (pi) =8

constitute a basis of " (proof?).
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Compute

ajj = LD@ -Dg; forall pairsi, j
2

land establish the system of linear equations for the approximating solution of the
Poisson equation in S”, i.e., for the minimizer ¢’ of

| Dol>+2 | fo
fyiper 2.

for ¢ € S", with respect to the above basis ¢ j of § I (for that purpose, you have just
computed the coefficients a;; !).



Chapter 11
Sobolev Spaces and L? Regularity Theory

11.1 General Sobolev Spaces. Embedding Theorems
of Sobolev, Morrey, and John-Nirenberg

Definition 11.1.1. Letu : 2 — R be integrable, & := (a1, ..., ®4),

o] g
Da<p2=( 9 ) ( 0 ) ¢ forp e Cll().

axt axd

An integrable function v : £2 — R is called an «th weak derivative of u, in symbols
v = Dgu, if

/qpvdx: (—1)'“‘/ uDgpdx forall g € C*(2). (11.1.1)
2 2

Fork € N, 1 < p < oo, we define the Sobolev space

WkP(§2) := {u € L?(£2) : Dyu exists and is contained in L (£2) for all
loe| <k},
lulwisigr = | X [ 10wl
<k 7

The spaces H*?(£2) and Hok’p(.Q) are defined to be the closures of C*°(§2) N
WkP(£2) and C°(82), respectively, with respect to Il wkr(q)- Occasionally, we
shall employ the abbreviation |||, = [l .»(e)-

Concerning notation: The multi-index notation will be used in the present section
only. Later on, for u € wirp (£2), first weak derivatives will be denoted by D;u, i =
1,...,d, as in Definition 10.2.1, and we shall denote the vector (Du, ..., Dgyu)

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 255
DOI 10.1007/978-1-4614-4809-9_11,
© Springer Science+Business Media New York 2013
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by Du. Likewise, for u € W?P?(£2), second weak derivatives will be written
Djju,i,j=1,..., d, and the matrix of second weak derivatives will be denoted
by D?u.

As in Sect. 10.2, one proves the following lemma:
Lemma 11.1.1. Wrk?(Q2) = H*P(Q). The space WP () is complete with
respect 10 ||*||y.p () i-e., it is a Banach space.

We now state the Sobolev embedding theorem:

Theorem 11.1.1.
L% (2 d
Holp(.Q) C p_( ) fO"P <a,
C'2) forp >d.
Moreover, for u € Hol’p (£2),
lull e < c||Dull, forp <d, (11.1.2)
d—p
suplu < ¢ |R21777 - | Dull, for p>d, (11.1.3)
2

where the constant ¢ depends on p and d only.

In order to better understand the content of the Sobolev embedding theorem, we
first consider the scaling behavior of the expressions involved: Let f € H'?(R%)N
L7(RY). We look at the scaling y = Ax (with A > 0) and

L) =1 (3) = f@).

Then, with y = Ax,

1

(/ IDfx(y)I”dy)p=kdpp (/ |Df(x)|1’dx)”
R4 R4

(note that on the left, the derivative is taken with respect to y, and on the right with
respect to x; this explains the — p in the exponent) and

([Rdwquy); - (/Rdu(x)wdx)‘l’.

Thus in the limit A — 0, || fo|| .4 is controlled by || Dfy ||, , if

QR

d d—p
q

<A

=

A forA <1
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holds, i.e.,

v

QX

QU
|
=

i.e.,

d
qu” if p<d.

(We have implicitly assumed || Df|,, > 0 here, but you will easily convince
yourself that this is the essential case of the embedding theorem.) We treat only
the limit A — 0 here, since only for A < 1 (for f € Hol’p (R9)) do we have

supp fo. C supp f,

and the Sobolev embedding theorem covers only the case where the functions have
their support contained in a fixed bounded set §2. Looking at the scaling properties
for A — oo, one observes that this assumption on the support is necessary for the
theorem. The scaling properties for p > d will be examined after Corollary 11.1.5.

Proof of Theorem 11.1.1: We shall first prove the inequalities (11.1.2) and (11.1.3)
foru € Cy(£2). We putu = 0 on R? \ £2 again. As in the proof of Theorem 10.2.2,

i

|u(x)|§/ |Dju(x', ..., x"7 e X" x?)|dE withx = (x',...,x%)

o0
for1 <i <d, and hence
d oo
wmﬁsﬂ/ |Diu] dx
i=1v7®
and

1

d 0o 7=
l_[/ |D;u| dxi) .
—00

i=1

wuwﬂs<

It follows that

00 4 00 et 00 oo ) et
/ lu(x)|7=T dx! < (/ |D1u|dxl) (H/ / |D,-u|dx’dxl) ,

where we have used (A.6) for p; = --- = py—; = d — 1. Iteratively, we obtain

1

d -1
d
u(x)|7-Tdx < / D;u|dx ,
IR (EQ| |)
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and hence

d % 1 d
||’/‘||da’Tl = (1_II/Q|D;‘M|CUC) < g/ﬂZ|Diu|dx,
=

i=l1

since the geometric mean is not larger than the arithmetic one, and consequently

1
leell 2 = = 1Dl -

whichis (11.1.2) for p = 1.

(11.1.4)

Applying (11.1.4) to |u|” (y > 1) (|u|” is not necessarily contained in C;(£2),
even if u is, but as will be explained at the end of the present proof, by an
approximation argument, if shown for COl (£2), (11.1.4) continues to hold for H(}’l,

and we shall choose y such that for u € H,”(52), we have |u]? € H,"'(2)), we

obtain

y o y 4 11
e, =% [t 1uax < 2 =] - uul, - for S =]

applying Holder’s inequality (A.4). For p < d,y = % satisfies

vd _ (y=Dp
d-—1 p—1

and (11.1.5) yields, taking ¢ = # into account,

14 -1
lul”,, < 7 lull”a - I Dull,
d—1 d—1

ie.,

14
lul e < 21Dl

(11.1.5)

whichis (11.1.2). In order to establish (11.1.3), we need the following generalization

of Lemma 10.2.4:
Lemma 11.1.2. For € (0,1], f € L' (2) let

WV, f)(x) = /9 v — 4D £(y)dy.
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Let1 < p <q < o0,

11
0<6=———<p.
P q

Then V,, maps L?(82) continuously to L4(S2), and for f € L?(£2), we have

1=8\"" s
[virl, = (m) o 12111, (11.1.6)
Proof. Let
1 1
—=1l+-=—=1-94
r q9 p
Then

Ux —y) = |x —y[“" D e L7(Q),

and as in the proof of Lemma 10.2.4, we choose R such that |2| = |B(x, R)| =
wg RY, and we estimate as follows:

1-§
d(p—1)
], = (/ =y dy)
2

—4
— M l 1—8 pd(u—9)
n—2a
()

We write

1
L= f17)7 11
and the generalized Holder inequality (A.6) yields

Ve /()]

5 :
< (/ E"(x—y)lf(y)lpdy) (/ f‘(x—y)dy) (/ If(y)l”dy) :
2 2 2
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hence, integrating with respect to x and interchanging the integrations in the first
integral, we obtain

1
, ’ 1-8\'" _ -5
rl, <sw ([ @) i, < (5=5) @i i2ris,
by the above estimate for ||£]],. O

In order to complete the proof of Theorem 11.1.1, we use (10.2.9), assuming first
ue COl (£2) as before, i.e.,

1 (x' —y")
u(x) = ——/ ——D;u(y)dy (11.1.7)
dwy 9; |x —y|d
for x € §2. This implies
jul < ——V,(1D]) (11.18)
~ dwy i

Inequality (11.1.6) for ¢ = oo, u = 1/d then yields (11.1.3), again at this moment
foru € Cj(£2) only.

If now u € H,"(£2), we approximate u in the W'”-norm by CZ® functions
uy,, and apply (11.1.2) and (11.1.3) to the difference u,, — u,,. It follows that (u,)
is a Cauchy sequence in L%/@=P) () (for p < d) or C*%(2) (for p > d),
respectively. Thus u itself is contained in the same space and satisfies (11.1.2)
or (11.1.3), respectively,

Corollary 11.1.1.

LT (2) forkp < d,

HNP(2) .
0" (%) Cn(2)  for0<m<k—*<.

Proof. The first embedding iteratively follows from Theorem 11.1.1, and the second
one then from the first and the case p > d in Theorem 11.1.1. O

Corollary 11.1.2. Ifu € H(;{’p(.Q)for some p and all k € N, then u € C*°(£2).

The embedding theorems to follow will be used in Chap. 14 only. First we
shall present another variant of the Sobolev embedding theorem. For a function
v € L'(£2), we define the mean of v on £2 as

1
]év(x)dx = ﬁfgv(x)dx,

|£2| denoting the Lebesgue measure of £2. We then have the following result:
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Corollary 11.1.3. Let 1 < p < d andu € H"?(B(xo, R)). Then

1

dp dd;pp P
(][ |u|d—1’) < ¢ (Rp][ |Dul? +][ |u|p) , (11.1.9)
B(x0,R) B(x0,R) B(x0,R)

where co depends on p and d only.

Proof. Without loss of generality, xo = 0. Likewise, we may assume R = 1,
since we may consider the functions u#(x) = u(Rx) and check that the expressions
in (11.1.9) scale in the right way. Thus, let u € H'?(B(0, 1)). We extend u to the
ball B(0,2), by putting

X
u(x) =u (—2) for |x| > 1.
x|
This extension satisfies

lull frrrB02)) = €1 el grrr o,y - (11.1.10)
Now let n € C$°(B(0,2)) with

n>0, n=1onB(0,1), |Dn <2.

Then v = nu € H, " (B(0,2)), and by (11.1.2),

_dp_ T g
(/ |v|a’—p) < (/ |Dv|]’) . (11.1.11)
B(0,2) B(0,2)

Dv =nDu+ uDn,

Since

from the properties of 1, we deduce
|Dv|? < ¢35 (|1Dul” + u]”), (11.1.12)

and hence with (11.1.10),

/ |Dv|? < ¢4 (/ |Du|f’+/ |u|”). (11.1.13)
B(0,2) B(0,1) B(0,1)

Since on the other hand
_dp_ _dp_
[ oow s [
B(0,1) B(0,2)

(11.1.9) follows from (11.1.11) and (11.1.13). O
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Later on (in Sect. 14.1), we shall need the following result of John and Inselberg:

Theorem 11.1.2. Let B(yo, Ro) be aballinR?, u € W (B(yo, Ry)), and suppose
that for all balls B(y, R) C RY,

/ |Du] < R, (11.1.14)
B(y.RINB(y0.R0)

Then there exist @ > 0 and By < oo satisfying

/ eelummol < gy RY (11.1.15)
B(yo,Ro)
with
1
uy = i u (mean of u on B(yy, Ro)).
wa Ry J B(yo,Ro)
In particular,
- - —a(u— 2 p2d
/ eau/ oo :/ ea(u uo)/ e o (u—up) < IBORO )
B(yo0,R0) B(yo0,R0) B(yo0,R0) B(yo,Ro)

(11.1.16)

More generally, for a measurable set B C RY, andu € L' (B), we denote the
mean by

1
up = —/ u(y)dy, (11.1.17)
|B| Jp

| B| being the Lebesgue measure of B. In order to prepare the proof of Theo-
rem 11.1.2, we start with a lemma:

Lemma 11.1.3. Let 2 C RY be convex, B C 2 measurable with |IB] > 0, u €
WULL(2). Then we have for almost all x € £2,

lu(x) —up| < 2/ | Du(z)| dz. (11.1.18)

(diam £2)¢ )4
1B / I

Proof. As before, it suffices to prove the inequality for u € C'(£2). Since £ is
convex, if x and y are contained in 2, so is the straight line joining them, and we

have
lx—yl _
u(x)—u(y):—/ iu(x+ry x)dr,
0 ar |y — x|




11.1  General Sobolev Spaces. Embedding Theorems 263

and thus

1
u(x) —up = — [ (u(x) —u(y))dy
|B| /g
lx—yl a X
= X+r drdy.

IBI// ( Iy—XI)

This implies

1 (diam £2)¢ =l g
() — g < IBI( lalzl ) /H | / Soulx + ro)drdo| . (111.19)
x+roeR

if instead of over B, we integrate over the ball B(x,diam £2)) N §2, write dy =
0?~'dw dp in polar coordinates, and integrate with respect to . Thus, as in the
proofs of Theorems 2.2.1 and 10.2.2,

[x—=y]
1 (diam )¢ 1
o) —up] = o SIS e
0 0B(x.r)N2
1 (diam 2)¢ / 1 4y xi—g
=— = d
B d |x_z|d_1;8z’ %
Q2 1=
(diam[?)d/ 1
=< Du(z)|dz. O
air | g

We shall also need the following variant of Lemma 11.1.2:

Lemma 11.1.4. Let f € L' (), and suppose that for all balls B(xo, R) C R?,

/ |f] < KRY™ (11.1.20)
2N B(x0.R)

with some fixed K. Moreover, let p > 1, 1/p < . Then

i(Vuf)(x” =

—1 L
- (diam Q)= g (11.1.21)

((Vm(x) - /Q [ — 4D f(y)dy).
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Proof. We put f = 0 in the exterior of £2. With r = |x — y|, then

Vaf@)] < [ ol
diam £2

= [ [ )
0 dB(x,r)

diam 2 9
[ (G [ i) e
0 or B(x,r)

— (diam Q)40 / £ )] dy
B(x,diam £2)

diam £2
+d(1— ) / P! / £ ()] dydr
0 B(x,r)

< K(diam Q)d(u—l)+d(l—l/17)
diam 2
+ Kd(1— u)/ pA=D=1+d01=1/p) 4 by (11.1.20)
0

1—4
£ (diam £2)70=1/p),

=K

p

Proof of Theorem 11.1.2: Because of (11.1.14), f = |Du| satisfies the inequal-
ity (11.1.20) with K = 1 and p = d. Thus, by Lemma 11.1.4, for u > 1/d,

- d—1 -
=TV Ol dy < T QRO (11.1.22)

V,L<f><x)=/3( N
Yo, %0

In particular, for s > 1 and p = % + %,
(11.1.23)

Vie s () = (d = DsRo).

By Lemma 11.1.2, we also have, fors > 1, u = 1/ds, p = q = 1,

—1/ds 1
/ V%(f) < dsw; Y [B(yo, RO 1S |11 (B(yo.Ry))
B(y0.Ro) (11.1.24)

1
<dswsRy RI™!
by (11.1.20), which, as noted, holds for K = 1 and p = d. Now

lx — y|! ¢ = |x — y|d(ﬁ_1)% |x — y|d(i+$_l)(l_L), (11.1.25)
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and from Hoélder’s inequality then

Vi(f) = / (b= G5 £ ) (1 = @ D07 £ ()75 ) dy
=Vi(f)? V$+$(f)“?. (11.1.26)
With (11.1.23) and (11.1.24), this implies

1+ (d

d

/ Vi(f) <dswgRe
B(y0,Ro0)

<2d(d —1)"'s*ws R¢

d S
= 2-—wa((d = 1)s) RY.
Thus
/ °° V1 (f)n 2d i ( )" n"
By, Ro) y"n! = !
d—1 l
< cRg, i -,
e
i.e.,
Vi
/ exp (M) < cRY, (11.1.27)
B(y0.Ro) Y
Now by Lemma 11.1.3
|t(x) — up| < const V$(|Du|), (11.1.28)

and since we have proved (11.1.27) for f = |Du|, (11.1.15) follows.

Before concluding the present section, we would like to derive some further
applications of the preceding lemmas, including the following version of the
Poincaré inequality:

Corollary 11.1.4. Let 2 C R? be convex, and u € W'?(2). We then have for
every measurable B C §2 with |B| > 0,

1 -1 1
P w P
(/ |u—u3|p) gﬁT'mﬁ(diamsz)d (/ |Du|P) . (11.1.29)
2 2

Proof. By Lemma 11.1.3,

lu(x) —up| <
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and by Lemma 11.1.2, then,
-1 1
H V$(|D“|)Hmm <dw; “ 127 | DullLrgq) -

and these two inequalities imply the claim. O
The next result is due to C.B. Morrey:

Theorem 11.1.3. Assume u € W'(2), 2 C RY, and that there exist constants
K < 00,0 < a < 1, such that for all balls B(xy, R) C RY,

/ |Du| < KR!, (11.1.30)
.QﬂB(X(),R)

Then we have for every ball B(z,r) C RY,

N TRES sup  Ju(x) —u(y)| < cKr®, (11.1.31)
2NB(z.r) X,yEB(z,r)NS2

withc = c¢(d, a).

Proof. We have

osc u<2 sup |u(x)—upg,
NB(z.r) X€B(z.r) N2 | (Z r)i

<o s [ eyl Dut)lay
X€B(z,r)NS2 J B(z,r)

by Lemma 11.1.3, where ¢; depends on d only, and
where we simply put Du = 0 on R? \ 2.

=c s V(D] ()
XEB(z,r)N$2

with the notation of Lemma 11.1.4. With

d . d
p= , le,a=1——,
l—« p
and
1 1
H==>—
d p
f = |Du| then satisfies the assumptions of Lemma 11.1.4, and the preceding

estimate together with Lemma 11.1.4 (applied to B(z, r) in place of §2) then yields

_d
osc u < c,K(diam B(z, r))1 r =cKr®.
2N B(z,r)
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Definition 11.1.2. A function u defined on 2 is called @-Holder continuous in §2,
forsome 0 < a < 1, if forall z € §2,

gy 1) =@

2 (11.1.32)
e2 |x—2|

Notation: u € C%(£2). Foru € C*(§2), we put

ux)—u
lullco) = llullcoey + sup M
X, VER I.X —y|a

(For @ = 1, a function satisfying (11.1.32) is called Lipschitz continuous, and the
corresponding space is denoted by C*!(£2).)

If u satisfies the assumptions of Theorem 11.1.3, it thus turns out to be «-Hdlder
continuous on £2; this follows by putting r = dist(z, d§2) in Theorem 11.1.3. The
notion of Holder continuity will play a crucial role in Chaps. 13 and 14.

Theorem 11.1.3 now implies the following refinement, due to Morrey, of the
Sobolev embedding theorem in the case p > d:

Corollary 11.1.5. Letu € Hy”(2) with p > d. Then
ueCH ().
More precisely, for every ball B(z,r) C RY,

d
osc u<cr' "7 |[Dull g - (11.1.33)

2N B(z,r)

where ¢ depends on d and p only.

Once more, it helps in understanding the content of this embedding theorem if
we take a look at the scaling properties of the norms involved: Let f € H'?(R?) N
C%(R?) with 0 < o < 1. We again consider the scaling y = Ax (1 > 0) and put

Hy) = fx).
Then

1) = A0 _ o [f(x1) = fOr2)]

[y1 — y2[® [x1 — x2]®

(yi = Axi, I = 1,2)

and thus (ignoring the lower-order terms like || f'|| co in the definition of the norms
for simplicity)

Ifillca = A7 1 f llca s
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and as has been computed above,
d=p
I fallgr = A7 N f s -
In the limit A — 0, thus || f3 ||« is controlled by || Dfy || », provided that

d—p
AT <A77 ford <1,

ie.,

d
o <1—— inthecasep >d.
p

Proof of Corollary 11.1.5: By Holder’s inequality

1

/ |Du| < |B(xo, R)|""7 (/ |Du|p)p (11.1.34)
2N B(xo,R) 2N B(xo,R)
_1
= 3| Dullpre) Rd(l ”) (11.1.35)
_ _d
= ¢3 || Dutll 1) R () (11.1.36)

where c¢3 depends on p and d only. Consequently, the assumptions of Theo-
rem 11.1.3 hold.

The following version of Theorem 11.1.3 is called “Morrey’s Dirichlet growth
theorem” and is frequently used for showing the regularity of minimizers of
variational problems:

Corollary 11.1.6. Let u € W'2(82), and suppose there exist constants K' < oo,
0 < a < 1 such that for all balls B(xy, R) C RY,

/ |Dul* < K'R472F2, (11.1.37)
20B(x0.R)

Then u € C%(82), and for all balls B(z,r),

osc u<c(K')re, (11.1.38)
B(z,r)N2

with ¢ depending only on d and a.
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Proof. By Holder’s inequality

1
2
/ Dl < |B(xo. R ( / |Du|2)
20B(x0.R) 2NB(x0,R)

S C4(K/)% Rd—l-‘ra

by (11.1.37), with ¢4 depending on d only. Thus, the assumptions of Theorem 11.1.3
hold again. O

Finally, later on (in Sect. 14.4), we shall use the following result of Campanato
characterizing Holder continuity in terms of L?-approximability by means on balls:

Theorem 11.1.4. Let p > 1, d < A < d + p, and let 2 C R? be a bounded
domain for which there exists some § > 0 with

| B(x0,7) N £2| > §r¢ forall xy € 2,r > 0. (11.1.39)

Then a function u € L?(S2) is contained in C*(S2) for o = % (orin COY(2) in
the case A = d + p), precisely if there exists a constant K < oo with

/ |u(x) - uB(XO,,)‘pdx < KPr* forall xy € 2,r >0 (11.1.40)
B(X(),r)ﬂ.Q

(where for defining upx, ), we have extended u by 0 on R?\ £2).

Proof. Letu € C%($2), x € §2 N B(xyp, r). We then have

|u(x) = up(xon | < 1) ullcoq -

and hence

/ |” - ”B(mr)|p =¢s ||”||Cw(9) rertd,
B(X(),r)ﬂ.Q

whereby (11.1.40) is satisfied.
In order to prove the converse implication, we start with the following estimate
forO <r < R:
UB(xg.R) — UB(or) || < 277" (Ju(x) = o) \p + [u(x) = up(xo.r) |p) ,

and thus, integrating with respect to x on £2 N B(xo, r) and using (11.1.39),

UB(xo.R) — UB(xo.r) |p

27! )4 p
< 57 |u— upo.ry|” + |lu—upion|” )
r B(x0,r)N2 B(x0,r)N2
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This implies
A
R»r
i“B(XOsR) — MB(XOJ')i < C6K_i‘ (11141)
re
We put R; = % and obtain from (11.1.41)
jd=L A—d
‘MB(xo,R,-) —uB(X(),Ri+1)| <c¢;K2 » R »r . (11.1.42)
Fori < j, this implies
A—d
‘MB(xo,R,-) — MB(xo,Rj)| < CgKRl- . (11.1.43)

r

Thus (”B(X(»Ri))ieN constitutes a Cauchy sequence. Since (11.1.41) with r; = o

also implies
i
»  i=d

R 2d .
‘MB(X(LRII) _”B(xo,ri)| =K (7) T =0 fori —>o0

because of A > d, the limit of this Cauchy sequence does not depend on R. Since by
Lemma A.4, up(, ) converges in L' for r — 0 towards u(x), in the limit j — oo,
we obtain from (11.1.43)

A—d
|uB(o.r) — u(x0)| < csKR' 7 (11.1.44)

Thus, up(x, r) converges not only in L' but also uniformly towards u as R — 0.
Since for R > 0, up(x g) is continuous with respect x, then so is u.

It remains to show that u is ¢-Holder continuous. For that purpose, let x, y € 2,
R := |x — y|. Then

lu(x) — u(p)| < [upor) — u(xX)| + [usx2r) — usy2n)|
+ \“(J’) — MB(y,ZR)\ . (11.1.45)

Now

’

‘MB(x,ZR) - MB(y,2R)| < |uB(x,2R) — M(Z)‘ + |”(Z) — UB(y2R)

and integrating with respect to z on B(x,2R) N B(y,2R) N §2, we obtain

|up(e2r) — UB(28)|
1 (/
< u(z) — upx2r)| dz
|B(x,2R) N B(y,2R) N 2|\ Jpx2r)n02) | (20

+ / \u(z) — UB(y2R) | dz)
B(y2R)N2

< C9 A=d g
= |B(x,2R) N B(y,2R) N 2|
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by applying Holder’s inequality. Because of R = |x — y|,
B(x,R) C B(y,2R),
and so by (11.1.39),
|B(x,2R) N B(y,2R) N £2| > |B(x,R) N 2| > §R".
We conclude that
luB(ear) — Unar)| < cl0KR'T (11.1.46)

Using (11.1.44) and (11.1.46), we obtain

A—d
lu(x) —u(y)| <cuKlx—y| 7 , (11.1.47)

which is Holder continuity with exponent @ = %. O

Later on (in Sect. 14.4), we shall use the following local version of Campanato’s
theorem:

Corollary 11.1.7. Ifforall0 < r < Ry and all x € $2y, we have

p d+
/ |u —UB(xor)| = VT e
B(xo.r)

with constants y and 0 < o < 1, then u is locally a-Holder continuous in $2q (this
means that u is a-Holder continuous in any §2y CC §2).

References for this section are Gilbarg—Trudinger [12] and Giaquinta [10].

11.2 L2-Regularity Theory: Interior Regularity of Weak
Solutions of the Poisson Equation

For u : £2 — R, we define the difference quotient

u(x + he;) — u(x)
h

Alu(x) = (h #0),

e; being the ith unit vector of R? (i € {1,....,d}).

Lemma 11.2.1. Assume u € W'2(2),2' ccC £2.|h] < dist(22’,092). Then
Aly e L*(2') and

| A7) 2o < 1Dl 2y G =1,....4d). (11.2.1)
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Proof. By an approximation argument, it again suffices to consider the case u €
CY(2) N W'2(R2). Then

u(x + he;) — u(x)
h

Alu(x) =

1 [h 4 4 4
ZZ/ Diu(x', ... X" xt g X xd)dE,
0

and with Holder’s inequality

> 1"
|Alu(x)| 5%/ |Diu(xy, ... . xi + & ..., xq0)|* dE,
0

and thus
i 2 I 2 2
|Alu(x)|"dx < — |D;u|”dxd§ = [ |Dju|” dx.
2/ h 0 2 2

Conversely, we have the following result:

Lemma 11.2.2. Let u € L?*(£2), and suppose there exists K < oo with Af.lu €
L*(22') and

| Atu] o < K (11.2.2)

forallh > 0and ' CC §2 with h < dist(§2', 082). Then the weak derivative D;u
exists and satisfies

IDiu] 120 < K. (11.2.3)

Proof. For ¢ € Cj(£2) and 0 < h < dist(supp ¢, d§2) (supp ¢ is the closure of
{x € 2 : ¢p(x) # 0}), we have

/ A;’uq) = —/ uAl-_hqo—> —/ uD;p,
o) 2 2

as h — 0. Thus, we also have

‘/ MDi(p
2

=Kl -
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Since CO1 (£2) is dense in L?(£2), we may thus extend

(p»—)—/uDifp
2

to a bounded linear functional on L?(£2). According to the Riesz representation
theorem as quoted in the appendix, there then exists v € L?(§2) with

/¢v=—/“Di€0 forall<p€C01(~Q)-
Q 2

Since this is precisely the equation defining D;u, we must have v = D;u. O

Theorem 11.2.1. Let u € W'2(R2) be a weak solution of Au = f with f €
L?*(82). For any 2' CC £2, thenu € W>2(2'), and

”M”WZ.Z(Q/) < const (”u”LZ(Q) + ”f”LZ(Q)) s (11.2.4)

where the constant depends only on § = dist(§2’,082). Furthermore, Au = f
almost everywhere in 2.

The content of Theorem 11.2.1 is twofold: First, there is a regularity result
saying that a weak solution of the Poisson equation is of class W22 in the interior,
and second, we have an estimate for the W22-norm. The proof will yield both
results at the same time. If the regularity result happens to be known already,
the estimate becomes much easier. That easier demonstration of the estimate
nevertheless contains the essential idea of the proof, and so we present it first. To
start with, we shall prove a lemma. The proof of that lemma is typical for regularity
arguments for weak solutions, and several of the subsequent estimates will turn out
to be variants of that proof. We thus recommend that the reader study the following
estimate very carefully.

Our starting point is the relation

/ Du-Dv = —/ fv forallve H)?(£2). (11.2.5)
2 2

(Here, Du is the vector (Dyu, ..., Dgu).)

We need some technical preparation: We construct some 7 € COl (£2) with 0 <
n < 1,nx) = 1forx € 2 and |Dy| < % Such an 7 can be obtained by
mollification, i.e., by convolution with a smooth kernel as described in Lemma A.2
in the appendix, from the following function 1o:

1 for dist(x, £2') < ¢,
no(x) :== 20 for dist(x, 2') > Z,
I 4 dist(x, ) for $ < dist(x, 2) < £,
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Thus 7o is a (piecewise) linear function of dist(x, §£2’) interpolating between £2”,
where it takes the value 1, and the complement of §2, where it is 0. This is also
the purpose of the cutoff function 7. If one abandons the requirement of continuous
differentiability (which is not essential anyway), one may put more simply

1 for x € §2/,
n(x) =140 for dist(x, 2') > 8,
1 — Ldist(x, 2/) for0 < dist(x, ') < §

(note that dist(£2’,d£2) > §). It is not difficult to verify that n € H,*(£2), which
suffices for the sequel. In (11.2.5), we now use the test function

v =n’u
with 7 of the type just presented. This yields
/ n2|Du|2+2/ nDu-uDn = —/ n*fu, (11.2.6)
2 2 Q
and with the so-called Young inequality
1
tab < Za*+ 30 fora.b eRee>0 (112.7)
€

used witha = n|Du|, b = u|Dnl|, & = % in the second integral, and with a = nf,

b = nu, & = § in the integral on the right-hand side, we obtain
2 2 _ 1 2 2 2 2 1 2, & 2 (2
" |Dul” << [ 07 |Dul"+2 | |Dnl"uw + | nu+—< | nf"
2 2 2 2 262 Q 2 Ie)

We recall that 0 < n < 1,7 = 1 on £’ to see that this yields

16 1
|Dul? 5/ n* | Dul* < (— + —)/ u2+52/ 2
/.Q’ 2 82 82 2 2

We record this inequality in the following lemma:

Lemma 11.2.3. Let u be a weak solution of Au = f with f € L*(£2). We then
have for any §2' CC £2,

17
”D“”iZ(Q’) = 5_2 ”“”iZ(Q) + 8 ||f||22(9)a (11.2.9)

where § := dist(£2', 052).
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So far, we have not used that we are temporarily assuming u € W?22(£2’) for any
2’ Ccc 2. Now, however, we come to the estimate of the W22-norm, so we shall
need that assumption. Let u € W22(£2") N W'2(£2) again satisfy

/Du-Dv:—/ fv forallve Hy?(£2). (11.2.10)
2 2

If suppv CC 2’ (ie., v € HOI’Z(.Q”) for some 2”7 CC £2’), we may, assuming
u € W*2(£2'), integrate by parts in (11.2.10) to obtain

L(iD,-D,-u)v:/gfv. (11.2.11)

i=1

This in particular holds for all v € C$°(£2'), and since C§°(§2') is dense in
L?(£2"), (11.2.11) then also holds for v € L?(£2’), where we have put v = 0 in
2\ 2.

We consider the matrix D2u of the second weak derivatives of x and obtain

d
/Q/|D2u\2 :/9/ > DiDju-DiDju

i.j=1
d d
:/ ZD,D,MZDJDJM
2= i=1

+ boundary terms that we neglect for the moment (later on, they
will be converted into interior terms with the help of cutoff
functions),

by an integration by parts that will even require the assumption
ue w22

[ 1Y 0.0

i=1

1 1
2 2
5( / f2) ( / \Dzu|2) by Holder’s inequality, ~ (11.2.12)
2/ 2/

and hence

/Q/iDzuizf/sz, (11.2.13)

i.e.,

102200 < 1 iy - (11.2.14)
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Taken together, (11.2.9) and (11.2.14) yield
lullfy2zin = @G + D lulljzg) + 21 £ 1720 (11.2.15)

We now come to the actual Proof of Theorem 11.2.1: Let

§ §
2 cc ' cc R, dist(27,092) > 7 dist(£2',02") > 7
We again use
/ Du-Dv = —/ f v forallve H,?(£2). (11.2.16)
2 2

In the sequel, we consider v with
suppv CC 2"
and choose i > 0 with
2h < dist(supp v, 02”).

In (11.2.16), we may then also insert Av (i € {1.....d}) in place of v. We obtain
/ DA’}'Z”'DVZ/ A?(Du)-Dv=—/ Du- A'Dy
Q// Q// Q//
B _/ Du-D (A7) (11.2.17)
Q//
- /Q// fA’hv = ”fHLZ(Q) : ”Dv”LZ(Q//)

by Lemma 11.2.1 and the choice of /. As described above, let € COl (£2"),0 <
n<1l,nx)=1forx € §2,|Dn| < 8/5. We put

vi= P Alu,

From (11.2.17), we obtain

/ |nDA{?u|2=/ DA{?M-DV—Z/ nD Al - AhuDn
Q// Q// Q//

= ||f||L2(9) ||D (’724?“) HLZ(.Q”)

+2 H"’DA?”HLZ(Q")

A?anHLz(Q,,) )
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With Young’s inequality (11.2.7) and employing Lemma 11.2.1 (recall the choice
of 1), we hence obtain

2 1 2
[nDAYu] 2y < 20/ Waey + 5 11D Au] 2 g,
1
T3 [nDA |32 g0+ 8sup DA | Ditla g

The essential point in employing Young’s inequality here is that the expression
HnDAf?uHiz () occurs on the right-hand side with a smaller coefficient than on
the left-hand side, and so the contribution on the right-hand side can be absorbed

in the left-hand side. Because of n = 1 on £’ and (a? + bz)% < a + b with
Lemma 11.2.2, as h — oo, we obtain

1
||Dzu||L2(m < const (||f||Lz(Q) + 3 ||Du||L2(Q,,)) . (11.2.18)

Lemma 11.2.3 (with £2” in place of £2’) now implies

1
[Dull2em = 1 (3 llull L2y + 6 ||f||L2(Q)) (11.2.19)
with some constant ¢;. Inequality (11.2.4) then follows from (11.2.18) and (11.2.19).

If f happens to be even of class W12(£2), in (11.2.5) we may insert D;v in place
of v to obtain

LD(Diu)-sz—LDif-v.

Theorem 11.2.1 then implies D;u € W?2(£2'), i.e., u € W3%(£2’). In this manner,
we iteratively obtain the following theorem:

Theorem 11.2.2. Let u € W'2(82) be a weak solution of Au = f, f € WE2(2).
Forany ' CC 2 thenu € WK22(2"), and

lullwrtazon < COHSt(”””LZ(m + ||f||W’<~2(.Q))s

where the constant depends on d, k, and dist(§2', 052).

Corollary 11.2.1. If u € W'2(2) is a weak solution of Au = f with f €
C°(82), then also u € C*°(£2).

Proof. From Theorem 11.2.2 and Corollary 11.1.2. O
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The regularity theory also easily implies results about removability of isolated
singularities. We state and prove the result here for the Laplace equation, leaving it
to the reader to identify the necessary or sufficient conditions on the right-hand side
f of the Poisson equation for such a result to hold.

Corollary 11.2.2. Letu € (W2 N C®)(2 \ {x0}) for some xo € 2 C RY for
d > 1 be a solution of
Au=0. (11.2.20)

Then u extends as a smooth harmonic function to all of §2.

Proof. We only need to show that u is a weak solution of Au = 0 in all of
§2. Corollary 11.2.1 (or in the present special case of harmonic functions even
Corollary 2.2.1) then implies that u is smooth in £2, and hence also solves Au = 0
there by continuity of its second derivatives.

In order to show that u is weakly harmonic, we need to verify (10.1.5),1i.e.,

/ Vu(x) - Vn(x)dx =0, (11.2.21)
2

for all n € C;°(£2).

Since the result is local, we may assume that £2 is the open unit ball ]_?3(0, 1) C
R4, and x, = 0.
‘We now write for e > 0

n=n+ (1 —2)) (11.2.22)
for the cut-off function
Ae(x) =1fore < x| <1
|x|

Ae(x) = o for0 < |x| <e

A(0) = 0.

(nAe is not smooth, but in W2 if n is, and this suffices for our purposes.
Alternatively, we can smooth out A, near |x| = €.)
We then have

/o Vu(x)-Vn(x)dx = /o Vu(x)-V()Len(x))dx—i—/o Vu(x)-V((1-Ae)n(x))dx.
B(0,1) B(0,1) B(0,1)

(11.23)

The first term on the right hand side is 0 since u is harmonic on §2 \ {xo}, that is,

on 12’(0, 1) \ {0}. The integrand in the second term vanishes for |x| > €. In order to
make the left hand side of (11.23) 0, that is, in order to get (11.2.21), we thus need
to show that

[, Vu(x) - V((1 = A)n(x))dx — 0 (11.2.24)
B(0,¢)
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as € — 0. The difficult term is

[, n(x)Vu(x) - V((1 — A¢))dx. (11.2.25)
)

B(0,e

By Holder’s inequality, this term is controlled by

1 1 1

2 2 2

sup 7| (/ |Vu|2) (/ mﬁ) — e sup|n| (/ |W|2) ,
B(0,¢) B(0,¢) B(0,¢)

(11.2.26)

for some constant ¢ = c¢(d). This goes to 0 for € — 0 where for d = 2 we need to
use that f]}’(o : |[Vu|?> — 0 for e — 0 because u € W2, Thus, we obtain (11.2.24).
€

a

log €
< <
oz ] for0 < |x| <,

even in dimension d = 2, we do not need to exploit that ff}(o ) |Vul> = 0 for
L€

Remark. In fact, by choosing the cutoff function A.(x) =

€ — 0. Such a logarithmic cutoff function is often useful.

At the end of this section, we wish to record once more a fundamental
observation concerning elliptic regularity theory as encountered in the present
section for the first time and to be encountered many more times in the subsequent
sections. For any u contained in the Sobolev space W?22(£2), we have the trivial
estimate

lull 122y + | Aull 120y < const [|ul|y22q)

(where Au is to be understood as the sum of the weak pure second derivatives of u).
Elliptic regularity theory yields an estimate in the opposite direction; according to
Theorem 11.2.1, we have

||M||W2.2(_Q/) f COHSt(”M”LZ(Q) + ”AI/I”LZ(Q)) fOI' .Q/ CcC Q

Thus Au and some lower-order term already control all second derivatives of u.
Lemma 11.2.3 shall be interpreted in this sense as well.
The Poincaré inequality states that for every u € Hol‘2 (£22),

lull 2@y < const|[Dul,2g),
while for a harmonic u € W'2(£2), we have the estimate in the opposite direction,
[Dull 2y = const||ul| ;2o

(for 2 CC R2).
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In this sense, in elliptic regularity theory, one has estimates in both directions,
one direction resulting from general embedding theorems, and the other one from
the elliptic equation. Combining both directions often allows iteration arguments
for proving even higher regularity, as we have seen in the present section and as we
shall have ample occasion to witness in subsequent sections.

11.3 Boundary Regularity and Regularity Results
for Solutions of General Linear Elliptic Equations

With the help of Dirichlet’s principle, we have found weak solutions of

Au= f inf2
with

u—ge Hy*(2)
for given f € L*(£2), g € H'2(£2). In the previous section, we have seen that in
the interior of £2, u is as regular as f allows. It is then natural to ask whether u is
regular at d£2 as well, provided that g and 952 satisfy suitable regularity conditions.

A preliminary observation is that a solution of the above Dirichlet problem possesses
a global bound that depends only on f and g:

Lemma 11.3.1. Let u be a weak solution of Au = f,u—g € HOI’Z(Q) in the
bounded region 2. Then

lullwio@y < e (Igllwiagy + 1f ) - (11.3.1)

where the constant ¢ depends only on the Lebesgue measure |$2| of 2 and on d.

Proof. We insert the test function v = u — g into the weak differential equation

/ Du-Dv = —/ fv forallve Hj?(2)
2 2

to obtain

/lDul2=/Du-Dg—/fu+/fg

2
1 1 1 g e
<_D2_D2_/2_/2_/2
_2/| u|+2/|g|+€ f+2 wts |8
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for any ¢ > 0, by Young’s inequality, and hence
2
2 2 2 2 2
1Dull> = & llulzs + 1Dgll2 + — 11172 + e llglz2 -
i.e.,
2
IDull> < Ve llullp2 + IDgll2 + o AR Velgly: . (11.3.2)

Obviously,

lull 2 < llu—gllz2 + lgllz2 (11.3.3)

and by the Poincaré inequality

1
121\
lu =gl = (w_d (I1Dull > + 1Dgll2) - (11.3.4)

Altogether, it follows that
1 1
21\ 21\ 7
|Duly> < V& (U) |Dull, + (1 + e (U) ) 1Dgl»
wq W4

2
2l 421

We now choose

i.e.,

1
2\ 1
JE(U) =,
wyq 2

and obtain

1 1
o \! 21\
Duliz = 310ghss +2 (o) el + V24 (220) hs1s anas)

Inequalities (11.3.3)—(11.3.5) then also yield an estimate for |ul|;2, and (11.3.1)
follows. O
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We also wish to convince ourselves that we can reduce our considerations to the
case u € Hol’z([?). Namely, we simply consider # := u — g € H(}’Z(Q), which
satisfies

Au=Au—Ag=f—Ag=f (11.3.6)

in the weak sense. Here, we are assuming g € W?22($2), and thus, for i € Hol’z(.Q),
we obtain the equation

Aii=f (11.3.7)

with f € L2(£2), again in the weak sense. Since the W22-norm of u can be
estimated by those of & and g, it thus suffices to consider vanishing boundary values.
We consequently assume that u € HOI'Z(.Q) is a weak solution of Au = f in £2.

We now consider a special situation; namely, we assume that in the vicinity of
a given point xo € 952, d§2 contains a piece of a hyperplane; for example, without
loss of generality, xo = 0 and

32N BO,R) = {(x",....x"71,0)} N B(0, R)

(here, B(0, R) = {x € R? : |x| < R} is the interior of the ball B(0, R)) for some
R > 0. Let

B*(0,R) := {(xl,...,xd) e BO,R): x* > o} c Q.

If now n € C, (B (0, R)), we have
'u € Hy?(B¥(0. R)).

because we are assuming that u vanishes on 32 N B(0, R) in the Sobolev space
sense. Ifnow 1 <i <d — 1 and |h| < dist(suppn, dB(0, R)), we also have

7 Al e H)?(BF(0, R)).

Thus, we may proceed as in the proof of Theorem 11.2.1, in order to show that

(#(02))
DjjuelL”|B 0,5 (11.3.8)

with a corresponding estimate, provided that i and j are not both equal to d.
However, since, from our differential equation, we have

d—1

Dyqu=f =Y Dju (11.3.9)
j=1
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. R
Dyyu e L? (B (0, 3)) ,

and thus the desired regularity result

. R
uewr? (B (o, 5)) ,

as well as the corresponding estimate.
In order to treat the general case, we have to require suitable assumptions for 952.

Definition 11.3.1. An open and bounded set 2 C R? is of class C*¥ (k =
0,1,2,...,00) if for any xo € 09£2 there exist r > 0 and a bijective map
¢ : B(xo.r) = ¢(B(xo.r)) C R? (B(xp,r) = {y € RY : |xo—y| < 1))
with the following properties:

(A ¢(2N B(xo,r)) C{(x",....x%): x>0}

(i) ¢(d2 N B(xo,r)) C {(x",....x%) :x? = 0}.
(iii) ¢ and ¢! are of class C.

we then also obtain

Remark. This means that 982 is a (d — 1)-dimensional submanifold of R? of
differentiability class C¥.

Definition 11.3.2. Let £2 C R? be of class C*, as defined in Definition 11.3.1. We
say that g : 2 — R is of class C/(2) for [ < k if g € C!(£2) and if for any
X0 € 052 and ¢ as in Definition 11.3.1,

goq&_l:{(xl,...,xd):xdzo}aR

is of class C'.

The crucial idea for boundary regularity is to consider, instead of u, local
functions uo ¢! with ¢ as in Definition 11.3.1. As we have argued at the beginning
of this section, we may assume that the prescribed boundary values are g = 0.
Then u o ¢! is defined on some half-ball, and we may therefore carry over the
interior regularity theory as just described. However, in general, u o ¢~ no longer
satisfies the Laplace equation. It turns out, however, that u o ¢! satisfies a more
general differential equation that is structurally similar to the Laplace equation and
for which one may derive interior regularity in a similar manner.

We have derived a corresponding transformation formula already in Sect. 10.4.
Thus w = u o ¢~ ! satisfies a differential equation (10.4.11), i.e.,

Li 9 [i TN | I (11.3.10)
e (VI ¢ g , 3.

ﬁ]=l
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where the positive definite matrix g/ is computed from ¢ and its derivatives
[cf. (10.4.7)].
We shall consider an even more general class of elliptic differential equations:

d

9 . 9 9 :
Lu:= Z a7 (a’/ (x)ﬁu(x)) + JZZ:I Pyl (b7 (x)u(x))

ij=1
d 9
+ ; c"(x)ﬁu(x) + d(x)u(x)

= f(x). (11.3.11)
We shall need two essential assumptions:
(A1) (Uniform ellipticity) There exist0 < A < A < oo with

d
MEP < ) dT(0)EE = AJE] forallx € 2,& e R,

ij=1
(A2) (Boundedness) There exists some M < oo with

sup b eI Id)) = M.

Here, for instance, [[b(x)[| = (3, b/(x)b/(x))"/* is the Euclidean norm of the
vector b(x). When one is interested in how the subsequent estimates depend on the
dimension d, one should keep in mind that this quantity is bounded from above by
d sup; |b' (x)].

A function u is called a weak solution of the Dirichlet problem

Lu=f inQ (feL*)given),
u—g e Hy*(2),

if for all v € Hy?(£2),
/ { > a" (x)Diu(x)Djv(x) + Y b7 (x)u(x)Djv(x)
N j

— (Z ' (x)Dju(x) + d(x)u(x)) v(x)}dx = —/ f(x)v(x)dx. (11.3.12)
i 2
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In order to become a little more familiar with (11.3.12), we shall first try to find
out what happens if we insert our test functions that proved successful for the weak
Poisson equation, namely, v = n?u and v = u — g. Here 7 is a cutoff function as
described in Sect. 11.2 with respect to 2’ CC £2. With v = nu, (11.3.12) then
becomes

/ {anaijDiuDju+ZZnaijuDiuDjn—i-anbjuDju
2
+2Zu2bjnDjn—anciuDiu—dn2u2§ :—/fnzu. (11.3.13)

In order to handle the various terms, analogously to (11.2.8), we shall use Young’s
inequality, this time of the form

L. £ L. 1 .
Y dlaib < 5% alaa; + -3 Sabib; (11.3.14)

for e > 0, (ai,...,aq),(b1,...,bg) € R4, and a positive definite matrix

. . 1 .
2Zna’]uD,-uDj7]§SZn2a’/DiuDju+;Za’]uzDinDjn
/
P, £ 5 1 2 2y iy
Zn b'uDju < EZ” DjuDju+ an u“b’ b’
2Zu2bjnDjn§ZusznDjn—i-Zuznzbjbj
/
2 i e 2 1 20
Zn c'uDju < EZ?} DjuD;u+ Z—S/Zn u’c’ ¢’
1 1
frrwt = St + S
With the help of these inequalities, (11.3.13) yields

/n2§ :aijDiuDju§8/n2§ "a" DiuDju
/ 2.2 1 2 2 1 2.2
+& [ Duln’ + | SMP+ MP+ M+ ) | nu

A 1
+(?+1)/u2|Dn|2+§/n2f2.
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We choose ¢ = % and then ¢/ = %, to obtain, with

1 .
/|Du|2n2 < X/nZZa’JDiuD,-u (11.3.15)

which follows from (A1) again, the desired estimate

/n2|Du|2 < cla,A)/uﬂDnF+cz(x,M>/n2u2+c3(x)/n2f2,
(11.3.16)

with constants ¢y, ¢3, andc; that depend only on the indicated quantities. In fact, as
an aside, in the special case where b = ¢ =d = f = 0, we simply have

A
[ w10 <23 [0

With § = dist(§2’, 52), we can have n = 1 on £’ and | D] < % and obtain

1(4, A)
/9, |Dul? < (“8—2 +cz(/\,M))/Qu2+c3(A)/Qf2. (11.3.17)

This is the analogue of Lemma 11.2.3. The global bound of Lemma 11.3.1, however,
does not admit a direct generalization. If we insert the test function u—g in (11.3.12),
we obtain only (as usual, employing Young’s inequality in order to absorb all the
terms containing derivatives into the positive definite leading term)

1 .
2 i
/Q|Du| < X/ E a’ DiuDju

< e A, M12D (8112 + 1 D + Nl aga) -

(11.3.18)

Thus, the additional term ||Lt||iz( o) appears in the right-hand side. That this is really
necessary can already be seen from the differential equation

u'(t) + K2u(t) =0 for0 <t <,
u(0) = u(xw) =0,

(11.3.19)

with ¥ > 0. Namely, for k € N, we have the solutions
u(t) = bsin(kt)

with b € R arbitrary, and these solutions obviously cannot be controlled solely
by the right-hand side of the differential equation and the boundary values, because
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those are all zero. The local interior regularity theory of Sect. 11.2, however, remains
fully valid. Namely, we have the following theorem:

Theorem 11.3.1. Let u € WU'2(R2) be a weak solution of Lu = f; ie.,
let (11.3.12) hold. Let the ellipticity assumption (Al1.3) hold. Moreover, let all
coefficients a” (x),...,d(x) as well as f(x) be of class C*®. Then also u €
C®(£2).

Remark. Regularity is a local result. Since we assume that all coefficients are C *°,
in particular, on every 2’ CC £2, we have a bound of type (A11.3), with the
constant M depending on £2’ here, however.

Let us discuss the Proof of Theorem 11.3.1: We first reduce the proof to the case
b’,c',d = 0,1i.e., to the regularity of weak solutions of

Mu:= 2}: % (a"f' (x)%u(x)) = f(x). (11.3.20)
For that purpose, we simply rewrite
Lu=Ff
as
Mu == 3 0T (o) — € (0) 5 ) — dxu() + 7).
(11.3.21)

We then prove the following theorem:

Theorem 11.3.2. Let u € W'2(R2) be a weak solution of Mu = f with
f e WKX(). Assume (Al11.3), and that the coefficients a” (x) of M are of class
CK+1(82). Then for every 2’ CC 2,
ue W (2",
If
la" || ks gy = Mi - foralli. j. (11.3.22)

then

lull itz < ¢ (Il 2y + 1 lweaa)) (11.3.23)

withc = c(d, A, k, My, dist(£2’, 0§2)).
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The Sobolev embedding theorem then implies that in case @/, f € C, any
solution of Mu = f is of class C* as well. The corresponding regularity for
solutions of Lu = f, as claimed in Theorem 11.3.1, can then be obtained through
the following important iteration argument: Since we assume u € W1?(£2), the
right-hand side of (11.3.21)is in L?(£2). According to Theorem 11.3.2, for k = 0,
then u € W??2(£2). This in turn implies that the right-hand side of (11.3.21) is in
W12(£2). Thus, we may apply Theorem 11.3.2 for k = 1 to obtain u € W32(£2).
But then, the right-hand side is in W?2?(£2); hence u € W*2($2), and so on.

In that manner we deduce u € W™?2(£2) for all m € N, and by the Sobolev
embedding theorem, hence that u is in C*°(£2).

We shall not display all details of the Proof of Theorem 11.3.2 here, since this
represents a generalization of the reasoning given in Sect. 11.2 that only needs a
more cumbersome notation, but no new ideas. We have already seen how such a
generalization works when we inserted the test function n?u in (11.3.12). The only
additional ingredient is certain rules for manipulating difference quotients, like the
product rule

Alab)(x) = 1 (a(x + he))b(x + he)) — a(x)b(x))
h (11.3.24)
= a(x + he))Alb(x) + (4Aa(x)) b(x).
For example,

d
Al (Z a' (x)D,u(x)) = > (a”(x + he)) A} Diu(x) + Afa” (x) Dju(x)) .

i=1 i

(11.3.25)

As before, we use Al_”v as a test function in place of v, and in the case suppv CC
£2”,2h < dist(supp v, 0§2”), we obtain

/ Z Afl (aij (x)D;u(x)) D;jv(x)dx = / f(x)Al_hv(x)dx. (11.3.26)
QT
iJj
With (11.3.24) and Lemma 11.2.1, this yields
/ Zaff (x + he))D; ATu(x)Djv(x)dx
o 1]

< es(d. My) (lullwrzery + 1 1 2e2) 1DV 2@y - (11.3.27)

i.e., an analogue of (11.2.17). Since because of the ellipticity condition (A11.3), we
have the estimate

A/ |nDA;’u(x)|2dx 5/ nZZaij(x+he;)A;’Diu(x)Af’Dju(x)dx;
2 2 -
LJ
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we can then proceed as in the proofs of Theorems 11.2.1 and 11.2.2. Readers so
inclined should face no difficulties in supplying the details.

We now return to the question of boundary regularity and state a theorem:

Theorem 11.3.3. Let u be a weak solution of Mu = f in 2 withu—g € HOI’Z(Q).
As always, suppose (Al1.3). Let f € WK2(R2), g € WKt22(Q). Let 2 be of
class C**2, and let the coefficients of M be of class C*t1(§2) (in the sense of
Definition 11.3.1). Then

ue Wk+2’2(9),

and we have the estimate

lulwisezi@) < ¢ (1f lwizg) + 1€ lwita2g)) -

with ¢ depending on ), d, and 2, and on C**'-bounds for the a .

Proof. As explained at the beginning of this section, we may assume that 052 is
locally a hyperplane, by considering the composition u o ¢! in place of u, where ¢
is a diffeomorphism of the type described in Definition 11.3.1. Namely, by (10.4.12),
our equation Mu = f gets transformed into an equation

Mi=f

of the same type, with estimates for the coefficients of M following from those
for the a/ as well as estimates for the derivatives of ¢. We have already explained
above how to obtain estimates for u in that particular geometric situation. We let this
suffice here, instead of offering tedious details without new ideas. O

Remark. As areference for the regularity theory of weak solutions, we recommend
Gilbarg—Trudinger [12].

11.4 Extensions of Sobolev Functions and Natural
Boundary Conditions

Most of our preceding results have been formulated for the spaces H(;{ 7 (£2) only,
but not for the general Sobolev spaces W*?(22) = H*P(£2). A technical reason
for this is that the mollifications that we have frequently employed use the values
of the given function in some full ball about the point under consideration, and
this cannot be done at a boundary point if the function is defined only in the
domain £2, perhaps up to its boundary, but not in the exterior of §2. Thus, it seems
natural to extend a given Sobolev function on a domain £2 in R to all of R?, or
at least to some larger domain that contains the closure of £2 in its interior. The
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problem then is to guarantee that the extended function maintains all the weak
differentiability properties of the original function. It turns out that for this to be
successfully resolved, we need to impose certain regularity conditions on 92 as
in Definition 11.3.1. In the spirit of that definition, we thus start with the model
situation of the domain

R’i = {(xl,...,xd) eRY, x4 >O}.

If now u € C* (Ri), we define an extension via

u(x) for x4 > 0,

(11.4.1)
Z];=1aju(xl,...,xd_l

Eou(x) := {

,—1x4) forx? <0,
J

where the a; are chosen such that

k 1 v
S a (__,) —1 forv=0,....k—1. (11.42)
= J

One readily verifies that the system (11.4.2) is uniquely solvable for the a;
(the determinant of this system is a Vandermonde determinant that is nonzero). One
moreover verifies, and this of course is the reason for the choice of the a;, that the
derivatives of Egu up to order k — 1 coincide with the corresponding ones of u on
the hyperplane {x? = 0} and that the derivatives of order k are bounded whenever
those of u are. Thus

Eou € CF1LH(RY), (11.4.3)

where C!(£2) is defined as the space of [-times continuously differentiable
functions on £2 whose /th derivatives are Lipschitz continuous, i.e.,

[v(x) —v(x0)|
sup ———— <
XENR |X —X()l

for any such derivative v and xy € §2 (see also Definition 13.1.1 below).

If now £2 is a domain of class C¥ in the sense of Definition 11.3.1, and if u €
C*(£2) (see Definition 11.3.2), we may locally straighten out the boundary with a
C*-diffeomorphism ¢!, extend the functions u o ¢~' with the above operator Ej,
and then take Ey(u o ¢~ ') o ¢. This function then defines a local extension of class
Ck=11 of u across 3£2. In order to obtain a global extension, we simply patch these
local extensions together with the help of a partition of unity. This is easy, and the
reader may know this construction already, but for completeness, we present the
details. We assume that §2 is a bounded domain of class C¥. Thus, 342 is compact,
and so it may be covered by finitely many sets of the type £2 N B(x,r) on which a
local diffeomorphism with the properties specified in Definition 11.3.1 exists.
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We call these sets £2,, v = 1,...,n, and the correspondigg diffeomorphisms ¢,,.
In addition, we may find an open set £29 C £2, with 92 N £2yp = @, so that

m
2cla.
v=0

We then let ¢,,, v = 0, ..., m, be a partition of unity subordinate to this covering of
£2 and put

Eu:= gou + ZEO (@) 0 p") 0 ¢y

v=1
This then extends u as a C¥~!! function to some open neighborhood 2’ of £2. By
taking a C2°(R?) function 7 with n = 1 on £2, 7 = 0in R \ 2, one may then also
extend u to the C*~11(R¢) function n Eu. In fact, this extension lies in C(;‘_l’l (£2)).

This was for C*-functions, but it may be extended to Sobolev functions by
approximation. Again considering the model situation of R%, we observe that
ue wkr (Ri) can be approximated by the translated mollifications

1 X +2heg —y
i+ 2ne) = 5 [ e (FEHEY Yay
yad>

for h — 0 (h > 0) (here, e is the dth unit vector in R?). The limit for # — 0 of
the extensions Eu(x + 2he,) then yields the extension Eu(x). One readily verifies
that Eu € W*P(£2) for some domain £2’ containing §2 (for the detailed argument,
one needs the extension lemma (Lemma 10.2.2), which obviously holds for all p,
not just for p = 2) in order to handle the possible discontinuity of the highest-order
derivatives along 942 in the above construction), and that

for some constant C depending on §2 (via bounds on the maps ¢, ¢~ from
Definition 11.3.1) and k. As above, by multiplying by a C§* function  with n = 1
on §2, n = 0 outside £2’, we may even assume

Eue HY? (2)). (11.4.5)

Equipped with our extension operator £, we may now extend the embedding
theorems from the Sobolev spaces H(;{’p(.Q) to the spaces W57 (), if 2 is a C*-
domain. Namely, if u e Whkr(82), we consider Eu € H, k.p (£2’), which then is
contained in Ld =7 (£2") for kp < d, and in C’”(.Q’) respectively, for 0 < m <
k—— , according to Corollary 11.1.1, and thus in L 7% % (£2) or C™($2), by restriction
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from £2’ to 2. Since Eu = u on §2, we have thus proved the following version of
the Sobolev embedding theorem:

Theorem 11.4.1. Let 2 C RY be a bounded domain of class C*. Then

LT (2) forkp <d,

wkr(2) c i
C"(£2) f0r05m<k—%.

(11.4.6)

In the same manner, we may extend the compactness theorem of Rellich:

Theorem 11.4.2. Let 2 C R? be a bounded domain of class C'. Then any se-
quence (u,)nen that is bounded in W'2(82) contains a subsequence that converges

in L2(£2).

The preceding version of the Sobolev embedding theorem allows us to put
our previous existence and regularity results together to obtain a very satisfactory
treatment of the Poisson equation in the smooth setting:

Theorem 11.4.3. Ler 2 C R? be a bounded domain of class C™, and let g €
C(082), f € C°°(82). Then the Dirichlet problem

Au= f inS$2,
u=g onds2,

possesses a (unique) solution u of class C*®(£2).

Proof. As explained in the beginning of Sect. 11.3, we may restrict ourselves to the
case where g = 0, by considering # = u — g in place of u, where we have extended
g as a C*°-function to all of Q. (Since 2 is bounded, C*°-functions on 2 are
contained in all Sobolev spaces W*7(£2).)

In Sect. 10.3, we have seen how Dirichlet’s principle produces a weak solution
ue HOI’2 (£2) of Au = f. We have already observed in Corollary 10.3.1 that such a
u is smooth in £2, but of course this follows also from the more general approach of
Sect. 11.2, as stated in Corollary 11.2.1. Regularity up to the boundary, i.e., the result
that u € C*(£2), finally follows from the Sobolev estimates of Theorem 11.3.3

together with the embedding theorem (Theorem 11.4.1). O

Of course, analogous statements can be stated and proved with the concepts and
methods developed here in the C k_case, for any k € N. In this setting, however, a
somewhat more refined result will be obtained below in Theorem 13.3.1.

Likewise, the results extend to more general elliptic operators. Combining
Corollary 10.5.2 with Theorems 11.3.3 and 11.4.1, we obtain the following theorem:

Theorem 11.4.4. Let 2 C R? be a bounded domain of class C®. Let the functions
a’ (i,j =1,...,d) and c be of class C*® in 2 and satisfy the assumptions (A)—
(D) of Sect. 10.5, and let f € C*®(£2), g € C*>°(052) be given. Then the Dirichlet
problem
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d

ad
Z P ( i <x>—u<x>) —c@u(x) = f(x) in 2,
ij=

u(x) = g(x) onaf2,

admits a (unique) solution of class C*®(£2).

It is instructive to compare this result with Theorem 13.3.2 below.
We now address a question that the curious reader may already have wondered
about. Namely, what happens if we consider the weak differential equation

/Du-Dv—i—/fv:O (f € L*(R)) (11.4.7)
2 2

forall v € W12(£2), and not only for those in HOI'Z(.Q)? A solution u again has to be
asregular as f and 2 allow, and in fact, the regularity proofs become simpler, since
we do not need to restrict our test functions to have vanishing boundary values. In
particular we have the following result:

Theorem 11.4.5. Let (11.4.7) be satisfied for all v € W12(82), on some C>-
domain $2, for some function f € C*(82). Then also

ueC®().

The Proof follows the scheme presented in Sect. 11.3. We obtain differentiability
results on the boundary 952 (note that here we conclude that « is smooth even on the
boundary and not only in §2 as in Theorem 11.3.1) by applying the version stated in
Theorem 11.4.1 of the Sobolev embedding theorem.

In Sect. 11.5 we shall need regularity results for solutions of
/ Du-Dv + u/ u-v=0 (ueR), forallve W!(Q). (11.4.8)
2 2

We can apply the iteration scheme described in Sect. 11.3 to establish the following
corollary:

Corollary 11.4.1. Let u be a solution of (11.4.8), for all v € WL2(2). Ifthe domain
£2 is of class C°, then u € C*°(£2).

/Du-Dv—}—/ fv=0
Q Q2

on a C*®-domain £2, for f € C°(£2). Since u is smooth up to the boundary by
Theorem 11.4.5, we may integrate by parts to obtain

We return to the equation

—/ Au-v+/ — v+/fv—0 forall v e W%(£2). (11.4.9)
2 d

Qal’l
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We know from our discussion of the weak Poisson equation that already if (11.4.7)
holds for all v € H(}’Z(.Q), then, since u is smooth, necessarily

Au= f inf2. (11.4.10)

Equation (11.4.9) then implies

i
/ a—” v=0 forallve W'2().
a on

This then implies

%:0 on 052. (11.4.11)
on

Thus, u satisfies a homogeneous Neumann boundary condition. Since this boundary
condition arises from (11.4.7) when we do not impose any restrictions on v, it then
is also called a natural boundary condition.

We add some further easy observations (which have already been made in
Sect.2.1): If u is a solution, so is u + ¢, for any ¢ € R. Thus, in contrast to the
Dirichlet problem, a solution of the Neumann problem is not unique. On the other
hand, a solution does not always exist. Namely, we have

—/Au+/ a_uz(),
2 ag on

and therefore, using v = 1 in (11.4.9), we obtain the condition

/ =0 (11.4.12)
2

on f as a necessary condition for the solvability of (11.4.9), hence of (11.4.7). It
is not hard to show that this condition is also sufficient, but we do not pursue that
point here.

Again, the preceding considerations about the regularity of solutions of the
Neumann problem extend to more general elliptic operators, in the same manner
as in Sect. 11.3. This is straightforward.

Finally, one may also consider inhomogeneous Neumann boundary conditions;
for simplicity, we consider only the Laplace equation, i.e., assume f = 0 in the
above.

A solution of

Au=0 in$2,

ou (11.4.13)
I =h on d52, for some given smooth function /2 on 952,
n
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can then be obtained by minimizing

1
-/ |Du|2—/ hu in WH(2). (11.4.14)
2 Ja a0

Here, a necessary (and sufficient) condition for solvability is

/ h=0. (11.4.15)
92

In contrast to the inhomogeneous Dirichlet boundary condition, here the boundary
values do not constrain the space in which we seek a minimizer, but rather enter into
the functional to be minimized. Again, a weak solution u, i.e., satisfying

/ Du~Dv—/ hv =0 forallve W'?(), (11.4.16)
2 a2

is determined up to a constant and is smooth up to the boundary, assuming, of
course, that 952 is smooth as before.

11.5 Eigenvalues of Elliptic Operators

In this textbook, at several places (see Sects. 5.1, 6.2, 6.3, and 7.1), we have already
encountered expansions in terms of eigenfunctions of the Laplace operator. These
expansions, however, served as heuristic motivations only, since we did not show
the convergence of these expansions. It is the purpose of the present section to carry
this out and to study the eigenvalues of the Laplace operator systematically. In fact,
our reasoning will also apply to elliptic operators in divergence form,

d
P . ad
Lu = Z 7 (a” (x)wu(x)) , (11.5.1)
ij=1

for which the coefficients @/ (x) satisfy the assumptions stated in Sect. 11.3 and are
smooth in £2. Nevertheless, since we have already learned in this chapter how to
extend the theory of the Laplace operator to such operators, here we shall carry out
the analysis only for the Laplace operator. The indicated generalization we shall
leave as an easy exercise. We hope that this strategy has the pedagogical advantage
of concentrating on the really essential features.

Let £2 be an open and bounded domain in R¢. The eigenvalue problem for the
Laplace operator consists in finding nontrivial solutions of

Au(x) + Au(x) =0 1in £2, (11.5.2)
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for some constant A, the eigenvalue in question. Here one also imposes some
boundary conditions on u. In the light of the preceding, it seems natural to require
the Dirichlet boundary condition

u=0 onds2. (11.5.3)

For many applications, however, it is more natural to have the Neumann boundary
condition

0
M _0 onig (11.5.4)
on

instead, where 9 denotes the derivative in the direction of the exterior normal.

on
Here, in order to make this meaningful, one needs to impose certain restrictions, for

example, as in Sect. 2.1, that the divergence theorem is valid for §2. For simplicity,
as in the preceding section, we shall assume that £2 is a C°°-domain in treating
Neumann boundary conditions. In any case, we shall treat the eigenvalue problem
for either type of boundary condition.

As with many questions in the theory of PDEs, the situation becomes much
clearer when a more abstract approach is developed. Thus, we shall work in some
Hilbert space H ; for the Dirichlet case, we choose

H = H}*(Q), (11.5.5)
while for the Neumann case, we take
H = W"(Q). (11.5.6)

In either case, we shall employ the L2-product
(f0)i= [ Feogas
for f.g € L*(£2), and we shall also put

11 = 1 Dz = ()

It is important to realize that we are not working here with the scalar product
of our Hilbert space H, but rather with the scalar product of another Hilbert
space, namely, L?(£2), into which H is compactly embedded by Rellich’s theorem
(Theorems 10.2.3 and 11.4.2).

Another useful point in the sequel is the symmetry of the Laplace operator,

(A, v) = —(Dy, DY) = (¢, AY) (11.5.7)
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for all ¢, ¥ € C°(82), as well as for ¢, ¥ € C*°(£2) with g—‘}f =0= %—f on 052.
This symmetry will imply that all eigenvalues are real.
We now start our eigenvalue search with

Du, D Dul;
P S UL LU R (R, ”Lﬂ . (115.8)
ue H\{0}  (u, u) ueH\O} [ul|2(g)

We wish to show that (because the expression in (11.5.8) is scaling invariant, in the
sense that it is not affected by replacing u by cu for some nonzero constant c) this
infimum is realized by some u € H with

Au+ Au=0.

We first observe that (because the expression in (11.5.8) is scaling invariant, in the
sense that it is not affected by replacing u by cu for some constant ¢) we may restrict
our attention to those u that satisfy

lull 12 (= (u,u)) = 1. (11.5.9)

We then let (u,),eny C H be a minimizing sequence with (u,, u,) = 1, and thus

A = lim (Du,, Duy). (11.5.10)

n—oQ

Thus, (#,)yen is bounded in H, and by the compactness theorem of Rellich
(Theorems 10.2.3 and 11.4.2), a subsequence, again denoted by u,, converges to
some limit  in L?(£2) that then also satisfies ull 22y = 1. In fact, since

1D Gun = ) 11722y + 1D Cn + )17
= 2| Dunllj2(g) + 2 |1 Dtm |2y foralln,m e N,
and
ID(utn + um) 120y = A ltn + tt |32, by definition of A,
we obtain
1Dy — Dt |20y < 21Dt 32c) + 2 1D thn|| 722

= 2l + |72 - (11.5.11)

Since by choice of the sequence (uy)nen, || Duy ||iz(9) and || Duy, ||iz(9) converges

to A, and ||u, + um||iz(9) converges to 4, since the u, converge in L*(£2) to an
element u of norm 1, the right-hand side of (11.5.11) converges to 0, and so then
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does the left-hand side. This, together with the Lz-convergence, implies that (u,),en
is a Cauchy sequence even in H, and so it also converges to u in H . Thus

(Du, Du)
(u, u)

In the Dirichlet case, the Poincaré inequality (Theorem 10.2.2) implies

=A. (11.5.12)

A>0.

At this point, the assumption enters that §2 as a domain is connected. In the

Neumann case, we simply take any nonzero constant ¢, which now is an element
of H \ {0}, to see that

OEAEM:O,
(c.c)

i.e.,
A=0.

Following standard conventions for the enumeration of eigenvalues, we put

A=A in the Dirichlet case,

A =: Ao(=0) in the Neumann case,

and likewise u =: u; and u =: uy, respectively.
Let us now assume that we have iteratively determined ((Ao,ug)), (A1, u1),
ey (Am—l, um_l), with

Ao )AL <o S Ay,
uj € L*(£2) N C*®(2),

u; =0 ondf2 inthe Dirichlet case, and

du;
ai =0 ondf2 inthe Neumann case,
n

(uiuj) =8 foralli,j <m—1

Au; +Aju; =0 in2 fori <m-—1. (11.5.13)
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We define
H, ={veH:{(viu;) =0 fori <m-—1}

and

(Du, Du)

An = in
ueH\0y (U, u)

(11.5.14)

Since H,, C H,—, the infimum over the former space cannot be smaller than the
one over the latter, i.e.,

Am = A1 (11.5.15)

Note that H,, is a Hilbert space itself, being the orthogonal complement of a
finite-dimensional subspace of the Hilbert space H. Therefore, with the previous
reasoning, we may find u,, € Hy, with [[uy 2oy = 1 and

2y = Ptm: Ditn) (11.5.16)

(U, U )

We now want to verify the smoothness of u,, and Eq. (11.5.13) fori = m.
From (11.5.14), (11.5.16),forall ¢ € H,,,t € R,

(D Gy + 19). Dl +19) _
(Um + 1@, U + 1) -

where we choose |¢| so small that the denominator is bounded away from 0. This
expression then is differentiable w.r.t. # near t = 0 and has a minimum at 0. Hence
the derivative vanishes at r = 0, and we get

0= (Dum, Do) (Duy, Duy) (um,¢)

(um,um) (Mm,l/lm) (“ma um)

= (Duy, Do) — A {um, ) forall p € Hy.

In fact, this relation even holds for all ¢ € H, because fori <m — 1,
(tm,u;) =0
and

(Duy, Du;) = (Du;, Duy,) = Ai{(ui, up) = 0,

since u,, € H;. Thus, u,, satisfies

/Dum-Dq)—Am/ upe =0 forallg € H. (11.5.17)
2 2
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By Theorem 11.3.1 and Corollary 11.4.1, respectively, u,, is smooth, and so we
obtain from (11.5.17)

Ay + Ay, = 0 in £2.
As explained in the preceding section, we also have

3“—’":0 on 9452
on

in the Neumann case. In the Dirichlet case, we have of course

U =0 onadsf2

(this holds pointwise if d£2 is smooth, as explained in Sect. 11.4; for a general, not
necessarily smooth, d£2, this relation is valid in the sense of Sobolev).

Theorem 11.5.1. Let 2 C R? be connected, open, and bounded. Then the
eigenvalue problem

Au+Aiu=0, ueH*(2)
has countably many eigenvalues

O<Ai <A <--<Ap <--

with
Iim A, = o0
m—>0Q
and pairwise L*-orthonormal eigenfunctions u; and (Du;, Du;) = A;. Any v €

L*(2) can be expanded in terms of these eigenfunctions,

oo oo

v = Z(v, u)u; (and thus (v,v) = Z(v, u;)?), (11.5.18)

i=1 i=1
and ifv € HOI’Z(Q), we also have

(Dv.Dv) =Y Ai{v.u;)’. (11.5.19)

i=1

Theorem 11.5.2. Let 2 C RY be bounded, open, and of class C®. Then the
eigenvalue problem

Au+riu=0, ueW'(R)
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has countably many eigenvalues
O=A <A <Ay =+

with

lim A, = o0
n—>00

and pairwise L*-orthonormal eigenfunctions u; that satisfy
u;
— =0 onaf.
on

Any v € L*(£2) can be expanded in terms of these eigenfunctions

V= Z(v, u;Yu; (and thus (v,v) = Z(v, u;)?), (11.5.20)
i=0 i=0

and ifv € W12(82), also
o0
(Dv. Dv) = Ai{v.u). (11.5.21)

i=1

Remark. Those v € L*(£2) that are not contained in H can be characterized by the
fact that the expression on the right-hand side of (11.5.19) or (11.5.21) diverges.

The Proofs of Theorems 11.5.1 and 11.5.2 are now easy: We first check

lim A,, = oo.
nm-—>00

Indeed, otherwise,
|Duy| < c forall m and some constant c.

By Rellich’s theorem again, a subsequence of (u,,) would then be a Cauchy
sequence in LZ(Q). This, however, is not possible, since the u,, are pairwise L2-
orthonormal.

It remains to prove the expansion. For v € H we put

,Bi = (Vv Mi)

and

Vin :=E Bitti, Wy =V —y,.

i<m
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Thus, wy, is the orthogonal projection of v onto H,,+, and v,, then is orthogonal to
H,,+1; hence

(Wm,ui) =0 fori <m.
Thus also

(Dwmy DWm) = Am+1(Wma Wm)

and

(Dw, Dui) = Ai (i, wi) =
These orthogonality relations imply

(Wmvwm> = (V7 V) - (vavm)v

(11.5.22)
(Dwy, Dwy,) = (Dv, Dv) — (Dvy,, Dvy,),

and then

(Wi, Wi ) < (Dv, Dv),

m+1

which converges to 0 as the A, tend to co. Thus, the remainder w,, converges to 0
in L2, and so

v = mli)moo Vi = Z(v, ujyu; in L=(£2).
1
Also,
Dvm = Z,BiDuia

i<m
and hence

(DVi, Dv) = Y B7(Du;. D) (since (Du;, Duj) =0 fori # j)

i<m

=) _Mfr.

i<m

Since (Dvy,, Dv,y) < (Dv, Dv) by (11.5.22) and the A; are nonnegative, this series
then converges, and then for m < n,

(Dwy, — Dwy,, Dwy, — Dwy,) = (Dv, — Dvy,, Dv,, — Dvy,;)

n
Z A,ﬂf—)O form,n — oo,
i=m+1
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and so (Dwy,;)men is a Cauchy sequence in L2, and so wy, converges in H, and
the limit is the same as the L2-limit, namely, 0. Therefore, we get (11.5.19)
and (11.5.21), namely,

(Dv, Dv) = lim (Dvyy, D) = Y Aif}.

The eigenfunctions (i,,)nen thus are an L2-orthonormal sequence. The closure of
the span of the u,, then is a Hilbert space contained in L?(£2) and containing H .
Since H (in fact, even C{°(£2) N H, see the appendix) is dense in L*($2), this
Hilbert space then has to be all of L?(£2). So, the expansions (11.5.18) and (11.5.20)
are valid for all v € L2(£2).
The strict inequality A; < A, in the Dirichlet case will be proved in Theorem 11.5.4
below.
A moment’s reflection also shows that the above procedure produces all the
eigenvalues of A on H, and that any eigenfunction is a linear combination of the u;.
An easy consequence of the theorems is the following sharp version of the
Poincaré inequality (cf. Theorem 10.2.2):

Corollary 11.5.1. Forv € H,*(R),
Ar{v,v) < (Dv, Dv), (11.5.23)

where A is the first Dirichlet eigenvalue according to Theorem 11.5.1.
Forv € H'?(2) with g—: on 082

A{v=v,v =) <(Dv, Dv), (11.5.24)

where A1 now is the first Neumann eigenvalue according to Theorem 11.5.2, and

V= m Jo v(x)dx is the average of v on §2 (|| 82| is the Lebesgue measure of 2).

Moreover, if such a v with vanishing Neumann boundary values is of class H*?(£2),
then also

Ai(Dv, Dv) < (Av, Av), (11.5.25)

A1 again being the first Neumann eigenvalue.

Proof. The inequalities (11.5.23) and (11.5.24) readily follow from (11.5.14),
noting that in the second case, v—V is orthogonal to the constants, the eigenfunctions
for Ag = 0, since

/ (v(x) —v)dx = 0. (11.5.26)
Q

As an alternative, and in order to obtain also (11.5.25), we note that Dv = D(v—v),
Av = A(v—V), and

(v=pv—7) =D (v.u;)’, (11.5.27)
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that is, the term for i = 0 disappears from the expansion because v — v is orthogonal
to the constant eigenfunction uy. Using

(Dv, Dv) ZA vu,

i=1

(Av, Av) ZA v, u;)?

i=1

and A; < A; then yields (11.5.24) and (11.5.25). O

More generally, we can derive Courant’s minimax principle for the eigenvalues
of A:

Theorem 11.5.3. Under the above assumptions, let P* be the collection of all k-
dimensional linear subspaces of the Hilbert space H. Then the kth eigenvalue of A
(i.e., Ai in the Dirichlet case, Ai—; in the Neumann case) is characterized as

. [ (Du, Du) . u# 0,uorthogonal to L,
Lgﬁx_l min { W “ie, (u,v) =0 forallvelL ’ (11.5.28)
or dually as
Du, D
min max{w' ueL\{O}}. (11.5.29)
LePk (u, u)

Proof. We have seen that

(Du, Du)

Am = min{ )

. u # 0, u orthogonal to the u; withi < m — 1}.
(11.5.30)

It is also clear that

(Du, Du)
(u, u)

and in fact, this maximum is realized if u is a multiple of the mth eigenfunction u,,,
because A; D”’—D')“ < A, fori < m and the u; are pairwise orthogonal.

Now let L be another linear subspace of H of the same dimension as the span
of the u;, i < m. Let L be spanned by vectors v;, i < m. We may then find some
v=> a;v; € L with

Am = max% . u # 0 linear combination of u; with i < m}, (11.5.31)

(o) = a;(vju) =0 fori <m-—1. (11.5.32)
J
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(This is a system of homogeneous linearly independent equations for the ¢, with
one fewer equation than unknowns, and so it can be solved.) Inserting (11.5.32) into
the expansion (11.5.19) or (11.5.21), we obtain

(Dv, Dv) Z?im Aj (v, Mj)z

R D S T

Therefore,

(Dv, Dv)

max —————— ms
vel\fo}  (v,v) T

and (11.5.29) follows. Suitably dualizing the preceding argument, which we leave

to the reader, yields (11.5.28). O

While for certain geometrically simple domains, like balls and cubes, one may
determine the eigenvalues explicitly; for a general domain, it is a hopeless endeavor
to attempt an exact computation of its eigenvalues. One therefore needs approxima-
tion schemes, and the minimax principle of Courant suggests one such method, the
Rayleigh—Ritz scheme. For that scheme, one selects linearly independent functions
wi, ..., wr € H, which then span a linear subspace L, and seeks the critical values,
and in particular the maximum of

Dw,D
D D) e L.
(w.w)
With
a;j == {Dw;, Dw;), A:= (aij)ij=1..k
bij = (wi,w;), B = (bij)ij=1..k:
for
w = ZC]'W]',
j=1
then
(Dw, Dw) B Zﬁj:]aijcicj
== ,
(W, W) Zi,j=l bij(,’,'Cj
and the critical values are given by the solutions pi, ..., @ of

det(A— uB) = 0.
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These values ji1, ..., i then are taken as approximations of the first k eigenvalues;
in particular, if they are ordered such that uy is the largest among them, that value is
supposed to approximate the kth eigenvalue. One then tries to optimize with respect
to the choice of the functions wy, ..., wy; i.e., one tries to make pu; as small as
possible, according to (11.5.29), by suitably choosing wy, ..., w.

The characterizations (11.5.28) and (11.5.29) of the eigenvalues have many
further useful applications. The basis of those applications is the following simple
remark: In (11.5.29), we take the maximum over all u € H that are contained in
some subspace L. If we then enlarge H to some Hilbert space H’, then H’ contains
more such subspaces than H, and so the minimum over all of them cannot increase.

Formally, if we put P¥(H) := {k-dimensional linear subspaces of H}, then, if
H C H', it follows that PX(H) C P*(H’), and so

. (Du, Du) i (Du, Du)
min max —————— > min max ———. (11.5.33)
LePk(H)yuel\{0}  {u,u) L'ePk(H")yuel/\{0} (U, u)

Corollary 11.5.2. Under the above assumptions, we let 0 < /\f) < /\f <... bethe
Dirichlet eigenvalues, and 0 = Aé\' < /\iv < )@' < ... be the Neumann eigenvalues.
Then

M < AP forall ).

Proof. The Hilbert space for the Dirichlet case, namely, Hol’z(.Q), is a subspace of
that for the Neumann case, namely, w2 (£2), and so (11.5.33) applies. O

The next result states that the eigenvalues decrease if the domain is enlarged:

Corollary 11.5.3. Let 2, C $2, be bounded open subsets of R?. We denote the
eigenvalues for the Dirichlet case of the domain §2 by Ay (S2). Then

Aie(22) < Ae(21) forall k. (11.5.34)

Proof. Any v € HOI'Z(.QI) can be extended to a function v € HOI’Z(QZ), simply by
putting

v(x) forx € £,

v(x) =

0 forx € £, )\ £2;.
Lemma 10.2.2 tells us that indeed v € HO1 2(£2,). Thus, the Hilbert space employed
for £2; is contained in that for §2,, and the principle (11.5.33) again implies the
result for the Dirichlet case. O

Remark. Corollary 11.5.3 is not in general valid for the Neumann case. A first idea
to show a result in that case is to extend functions v € W'2(£2)) to £, by the
extension operator E constructed in Sect. 11.4. However, this operator does not
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preserve the norm: In general, |[Ev|yi12(0,) > [IVIwi2g,), and so this does not
represent W'2(£2;) as a Hilbert subspace of W12(£2,). This difficulty makes the
Neumann case more involved, and we omit it here.

The next result concerns the first eigenvalue A; of A with Dirichlet boundary
conditions:

Theorem 11.5.4. Let A, be the first eigenvalue of A on the open and bounded
domain 2 C R? with Dirichlet boundary conditions. Then A is a simple eigen-
value, meaning that the corresponding eigenspace is one-dimensional. Moreover,
an eigenfunction u, for A\ has no zeros in §2, and so it is either everywhere positive
or negative in 2.

Proof. Let
Aui + Aup =0 in £2.
By Corollary 10.2.2, we know that |u;| € W!?(£2), and

(D], Dll) _ (Dur, D) _
_ e
(ot Jor ) (ur, )

Therefore, |u;| also minimizes

(Du, Du)
(u, u)

and by the reasoning leading to Theorem 11.5.1, it must also be an eigenfunction
with eigenvalue A ;. Therefore, it is a nonnegative solution of

Au+Au=0 in £2,

and by the strong maximum principle (Theorem 3.1.2), it cannot assume a nonpos-
itive interior minimum. Thus, it cannot become 0 in §2, and so it is positive in 2.
This, however, implies that the original function #; cannot become 0 either. Thus,
u is of a fixed sign.

This argument applies to all eigenfunctions with eigenvalue A;. Since two
functions vy, v, neither of which changes sign in £2 cannot satisfy

/ vi(x)va(x)dx =0,
Q

i.e., cannot be L?-orthogonal, the space of eigenfunctions for 1| is one-dimensional.
O

The classical text on eigenvalue problems is Courant—Hilbert [5].
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Remark. More generally, Courant’s nodal set theorem holds: Let 2 C R“ be open
and bounded, with Dirichlet eigenvalues 0 < A; < A, < ... and corresponding
eigenfunctions uj, uy, . ... We call

I'F={xe2: u(x) =0}

the nodal set of uy. The complement £2 \ I'* then has at most k components.

Summary

In this chapter we have introduced Sobolev spaces as spaces of integrable functions
that are not necessarily differentiable in the classical sense, but do possess so-
called generalized or weak derivatives that obey the rules for integration by
parts. Embedding theorems relate Sobolev spaces to spaces of L?”-functions or of
continuous, Holder continuous, or differentiable functions.

The weak solutions of the Laplace and Poisson equations, obtained in Chap. 10
by Dirichlet’s principle, naturally lie in such Sobolev spaces. In this chapter, embed-
ding theorems allow us to show that weak solutions are regular, i.e., differentiable
of any order, and hence also solutions in the classical sense.

Based on Rellich’s theorem, we have treated the eigenvalue problem for the
Laplace operator and shown that any L?-function admits an expansion in terms of
eigenfunctions of the Laplace operator.

Exercises

11.1. Let u : 2 — R be integrable, and let &, 8 be multi-indices. Show that if
two of the weak derivatives D4 gu, Do Dgu, Dg Dyu exist, then the third one also
exists, and all three of them coincide.

11.2. Letu,v € W'(2) with uv, uDv 4+ vDu € L'(£2). Then uv € W (£2) as
well, and the weak derivative satisfies the product rule

D(uv) = uDv+ vDu.

(For the proof, it is helpful to first consider the case where one of the two functions
is of class C'(£2).)

Z’L m
11.3. For m>2, 1<g<m/2, ueH, HNR) N LT (2) we have ue
H"“7(2)and

| Du|l? u o) = const [u]

L4 LTT(Q) | 2””“%(9)-
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(Hint: For p = %,
|D,’I/l|p = Dl‘ (MD,'M|D,'MIP_2) — MD,‘(D,‘M|D,’MIP_2).

The first term on the right-hand side disappears upon integration over §2 for u €
Cy°(£2) (approximation argument!), and for the second one, we utilize the formula

D;i(v|”7%) = (p = (D) v~
Finally, you need the following version of Holder’s inequality:

||’41’42u3||L1(:2) =< llurllpr () ”uZ”L!’Z(Q) ||’43||L1’3(.Q)

foru; € L7 (£2), % + 5.+ 5. = 1 (proof!).)

11.4. Let
2, := B(0,1) cRY,
2, : =R\ B(0, 1),

i.e., the d -dimensional unit ball and its complement. For which values of k, p, d, « is
S(x) = |x|*

in WEP(92)) or WEP(£2,)?

11.5. Prove the following version of the Sobolev embedding theorem:
Letu € Whkr(2), 2' cC £2 C R?. Then

L e Ldﬁip’w(ﬂ’) forkp < d,
C™m(2") forO <m <k —d/p.

11.6. State and prove a generalization of Corollary 11.1.5 for u € W57 (£2) that is
analogous to Exercise 11.5.

11.7. Supply the details of the proof of Theorem 11.3.2 (This may sound like a
dull exercise after what has been said in the text, but in order to understand the
techniques for estimating solutions of PDEs, a certain drill in handling additional
lower-order terms and variable coefficients may be needed.)

11.8. Carry out the eigenvalue analysis for the Laplace operator under periodic
boundary conditions as defined in Sect.2.1. In particular, state and prove an
analogue of Theorems 11.5.1 and 11.5.2.



Chapter 12
Strong Solutions

12.1 The Regularity Theory for Strong Solutions

We start with an elementary observation: Let v € C (§2). Then

||D2v||2 _ Zd:v~~v~~—— Zd:v~~~v-
L2(2) — o xtx/ Vxtxl — o xtx/ xtVxJ

ij=1 ij=1

d
= /QZWX" D v =4[] - (12.1.1)
; =

i=1

Thus, the L2-norm of Av controls the L2-norms of all second derivatives of v.
Therefore, if v is a solution of the differential equation

Av = f,

the L2-norm of f controls the L2-norm of the second derivatives of v. This is
a result in the spirit of elliptic regularity theory as encountered in Sect. 11.2 (cf.
Theorem 11.2.1). In the preceding computation, however, we have assumed that,
firstly, v is thrice continuously differentiable and, secondly, that it has compact
support. The aim of elliptic regularity theory, however, is to deduce such regularity
results, and also, one typically encounters nonvanishing boundary terms on 952.
Thus, our assumptions are inappropriate, and we need to get rid of them. This is the
content of this section.

We shall first discuss an elementary special case of the Calderon—Zygmund
inequality. Let f € L*(£2), £2 open and bounded in R?. We define the Newton
potential of f as

w(x) = /9 () f()dy (12.12)

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 311
DOI 10.1007/978-1-4614-4809-9_12,
© Springer Science+Business Media New York 2013
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using the fundamental solution constructed in Sect. 2.1,

%10g|x—y| ford = 2,

I'(x,y) =
(x.) ford > 2.

1
To=dyay 1X —

Theorem 12.1.1. Let f € L%*(£2) and let w be the Newton potential of f. Then
w e W2X(2), Aw = f almost everywhere in 2, and

| D*w] 2y = 1 2 (12.1.3)

(w is called a strong solution of Aw = [, because this equation holds almost
everywhere).

Proof. We first assume f € C°(£2). Then w € C®(R?). Let 2 CC 0, 2
bounded with a smooth boundary. We first wish to show that for x € £2,

9 9
) = / T () = f(0)dy

dxiox/

+f(x)/ —F(x yywido(y), (12.1.4)

where v = (v',...,v?) is the exterior normal and do(y) yields the induced
measure on 0£2y. This is an easy consequence of the fact that

2

s T () = f()

<const| Id |f(») = f(0)

1
< const————— || flc1-
|x =yl

In other words, the singularity under the integral sign is integrable. (Namely, one
simply considers

d
ve(x) = / S PG e = ) f()d,

with 1.(y) = 0 for |y| <&, n:(y) = 1 for |y| > 2¢ and |Dn,| < 2, and shows that
as ¢ — 0, D;v, converges to the right-hand side of (12.1.4).)

Remark. Equation (12.1.4) continues to hold for a Holder continuous f, cf.
Sect. 13.1 below, since in that case, one can estimate the integrand by

1
const—————— || f'[| ¢«

|x — ¥l
O<a<).
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Since
Al (x,y) =0 forall x # y,

for 29 = B(x, R), R sufficiently large, from (12.1.4), we obtain

Ae() = o S [ MZv(y)v () do(y) = f(x).  (12.15)
x—y

Thus, if f has compact support, so does Aw; let the latter be contained in the interior
of B(0, R). Then

d
/J;(O,R) i; (3x 1ox/ ) /B(O R Z axi 3xl

ad
+/ Dw-—Dwdo(y)
B(0,R)

v
- / (Aw)?
B(0,R)

+/ Dw'tido(y). (12.1.6)
B(0,R) v

As R — oo, Dw behaves like R'=, D?w like R~¢, and therefore, the integral on
dB(0, R) converges to zero for R — co. Because of (12.1.5), (12.1.6) then yields
(12.1.3).

In order to treat the general case f € L?(£2), we argue that by Theorem 10.2.7,
for f € C°(£2), the W!2-norm of w can be controlled by the L?-norm of f.!
We then approximate f € L*(£2) by (f,) € C{°(£2). Applying (12.1.3) to the
differences (w, — wy,) of the Newton potentials w, of f,, we see that the latter
constitute a Cauchy sequence in W22(£2). The limit w again satisfies (12.1.3),
and since L2-functions are defined almost everywhere, Aw = f holds almost
everywhere, too. O

The above considerations can also be used to provide a proof of Theorem 11.2.1.
We recall that result:

Theorem 12.1.2. Let u € W'2(2) be a weak solution of Au = f, with f €
L?*(82). Then u € W>2(Q2"), for every Q' CC £2, and

lully22iery < const ([lull 2y + 1f 1l 22@)) - (12.1.7)

I'See the proof of Lemma 10.3.1.
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with a constant depending only on d, §2, and $2'. Moreover;

Au= f almost everywhere in §2.

12 Strong Solutions

Proof. As before, we first consider the case u € C3(£2). Let B(x,R) C 2,0 €
(0, 1), and let n € C3(B(x, R)) be a cutoff function with

0=<n(y) =1,
n(y) =1 fory € B(x,oR),

|
n(y) =0 foryeRd\B(x,¥'R),

4
Y [ p——
D1l =5k

16
D5l = TR

We put
v i= nu.

Thenv € Cg(B(x, R)), and (12.1.1) implies

HDZVHLZ(B(x,R)) = 14|l L2((x.R)) -
Now,
Av =nAu—+2Du- Dn+ uln,
and thus
||D2M||L2(B(X,(TR)) = ||D2v||L2(B(x,R))

(12.1.8)

1
< const( |l 2ate.ny + T o7k 1242 (n(o. 50

1
+ oy M)
Now let § € Cj(B(x, R)) be a cutoff function with
0=t =1,

E(y) =1 fory eB(x,

4
|D§| < m-

140

R).

(12.1.9)
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Putting w = £2u and using that u is a weak solution of Au = f, we obtain

/ Du- D(8%u) = —/ f Eu,
B(x,R) B(x.,R)

hence

/ £ |Dul* = —2/ §uDu-D§ — fEu
B(x.R) B(x,R) B(x.R)
1
[ @z aipg
2 JB@x.R) B(x.R)

1
Y S
B(x.R) (1—=0)2R? Jp

Thus, we have an estimate for ||§Du|| 2, r))> and also

IA

||DM||L2(B(X’1+TUR)) = 1EDull L2(px.r))
= cons (1—o0)R ”"‘”LZ(B(X,R)) (12.1.10)

+(1-0)R ||f||L2(B(x,R)))'

Inequalities (12.1.9) and (12.1.10) yield

1
2
|D ”HLZ(B(x.aR)) = const (”f”LZ(B(x,R)) + (1—0)R? ||”||L2(B(x,R))) :
(12.1.11)

In(12.1.11) we puto = %, and we cover £2’ by a finite number of balls B(x, R/2)
with R < dist(£2’, 9£2) and obtain (12.1.7) for u € C3(£2). For the general case
u e W1’2([2), we consider the mollifications u;, defined in appendix. Thus, let 0 <
h < dist(£2’, 082). Then

/Duh-Dv=—/fh\h forall v e H,*(£2),
2

and since u, € C*°(£2), also
Aup, = f.
By Lemma A.3,

lun —ull, N fn— fllL2@) = 0.
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In particular, the u; and the fj, satisfy the Cauchy property in L2(£2). We apply
(12.1.7) for uj,, — uy, to obtain

ety = s 2z ry = const (ln, = wnsll 2y + 1o = fiali2gay ) -

Thus, the uy, satisfy the Cauchy property in W?22(£2"). Consequently, the limit u is
in W22(£2') and satisfies (12.1.7). O

If now f € W'2(£2), then, because u € W22(82’) for all 2’ CC 2, D;u is
a weak solution of AD;u = D; f in £2'. We then obtain D;u € W??(2") for
all 2" cc 2, ie.,u € W3(R2"). Iteratively, we thus obtain a new proof of
Theorem 11.2.2, which we now recall:

Theorem 12.1.3. Let u € W'%(2) be a weak solution of Au = f. Then u €
Wk+22(0) for all 2y CC 2, and

||M||Wk+2»2(90) = const (||u||L2(:2) + ”f“W“(Q))’

with a constant depending on 'k, d, $2, and $2.
In the same manner, we also obtain a new proof of Corollary 11.2.1:

Corollary 12.1.1. Let u € W'2(2) be a weak solution of Au = f, for [ €
C°(82). Thenu € C*°(£2).

Proof. Theorem 12.1.3 and Corollary 11.1.2. O

12.2 A Survey of the L?-Regularity Theory and Applications
to Solutions of Semilinear Elliptic Equations

The results of the preceding section are valid not only for the exponent p = 2, but
in fact for any 1 < p < oco. We wish to explain this result in the present section.
The basis of this L?-regularity theory is the Calderon—Zygmund inequality, which
we shall only quote here without proof:

Theorem 12.2.1. Let 1 < p < oo, f € L?(2) (2 C R? open and bounded), and
let w be the Newton potential (12.1.1) of f. Then w € W?>P(R2), Aw = f almost
everywhere in §2, and

||D2WHLP(_Q) =cd.p) 1 f oo (12.2.1)

with the constant c(d, p) depending only on the space dimension d and the
exponent p.
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In contrast to the case p = 2, i.e., Theorem 12.1.1 , where c¢(d,2) = 1 for all d
and the proof is elementary, the proof of the general case is relatively involved; we
refer the reader to Bers—Schechter [2] or Gilbarg—Trudinger [12].

The Calderon—Zygmund inequality yields a generalization of Theorem 12.1.2:

Theorem 12.2.2. Let u € W(2) be a weak solution of Au = f, f € LP(R2),
1< p<ooie,

/Du-D(p = —/f(p forall g € C®(R2). (12.2.2)

Thenu € WP (82') for any 2' CC $2, and

llwllw2.p () < const (||u||u’(:2) + ||f||Lp(:2))v (12.2.3)
with a constant depending on p,d, 2, and $2. Also,
Au= f almost everywhere in §2. (12.2.4)

We do not provide a complete proof of this result either. This time, however, we
shall present at least a sketch of the proof.
Apart from the fact that (12.1.8) needs to be replaced by the inequality

1D L pegy = cONSt 1AVl Lo (p(x.r) (122.5)
coming from the Calderon-Zygmund inequality (Theorem 12.2.1), we may first
proceed as in the proof of Theorem 12.1.2 and obtain the estimate

1
2
HD v“Lp(B(x’R)) = ConSt( ”f”LP(B(X,R)) + (1—o)R ”Du”LP(B(x,lJrT"R))

1
+ (1—0)2R? ”M”LP(B(x,r))) (12.2.6)

for0 < o < 1, B(x,R) C £2. The second part of the proof, namely, the estimate
of || Du||,,, however, is much more difficult for p # 2 than for p = 2. One
needs an interpolation argument. For details, we refer to Gilbarg—Trudinger [12]
or Giaquinta [11]. This ends our sketch of the proof.

The reader may now get the impression that the L?-theory is a technically subtle, but
perhaps essentially useless, generalization of the L?-theory. The L”-theory becomes
necessary, however, for treating many nonlinear PDEs. We shall now discuss an
example of this. We consider the equation

Au+ I'(uw)|Du)* =0 (12.2.7)
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with a smooth I". We also require that I"(u) be bounded. This holds if we assume
that I itself is bounded, or if we know already that our (weak) solution u is bounded.

Equation (12.2.7) occurs as the Euler-Lagrange equation of the variational
problem

I(u) = /Q g(u(x))| Du(x)|> dx — min, (12.2.8)

with a smooth g that satisfies the inequalities
0<Ai<g<A<oo |fdW| <k <o (12.2.9)
(g’ is the derivative of g), with constants A, A, k, for all v.

In order to derive the Euler—Lagrange equation for (12.2.8), as in Sect. 10.4, for
(NS HOI'Z(.Q),I € R, we consider

I(u+tq0):/Qg(u—i—tqo)lD(u—i-tq))Fdx.

In that case,

d
d—tl(u—i-tqo)h:oZ/{Zg(u)zi:D,-uD,-qo+g’(u)|Du|2¢ dx

= / (—2g(u)Au—2ZD,-g(u)Diu+g’(u) |Du|2) p dx

— [ (26080~ g @IDuP) o e

after integrating by parts and assuming for the moment u € C?2.

The Euler—Lagrange equation stems from requiring that this expression vanishes
forallp € HOI’2 (£2), which is the case, for example, if # minimizes / (u) with respect
to fixed boundary values. Thus, that equation is

/
Au + MlDuP =0. (12.2.10)
2g(u)

With I"(u) := £, we have (12.2.7).

In order to apply the L”-theory, we assume that u is a weak solution of (12.2.7)
with

ue WhP(Q) forsome p; > d (12.2.11)

(as always, £2 C RY, and so d is the space dimension).
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The assumption (12.2.11) might appear rather arbitrary. It is typical for nonlinear
differential equations, however, that some such hypothesis is needed. Although one
may show in the present case (see Sect. 14.4 below) that any bounded weak solution
u of class W'2(£2) is also contained in W7 (§2) for all p, in structurally similar
cases, for example, if u is vector-valued instead of scalar-valued [so that in place of
a single equation, we have a system of—typically coupled—equations of the type
(12.2.7)], there exist examples of solutions of class W !2(£2) that are not contained
in any of the spaces W7 (£2) for p > 2. We shall display such an example below,
see (12.3.4). In other words, for nonlinear equations, one typically needs a certain
initial regularity of the solution before the linear theory can be applied.

In order to apply the L?-theory to our solution u of (12.2.7), we put

F(x) := =T (u(x))| Du(x)|>. (12.2.12)

Because of (12.2.11) and the boundedness of I"(«), then

f e LX), (12.2.13)
and u satisfies
Au= f inS. (12.2.14)
By Theorem 12.2.2,
ue Wrr/2(Q'y forany 2' cc 2. (12.2.15)

By the Sobolev embedding theorem (Corollaries 11.1.1 and 11.1.3, and Exercise
10.5 of Chap. 11),

ue WhP (') forany 2’ ccC £2, (12.2.16)
with
an
P2 = = _2% > p1 because of p; > d. (12.2.17)
Thus,
fel?(R) forall 2 cC R, (12.2.18)

and we can apply Theorem 12.2.2 and the Sobolev embedding theorem once more,
to obtain

A

—2- > (12.2.19)

ue W Awlr(Q') with p; = y
-2
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for all £2' CC £2”. Tterating this procedure, we finally obtain

ue W24(R2'y forallg. (12.2.20)
We now differentiate (12.2.7), in order to obtain an equation for D;u,i = 1,...,d:
ADju+ I''(u)D;ju|Dul* + 2 (u) Z DjuD;ju=0. (12.2.21)
J
This time, we put
[ = =I"w)D;u|Du’> = 2I'(u) Y D;uDj;u. (12.2.22)

J

Then
| f| < const (|Dul® + | Du||D*ul),

and because of (12.2.20) thus

felLl(2) forall p.
This means that v := D;u satisfies

Av = f with f € L?(2") forall p. (12.2.23)

By Theorem 12.2.2, we infer

ve WrP(R2') forall p,
i.e.,

ue W3P(2")y forall p. (12.2.24)
We differentiate the equation again, to obtain equations for D;ju (i,j =1,...,d),
apply Theorem 12.2.2, conclude that u € W*P(£2"), etc. Iterating the procedure
again (this time with higher-order derivatives instead of higher exponents) and

applying the Sobolev embedding theorem (Corollary 11.1.2), we obtain the
following result:

Theorem 12.2.3. Letu € WhP1(2), for p1 > d (2 C RY), be a weak solution of
Au+ I'(uw)|Du)* =0 (12.2.25)
where I is smooth and I' (u) is bounded. Then

ue C®(R).
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The principle of the preceding iteration process is to use the information about the
solution u derived in one step as structural information about the equation satisfied
by u in the next step, in order to obtain improved information about u. In the example
discussed here, we use this information in the right-hand side of the equation, but in
Chap. 14 we shall see other instances.

More precisely, for our equation Au = —I"(u)|Du|?, we have used calculus
inequalities, like the embedding theorems of Sobolev or Morrey, in order to transfer
information from the left-hand side to the right-hand side, and we have used elliptic
regularity theory to transfer information in the other direction. In this way, we can
work ourselves up to ever higher regularity. Such iteration processes are called
bootstrapping; they are typical and essential tools in the study of nonlinear PDEs.
Usually, to get the iteration started, one needs to know some initial regularity of the
solution, however. In Sect. 14.3, we shall improve Theorem 12.2.3 by showing that
we only need to assume the boundedness of u to get its continuity.

12.3 Some Remarks About Semilinear Elliptic Systems;
Transformation Rules for Equations and Systems

The results for solutions of semilinear elliptic equations discussed in the previous
section, however, no longer hold for systems of elliptic equations of the type of
(12.2.25). In this section, we wish to briefly discuss such systems, without being
able to provide a comprehensive treatment, however. In order to connect with
the preceding section, we start with an example. We consider the map already
considered in Example (iii) of Sect. 10.2,

u: B(0,1)(CRY) - RY,

X
X > —,
x|

which is discontinuous at 0. We have seen there that for d > 3, u € W2
(B(0, 1), R%) (this means that all components of u are of class W'?). We recall
the formula (10.2.2): We let ¢; be the i th unit vector, i.e., x = Zi x'e;. For x #0,
we have

Jd X e xix
—_—— = — - —; 12.3.1
AT IR (1230
hence
2
X d—1
) _ (12.3.2)
‘ | x| x|
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Therefore,

/ |Dul* < oo ford > 3,
B(O,1)

ie.,ue W'2(B(0,1)) ford > 3.
Next, from (12.3.1),

?  x xle;  xte;  x8;  3xix/x

xiaxd x| xP X P T xP

with §;; = 1 fori = j and O else. This implies

d—1
¥ __d-Dx z)x, (12.3.3)
|x] x|
and from (12.3.2) and (12.3.3)
Au+ u|Dul* = 0. (12.3.4)
Written out with indices, this is
d
Au® + u” Z IDafPP =0 fora=1,....d.
ip=1

In particular, we see that the equations for the components u* of u are coupled by
the nonlinearity.

Now, we shall show that u#, even though it is not continuous at x = 0, nevertheless
is a weak solution of (12.3.4) on the ball B(0, 1). We need to verify that, for ¢ €
Hy? N L®(B(0,1),R%),

d d
/ > (Diuf Dy — u®¢*| Dul’) = 0. (12.3.5)
B(0,1)

i=1a=1

In order to handle the discontinuity at 0, we utilize the Lipschitz cut-off functions
introduced in Sect. 10.2,

1 if x| < 27
M= i (-2 2 < | = 27D
0 if 27D < |x|

and write ¢ = (1 — 1)@ + Nme. The first term then vanishes near 0, and since u
is smooth away from 0 and satisfies the (12.3.4) there, this term yields 0 in (12.3.5).
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When we insert the second term, 7,,¢, in (12.3.5), the only contribution that does
not obviously go to O for m — oo is

d d
/ZZ(Di”a(Di M) %) (12.3.6)

i=1a=1

However, since

O _ 217 for2™ < |x| < 270D,
ox! 0 otherwise,
we have
M) 2
axt | T x|

and with Holder’s inequality, we see with (12.3.2) that (12.3.6) does go to O for
m — 00.

We conclude that (12.3.5) holds, i.e., u = ‘7“ is a weak solution of (12.3.4)
on B(0, 1), indeed. Since u is not continuous, we see that solutions of systems of
semilinear elliptic equations need not be regular, in contrast to the case for single
equations. Our example, originally found in [13], works in dimension d > 3; for a
two-dimensional example, see the exercises.

Semilinear elliptic equations of the type discussed here play an important role in
geometry; see [20].

In order to see how such semilinear systems naturally arise, we start with
the Laplace equation and investigate how it transforms under changes of the
independent and the dependent variables. We start with the independent variables;
here it suffices to consider the single Laplace equation

Au(x) = 0. (12.3.7)

We change the independent variables via £ = £(x), and we now compute the
Laplacian of v(§(x)) = u(x) computed w.r.t. x into a differential equation w.r.t.

&; using % =3 %%, this results in
02v(£(x)) d dv OEx
2 Gy~ L \ o an

R g By ek
— Zk; o 0 TEOE + Zk: & (12.3.8)
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Thus, if we put
9g* 0g"
=) 2=, 12.3.9
¢ oxt dx! ( )
aZEk
F=) —, 12.3.10
2 Gy (12.3.10)
then this becomes
v av
Av(E()) = D a*t aé‘ké?l +y bt ag)' (12.3.11)
k.l k

Thus, we have transformed the Laplace equation into another linear equation
whose coefficients, in general, are not constant. The coefficients of the leading
second-order term depend quadratically on the first derivatives of the coordinate
transformation, whereas the additional first-order term depends linearly on the
second derivatives of the transformation. Of course, if the coordinate transformation
is not singular, then (a*%) is positive definite, and the new equation

re 2v(E) bk W) _
kZl:a OEF O Z oEk (12.3.12)

is still elliptic. In particular, the regularity theory for linear elliptic equations as
developed in previous chapters applies. Of course, in the present case, we know
that a solution has to be smooth as long as the coordinate transformation is smooth,
because u(x) is smooth as a solution of the Laplace equation (12.3.7). Of course, we
may then also try to revert this procedure and transform an equation of type (12.3.12)
into the Laplace equation (12.3.7), but this is not always possible for given a'/, b’
as (12.3.9) and (12.3.10) cannot always be solved for x = x (§).

Equation (12.3.12) is not written in divergence form. It is possible, however, to
rewrite this equation in divergence form. An easy way to see is described in the
exercises.

We now transform the dependent variables. For simplicity of notation, we again
start with the scalar equation (12.3.7) and consider the Laplacian of f o u for some
function /. We obtain

0 (of ou
Afo“_ZW(auaxt)
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2.
The important point here is that we obtain a coefficient %

second-order term that depends on the solution u as well as a nonlinear first-order

of the linear

2 . .
term ), (aax_'M)Z Thus, the equation Af o u = 0 now becomes nonlinear. In fact,

equations of this type are called semilinear.
When u and f are vectors, u = (u',....u"), f = (f',..., "), we obtain
the system

0 af t du
Af%“:;ﬁ(a auag)
02 fH ou® duP aft 0%u®
= e —. (12.3.14

When the transformation f is invertible, i.e., when the Jacobian i s invertible, this

du
leads us to semilinear elliptic systems of the form

N N ouP dur
A+ 3T, =0 (12.3.15)

ralrys dx! dx!

with certain coefficients I 5‘}/. In general, when we transform both the independent
and the dependent variables, we arrive at the class of systems of the form

T v . P vy

Za’f o Tt Zza’f Iy =0 (12.3.16)
i.j i i.j By

The important fact is that this class of semilinear elliptic systems is closed

under variable transformations. That is, when we perform a transformation of the

independent or the dependent variables for a system of the form (12.3.16), we obtain

again a system of this type, of course, with different coefficients in general.

In fact, for the regularity theory of elliptic systems, it is often helpful and
important to compose a solution u = (u', ..., u") of a system of the form (12.3.16)
with a scalar function f in order to obtain an equation. The fundamental advantage
of second-order elliptic equations when compared to systems is that we can apply
the maximum principle.

Summary

A function u from the Sobolev space W?22(£2) is called a strong solution of
Au=f

if that equation holds for almost all x in £2.
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In this chapter we show that weak solutions of the Poisson equation are strong
solutions as well. This makes an alternative approach to regularity theory possible.
More generally, for a weak solution u € W1 (£2) of

Au = f,

where f € L?(£2), one may utilize the Calderon—Zygmund inequality to get the
L7-estimate for all 2 CC £2,

lullw2p(ory < const ([[ull Lroy + | fllLr2)-

This is valid for all 1 < p < oo (butnot for p =1 or p = 00).
This estimate is useful for iteration methods for the regularity of solutions of
nonlinear elliptic equations. For example, any solution u of

Au+ I'(u)|Dul)* =0
with regular I” is of class C °°(£2), provided that it satisfies the initial regularity
ue WP (R2) forsome p > d (= space dimension).

Such regularity results are no longer true for solutions of semilinear elliptic systems.
For instance, the system

d
Au® + u® Z IDifPP =0 fora=1,....d
i,p=1
admits the singular weak solution ‘7“ ford > 3.
Finally, we have seen that transtorming the independent variables in the Laplace
equation leads to a linear elliptic equation, whereas a transformation of the
dependent variable(s) leads to a semilinear elliptic equation (system).

Exercises

12.1. First, a routine exercise: Extend the reasoning of Sect.12.2 to elliptic
equations of the form

d
Z D;(a” Dju) + I'(u)|Du|* = 0.
ij=1
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12.2. Transform the Dirichlet integral

o\ | d
E — ] dx'...dx
25 ox!

via the coordinate transformation & = &(x) into an integral w.r.t. £ for v(§) =
u(x). Write down the Euler—Lagrange equations for the resulting integral. Observe
that this equation is in divergence form. Argue that since integral is obtained from
the Dirichlet integral by a coordinate transformation, the resulting Euler—Lagrange
equation has to be equivalent to the Laplace equation Au = 0, the Euler—Lagrange
equation of the Dirichlet integral. Therefore, you have found a differential equation
in divergence from that must be equivalent to (12.3.12). That means that the latter
equation can be rewritten in divergence form. (Of course, this can also be checked
directly, but that becomes rather lengthy. Using the transformation formula for the
Dirichlet integral as suggested in the present exercise considerably simplifies the
required computations, as we only have to transform first, but no second derivatives.)

12.3. Using the theorems discussed in Sect. 12.2, derive the following result:
Let u € W'2(£2) be a weak solution of

Au = f,

with f € W57 () for some k > 2 and some 1 < p < co. Then u € Wk+2.7 ()
for all 290 CC £2, and

lullwitz(ay) < const (ull i) + IS lwer@)-

12.4. Consider the equation

Au+ F(u) =0
with |F(u)| < c|ul|? for some p < %ifd >2o0rp <ooford =2.

12.5. What assumptions on F(x, u, Du) would you need to show regularity results
for (weak, strong) solutions of equations of the form

Au(x) + F(x,u(x), Du(x)) = 0?
12.6. Consider the system for a map u : B(0, 3)(C R?) — R?,

2 1 2
Aul + M|Du|2 =0
1+ |ul?

2(u® — u!

2 ) 2 _
Au” + e |Du|” = 0.
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Show that
1 : 1
u (x) = sinloglog —
|x|
) 1
u“(x) = cosloglog —
|x|
is a bounded weak solution with a singularity at x = 0 (cf. Example (iv) in

Sect. 10.2). This example was found in [8].



Chapter 13

The Regularity Theory of Schauder
and the Continuity Method (Existence
Techniques 1V)

13.1 C*-Regularity Theory for the Poisson Equation

In this chapter we shall need the fundamental concept of Holder continuity, which
we now recall from Sect. 11.1:

Definition 13.1.1. Let f : 2 — R, xo € £2,0 < a < 1. The function f is called
Holder continuous at xo with exponent « if

p T = SOl

(13.1.1)
veo X —xo/”

Moreover, f is called Holder continuous in £2 if it is Holder continuous at each
Xxo € $£2 (with exponent «); we write f € C%(£2). If (13.1.1) holds for « = 1,
then f is called Lipschitz continuous at x,. Similarly, C**(£2) is the space of those
f € Ck(£2) whose kth derivative is Holder continuous with exponent o.

We define a seminorm by

|f|cwm) = sup M

(13.1.2)
X, yER I)C - y|0(
We define

I/ llce2y = 1f lcoey + 1 f lca)

and
I/ llcre(e)

as the sum of || /|| cx (g, and the Holder seminorms of all kth partial derivatives of

f. As in Definition 13.1.1, in place of C®¢, we usually write C*. The following
result is elementary:

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 329
DOI 10.1007/978-1-4614-4809-9_13,
© Springer Science+Business Media New York 2013
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Lemma 13.1.1. If fi, /> € C%(G) on G C R, then f, f> € C*(G), and

| /i falceqay = (sgp |f1|) | ~olca(e) + (Slcl;p |f2|) | filcw) -

Proof.
1) L) = L) O] _ ) = A1) S(x) = f(y)
ACILC = ALON o AR, ) 4 O Z SO0 gy
|x =yl |x =yl |x =yl

which directly implies the claim. O
Theorem 13.1.1. As always, let 2 C R? be open and bounded,

u) = [ P S0, (13.13)

Q

where I' is the fundamental solution defined in Sect. 2.1.

(a) If f € L®(R2) (i.e., sup,cq | f(x)| < 00),! thenu € C1*(£2), and
ullcrae) < crsup|f| fora €(0,1). (13.1.4)
(b) If f € C&(82), thenu € C**(82), and
lullcraiay < 21 fllcoqmy forO<a < 1. (13.1.5)

The constants in (13.1.4) and (13.1.5) depend on «, d, and on §2 (on its volume
|$2| and its diameter).

Proof. (a) Up to a constant factor, the first derivatives of u are given by

; . xi_yl _
v (x) .—/Q—|x_y|df(y)dy (i=1,...,d).

From this formula,

i i i
Xy — Yy

d d
| |2 — y|

IV (x1) =V ()] < Suplfl'/ dy.  (13.1.6)
2 2

xi—y
lxi —y

By the intermediate value theorem, on the line from x; to x;, there exists some
x3 with

“sup” here is the essential supremum, as explained in the appendix.
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i i

xi—y xb—y! 3 X1 — X2
-2 —. (13.1.7)
i =y" |x2 =yl X3 — ¥l
We put § := 2|x; — x2|. Since £2 is bounded, we can find R > 0 with

§£2 C B(x3, R), and we replace the integral on §2 in (13.1.6) by the integral
on B(x3, R), and we decompose the latter as

/ :/ +/ — I + D, (13.1.8)
B(x3.R) B(x3.6) B(x3,R)\ B(x3.6)

where without loss of generality, we may take § < R. We have
1
I < 2/ ————dy =2dwqé (13.1.9)
B(x3.6) |X3 — y|

and by (13.1.7)
I, < c46(log R —logé), (13.1.10)
and hence
I + I <cs|x; —x2|* foranya € (0, 1).
This proves (a) because obviously we also have

|V (x)| < cesup|f]. (13.1.11)
2
(b) Up to a constant factor, the second derivatives of u are given by

1
mf(ﬂdy;

however, we still need to show that this integral is finite if our assumption f €
Cy (£2) holds. This will also follow from our subsequent considerations.
We first put f(x) = 0 for x € R? \ £2; this does not affect the Holder continuity
of 1. We write

w (x) = / <|X—Y|25ij —d (x' = y') («/ _yj))

1

d+2

K(x—y):= <|x —J’|25ij —d (Xi —yi) (xj —yj)) W

_ 0 (A=)
- -y
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We have

yiooy ylooy
/ K(y)dy:/ R—'—d—/ R o
Ri<lyl<R> yl=r, K2 |y| =k K1 |y]

=0, (13.1.12)

. i .
since ‘y7 is homogeneous of degree 1 — d. Thus also
y

/Rd K(y)dy = 0. (13.1.13)
We now write
W) = [ K@=y
= [ F0) = r) Kx = ay (13.1.14)

by (13.1.13). As before, on the line from x; to x,, there is some x3 with

c7 |x1 — x2|

— (13.1.15)

|K(x1 —y) — K(x2 —y)| <
|x3 — |

We again put
§:=2x —x
and write [cf. (13.1.14)]
w (x1) = w" (x2)
= /Rd () = fx) K(xi —y) = (f(y) = f(x2)) K(x2 — )} dy
=1, + I, (13.1.16)

where I, denotes the integral on B(x;,8) and I, that on RY \ B(xi,8). Since
1) = fOI = 1 f llca - [x =y, it follows that

0] < 1/ e /B( K=l =31 4 1K = )l = v1°) dy
X1,

< gl fllea - 8% (13.1.17)
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Moreover,

L= / (f(r2) — f()) K(x1 — y) dy
R4\ B(x1,8)

4 / (FO) — F(2)) (Kt —v) — K(a — y))dy,  (13.1.18)
R4\ B(x1,8)

and the first integral vanishes because of (13.1.12). Employing (13.1.15), and since
for y € R? \ B(x1,4),

1 Co
S 9
|)C3—y|d+l |1 —Y|d+l
it follows that
[12] < c108 || fllce / [x) — y|“—d—1 <cnud® || fllce - (13.1.19)
R4\ B(x1,8)
Inequality (13.1.5) then follows from (13.1.16), (13.1.17), and (13.1.19). O

Theorem 13.1.2. As always, let 2 C R? be open and bounded, and 20 CC £2.
Let u be a weak solution of Au = f in 2.

(a) If f € COR), thenu € C'¥(§2), and
lullcracay < 12 (I1f lcogoy + llullz2()) - (13.1.20)

(b) If f € C¥(2), thenu € C>%(R2), and

lullc2aqay < €13 (ILf llcaqey + lull2¢e)) - (13.1.21)

Remark. The restriction 0 < o < 1 is essential for Theorem 13.1.2, as well as for
the subsequent results. For example, in some neighborhood of 0, the function

(') = | [ tog ('] + [+
satisfies the inequality

|u| + | Au| < const,

0%u

a2 behaves like

while the mixed second derivative

log (|x'] + |x?]) -

Consequently, the C''-norm of u cannot be controlled by pointwise bounds for
f = Au and u.
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Proof. We demonstrate the estimates (13.1.20) and (13.1.21) first under the
assumption u € C2>%(£2). We may cover §2 by finitely many balls that are contained
in §2. Therefore, it suffices to verify the estimates for the case

.Q(): B(O,I‘),
£2=B0O,R), 0<r<R<oo0.

Let0 < Ry < Ry < R. We choose some n € C°(B(0, Ry)) with0 < n <1,
n(x) = 1 for |x| < Ry, and

Il creBo.ryy < C1a(Ra — R1) ™72 (13.1.22)
We put
¢ = nu. (13.1.23)

Then ¢ vanishes outside of B(0, R;), and by (2.1.12),

30 = [ 1@ 0ap0)0y. (13.124)
Here,
A¢p = nAu+2Du- Dn + uln, (13.1.25)
and so
[Adlco = [|Aullco + c1s [l - uller (13.1.26)
and by Lemma 13.1.1
[Adllce = cie lInllc2e (|Aullce + llullcre) (13.1.27)

where all norms are computed on B(0, R;). From Theorem 13.1.1 and (13.1.26) and
(13.1.27), we obtain

[¢llcre = cr7 ([Aullco + lInllca luller) (13.1.28)
and
@llc2e < c1slnllc2e (|Aullce + [ullcre), (13.1.29)

respectively. Since u(x) = ¢(x) for |x| < Ry, and recalling (13.1.22), we obtain

1
lull crapo.ryy) < €19 (||A”||c0(3(0,1e2)) + R R lullcrpo.ry) ,) (13.1.30)
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and
lullc2epo.ry)) = "ZOW (”AM”C‘Y(B(O,RZ)) + ”M”Cl-“(B(O,Rz)))
(13.1.31)
respectively.
We now interrupt the proof for some auxiliary results:
Lemma 13.1.2.

(a) There exists a constant c, such that for every p > 0 and any function v €
C'(B(0,p)) :

IVlicoso,p) =< IDVIcoso,p) + callvliL2so,p) : (13.1.32)

(b) There exists a constant c, such that for every p > 0 and any function v €
C'(B(0,p)):

Ivilcisw,p) = IDVIceso.) + collviizzao.m) (13.1.33)

[here, | Dv|c« is the Hilder seminorm defined in (13.1.2)].

Proof. 1f (a) did not hold, for every n € N, we could find a radius p, and a function
va € CY(B(0, p,)) with

L= |vallcoo.py = 1DVallcoso.om) + 1llvall 2000 (13.1.34)

We first consider the case where the radii p, stay bounded for n — oo in which
case we may assume that they converge towards some radius pg and we can consider
everything on the fixed ball B(0, po).

Thus, in that situation, we have a sequence v, € C'(B(0,p)) for which
[[Vallc1((0,py)) 18 bounded. This implies that the v, are equicontinuous. By the
theorem of Arzela—Ascoli, after passing to a subsequence, we can assume that the
v, converge uniformly towards some vy € C°(B(0, p)) with Ivollcos,p)) = 1-
But (13.1.34) would imply [[voll22(B(0,py)) = 0; hence v = 0, a contradiction.

It remains to consider the case where the p, tend to co. In that case, we use
(13.1.34) to choose points x, € B(0, p,) with

1 1
[vn (xn)| = §||Vn||c0(3(o,pn)) =35 (13.1.35)

We then consider wy, (x) := v, (x + x,) so that w,(0) > % while (13.1.34) holds for
w, on some fixed neighborhood of 0. We then apply the Arzela—Ascoli argument to
the w,, to get a contradiction as before.

(b) is proved in the same manner. The crucial point now is that for a sequence
v, for which the norms ||v,||c1.« are uniformly bounded both the v, and their first
derivatives are equicontinuous. O
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Lemma 13.1.3.
(a) For e > 0, there exists M(g) (< 00) such that for all u € C'(B(0, 1))
lullcopo.nyy < €llullcrpo.ry + M) llull20.1) (13.1.36)
forallu € C'*. Fore — 0,
M(g) < const.e™?. (13.1.37)

(b) For every o € (0,1) and ¢ > 0, there exists N(g) (< 00) such that for all
ue€ C"(B(0,1))

lullcr gy =< €llullcreso.ry + NE) lull 201 (13.1.38)

forallu € C'*. Fore — 0,

_d+1
N(e) < const.e™ « .

(13.1.39)

(c) For every o € (0,1) and ¢ > 0, there exists Q(g) (< 00) such that for all
ue C?>(B(0,1))

lullcrepoy < € lullc2epo.y + Q€ lullL2(s0.1)) (13.1.40)
forallu € C'*. Fore — 0,
Q(e) < const.e™ 9717, (13.1.41)

Proof. We rescale:

1y (x) = u (%) . u,: B(0,p) > R. (13.1.42)
Equation (13.1.36) then is equivalent to

lupllcoo,py = &P llupllcr(ao,p)) + M(e)p™? ol 12(B(0,p))- (13.1.43)
We choose p such that p = 1,i.e., p = ¢! and apply (a) of Lemma 13.1.2. This

shows (13.1.43), and (a) follows.
For (b), we shall show

[Dullcopo.1y =< €lDulcaso.1y) + N(&) llull2(50.1))- (13.1.44)

Combining this with (a) then shows the claim. We again rescale by (13.1.42). This
transforms (13.1.44) into

[ Dupllcosopy < €% |Duplcas.p) + N(e)p ™! lupll2(Bo,py)-  (13.1.45)
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We choose p such that ep* = 1, i.e., p = ¢« and apply (b) of Lemma 13.1.2. This
shows (13.1.45) and completes the proof of (b).
(c) is proved in the same manner. O

We now continue the proof of Theorem 13.1.2:
For homogeneous polynomials p(t), g(¢), we define

Ay = sup p(R—r) ullcropo,)

0<r<RrR
Az := sup q(R—r) |[ul crecp,) -
0<r<R
For the proof of (a), we choose R, such that
Ay =2p(R— Ry) [lullcrepo.r)) - (13.1.46)
and for (b), such that

(In general, the R; of (13.1.46) will not be the same as that of (13.1.47).) Then
(13.1.30) and (13.1.38) imply

€
Ay <21 p(R— R1)< [ Aullcocpo.ry)) + Rr—R)? el cre(a0,r))

1
—— N
+ (Ro—R))? () ||“||L2(B(0,R2)))

R—R
<c» p 1) . ¢ 5 - A
P(R—Ry) (Ry—Ry)

P(R—Ry)

+ 3 p(R—Ry) ||A”||c0(3(o,Rz)) + 2 N(E)m ”u“LZ(B(O,Rz)) :
(13.1.48)
We choose R, = @ € (Ry, R). Then, because the polynomial p is

homogeneous,
P(R—Ri) _ p(R—Ry)
P(R—Ry) — p(Rhk)

is independent of R and R;. Therefore,

o (R, — R))> p(R—Ry)
2¢0 p(R—=Ry)

~(R—R))’
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and
2(d+1)

N(e) ~(R—R))" =
by Lemma 13.1.2(b). Thus, when we choose

2(d+1)
pt)y=1"a T2

the coefficient of ||ul[.2(p(o.r,)) in (13.1.48) is controlled.
Thus, finally

1
,u <—A
flull o (B(0.r)) = P(R—7) 1

< 25 (1 Aull cogso.ry + 1l 22800.8y) - (13.1.49)

with a constant that now also depends on the radii occurring.
In the same manner, from (13.1.31) and (13.1.40), we obtain

lullc2a sy < 26 (1 AUl coso.r) + 1l L2¢30.2))) (13.1.50)
for 0 < r < R. Since Au = f, we have thus proved (13.1.20) and (13.1.21) for
ue C*(Q).

For u € W'2(£2) we consider the mollifications u; as in Lemma A.2 of the
appendix. Let 0 < /1 < dist(£2y, 3§2). Then

/ Duy, - Dv = —/ funv forallv e Hol’z(.Q),
Q2 I?;
and since u;, € C°, also

Aup, = fi.

Moreover, by Lemma A.2,

Ifn = fllco =0,

and for h — 0, the fj, therefore constitute a Cauchy sequence in C°(£2). Applying
(13.1.20) to up, — up,, we obtain

”uhl - “h2||cl.u(go) < Cy7 (”fhl - fh2||co(9) + ||uh1 - uhZHLZ(_Q)) . (13151)

The limit function u thus is contained in C'%(£2,) and satisfies (13.1.20).
We also easily check that

[fllce = 11/ Nl -
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Therefore, by using the Arzela-Ascoli Theorem, the fj, converge to f in C# for
every 8 < « (see Section 5 in [19]). Hence

oty = ey = €28 (1fin = fiallenay + ltm =l o)) - (13.1.52)

The limit function u thus is contained in C>#(£2,) and satisfies (13.1.21) for every
B < «. Since the constant cpg in (13.1.52) and hence also the constant ¢j3 in
(13.1.21) can be taken to be independent of 8 < «, we obtain (13.1.21) also for
the exponent o, and hence u is contained in C>%(£2y) and satisfies the required
estimate. O

Part (a) of the preceding theorem can be sharpened as follows:

Theorem 13.1.3. Let u be a weak solution of Au = f in §2 (52 a bounded domain
inR?), f € LP(R) for some p > d, 2y CC 2. Then u € C'*(82) for some o
that depends on p and d, and

el craqay < const (I f | o) + lull 2¢2)) -

Proof. Again, we consider the Newton potential

w(x) = /Q F(x.y) f(y)dy.
and
v (x) :=/Qﬁf(y)dy-

Using Holder’s inequality, we obtain

=1
i dy_ ’
|V (x)| <1 flere) / (d—1)-L ’
lx — p[7

and this expression is finite because of p > d. In this manner, one also verifies that

%w = consty’ and obtains the Holder estimate as in the proof of Theorem 13.1.1(a)

and Theorem 13.1.2(a). ]

Corollary 13.1.1. If u € W'2(2) is a weak solution of Au = f with f €
Che(2), keN 0 <a <1, thenu e CK2%(), and for 2o CC £2,

el ke gy = COHSt(”f”ck-a(Q) + ||'4||L2(9))‘

If f € C®(R2), sois u.
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Proof. Since u € C**(§2) by Theorem 13.1.2, we know that it weakly solves

0

8xi =

f-

Theorem 13.1.2 then implies

iue Cz,a(g) (iefl,....d}),
0x?

and thus u € C3%(£2). The proof is concluded by induction.

13.2 The Schauder Estimates

In this section, we study differential equations of the type

d

u ou
Lu(x):= Y a"(x X) o ;xi +Zb’( ) (x )+c(x)u(x) f(x)
i.j=1

in some domain £2 C RY. We make the following assumptions:

(A) Ellipticity: There exists A > 0 such that for all x € £2, £ € R¢,

d
> al (kg = AES
i,j=1

Moreover, a” (x) = a’(x) for all i, j, x.
(B) Holder continuous coefficients: There exists K < oo such that

Haij “C“(Q) ’ b' ”C"(Q) ’ ||C||C“(9) =K

foralli, j.

The fundamental estimates of J. Schauder are the following:

Theorem 13.2.1. Let f € C%(2), and suppose u € C*%(2) satisfies
Lu=f
in 2 (0 <a < 1). Forany 20 CC 2, we then have

el c2a) < €1 (ILf llcaqa) + lull 2¢2)) -

with a constant ¢| depending on §2, 2o, a,d, A, K.

(13.2.1)

(13.2.2)

(13.2.3)
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For the proof, we shall need the following lemma:

d
Mg < Z AVgE, < AJE]* forallE e RY

ij=1
with
0<A<A<oo.
Let u satisfy
d . 0%u
i;l A axioxi S

with f € C*(£2) (0 < o < 1). For any 29 CC £2, we then have

||“||c2»“(90) =0 (||f||ca(9) + ||M||L2(Q))~

Proof. We shall employ the following notation:

5 92
A= (A" =1 a, Du:= (—u) .
ij=1,..d

oxiox/
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(13.2.4)

(13.2.5)

(13.2.6)

If B is a nonsingular d x d-matrix and if y := Bx,v:=uo B~ ie,v(y) = u(x),

we have
AD*u(x) = AB'D*v(y)B,
and hence

Tr(AD?u(x)) = Tr(BAB' D*v(y)).

(13.2.7)

Since A is symmetric, we may choose B such that B’ A B is the unit matrix. In fact,

B can be chosen as the product of the diagonal matrix

_1
A2
D =

Ag

=

(A1, ..., Aq being the eigenvalues of A) with some orthogonal matrix R. In this way

we obtain the transformed equation

Av(y) = f (B'y).

(13.2.8)

Theorem 13.1.2 then yields C>“-estimates for v, and these can be transformed back
into estimates for u = vo B. The resulting constants will also depend on the bounds
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A, A for the eigenvalues of A, since these determine the eigenvalues of D and hence
of B. O

Proof of Theorem 13.2.1: We shall show that for every xo € £2, there exists some
ball B(xg,r) on which the desired estimate holds. The radius r of this ball will
depend only on dist(§20, 3§2) and the Holder norms of the coefficients a”/, b’ c.
Since £2y is compact, it can be covered by finitely many such balls, and this yields
the estimate in £2;.

Thus, let xp € 5_20. We rewrite the differential equation Lu = f as

) 2
Z aij (xo) a u(x) _ Z (aij (XO) _ aij (x)) 3 M(.X)
i.j

oxiox/ Py oxiox/

i du(x)
= 2P W) = eu() + f(x)
i
— (). (13.2.9)
If we are able to estimate the C%-norm of ¢, putting A” := a%/(x() and applying

Lemma 13.2.1 will yield the estimate of the C>%-norm of u. The crucial term for the
estimate of ¢ is Y _(a” (x¢) — a” (x)) Pu_ et B(xg, R) C £2. By Lemma 13.1.1

dxtox/ *
. . 0%u(x)
Z (a” (x0) —a" (x)) PETY
" C%(B(x0.R))

< sup  |a"(x0) —d’(x)||D?
i,j,x€B(x0,R)

LYl
iJj

M|C"(B(XO,R))

(13.2.10)

2
a sup |D~u|.
C(B(x0,R)) B(X(),R)‘ |
Thus, also

HZ (aij (x0) —a” (x)) 32” -
ax'dx/

< sup|a’ (x0) — @’ ()| ull c2qpieg.ryy + 3 [l c2peegry - (13:2:11)

C%(B(xo,R))

where c; in particular depends on the C*-norm of the a” .
Analogously,

; u
"Zb ()5 ()

lle ) uC) | ca(ixo.r)) = €5 1ullco(Bixg.r)) - (13.2.13)

< cy ”M”Cl*"(B(xO,R)) s (13212)
C*(B(x0.R))
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Altogether, we obtain

||<P||ca(B(x0,R)) = sup \aij (x0) — a' (x)| ||M||c2~a(3(x0,1e))
i,j,x€B(x0,R)
+ ¢ lullc2pxg.r)) T IS Il ce(Bxg.R)) - (13.2.14)

By Lemma 13.2.1, from (13.2.9) and (13.2.14) for 0 < r < R, we obtain

||u||C2~°‘(B(x0,r)) =¢ sup iau (x0) —a" (x)| ||M||c2~a(3(x0,R))
i,j,xEB(X(),R)

+ cs llullc2ex.ry T €0 1S lce(e.ry) - (13.2.15)

Since the a'/ are continuous on §2, we may choose R > 0 so small that

. . 1
c7 sup |a’/ (xo) —a" (x)| < —. (13.2.16)

i.j.x€B(x0.R) 2
With the same method as in the proof of Theorem 13.1.2, the corresponding term
can be absorbed in the left-hand side. We then obtain from (13.2.15)

1wl c2e(B(xe.r)) = 2€8 1ullc2(pixg.r)) T 2€0 I.f Il ca(Bxo.R)) - (13.2.17)

By (13.1.40), for every ¢ > 0, there exists some Q (&) with

lullc2Bxg.r) = € Nullc2e(ping.r)y T Q@) 14l L2(Bxo ) - (13.2.18)

With the same method as in the proof of Theorem 13.1.2, from (13.2.18) and
(13.2.17), we deduce the desired estimate

”u”CZ-"(B(xo,R)) =<0 (”f”C"(B(xo,R)) + ||M||L2(B(X0,R))). (13.2.19)

We may now state the global estimate of J. Schauder for the solution of the Dirichlet
problem for L:

Theorem 13.2.2. Let 2 C R? be a bounded domain of class C** (analogously
to Definition 11.3.1, we require the same properties as there, except that (iii) is
replaced by the condition that ¢ and ¢~ are of class C*%). Let f € C*(£2),
g € C2%(2) (as in Definition 11.3.2), and let u € C>*(82) satisfy

Lu(x) = f(x) forx € $2,
(13.2.20)
u(x) = g(x) forx € 052.
Then
lullc2a@y < enn (I1f lcaie) + gl c2acey + lull2@)) » (13.2.21)

with a constant ¢11 depending on 2, a,d, A, and K.
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The Proof essentially is a modification of that of Theorem 13.2.1, with
modifications that are similar to those employed in the proof of Theorem 11.3.3.
We shall therefore provide only a sketch of the proof. We start with a simplified
model situation, namely, the Poisson equation in a half-ball, from which we shall
derive the general case.

As in Sect. 11.3, let

BY(0.R) = {x = (x",....x%) e RY;|x| < R,x? > 0}.
Moreover, let

BT (0,R) :=3B1(0,R) N {x? =0},
0T BT(0,R) := 3B+ (0,R)\ 3BT (0, R).

We consider f € C¢ <B+(O, R)) with

f =0 ondtBT(0,R).

In contrast to the situation considered in Theorem 13.1.1(b), f no longer must
vanish on all of the boundary of our domain £2 = B*(0, R), but only on a certain
portion of it. Again, we consider the corresponding Newton potential

u(x) := / I'(x,y)f(y)dy. (13.2.22)
BT(0,R)

Up to a constant factor, the first derivatives of u are given by

X xi i
Vi (x) :/ = rpdy G =1.....d), (13.2.23)
BHO.R) [x — |

and they can be estimated as in the proof of Theorem 13.1.1(a), since there, we did
not need any assumption on the boundary values.
Up to a constant factor, the second derivatives are given by

i 0 iyl .
Wil (x) =/}AB 2 (x—yld) fdy  (=wii(x)). (13.2.24)

+o.R) 07\ [x—y

For K(x — y) = 2 (ﬂ),andiaédorj #d,

T\ Jx—y[?

K(y)dy =0 (13.2.25)

Ry<|y|<Rry
yd >0
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by homogeneity as in (13.1.12). Thus, fori # d or j # d, the a-Holder norm of

the second derivative ,38 —u can be estimated as in the proof of Theorem 13.1.1(b).
The differential equatlon Au = f implies

(axd)2 =f- Z(ax b (13.2.26)

and so we obtain estimates for the o-Ho6lder norm of %u as well. We can thus
estimate all second derivatives of u.

As in the proof of Theorem 13.1.2, we then obtain C 2. _estimates in B+(O, R)
for solutions of

Au=f  inBT(0,R) with f € C® (B+(o, R)),
(13.2.27)
u=0 on 3BT (0, R),
forO0 <r < R:
Il c2aa+0.ry < €12 (1f lcez+o.r) + 1l 228+0.8)) - (13.2.28)
Namely, putting

@ =nu

as in (13.1.23) with the same cutoff function as in (13.1.22), we have ¢ = 0 on
9B*(0,R;) (0 < Ry < R, < R), since n vanishes on 3+ BT (0, R,), and u on
3°B*(0, R,). Thus, again

o(x) = / I (x. y) Ap(y)dy
B+(0.R)

is a Newton potential, and the preceding estimates can be used to deduce the same
result as in Theorem 13.1.2: For0 < r < R,

Il c2aa+0.0y < €13 (1f lcea+o.r) + 1l 228+0.8) - (13.2.29)

We next consider a solution of

Au= f inB¥(0,R) with f € C* (m), (13.2.30)
u=g ondBT(0,R) withg e C>® (m) . (13.2.31)
Asin Sect. 11.3, we put u := u — g. We see that u satisfies
Aii=f—Ag=: f e C® (m) in B+(0, R),

i=00nd"BT(0,R).
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We have thus reduced our considerations to the above case (13.2.27), and so, from
(13.2.29), we obtain

lullcres+ory) < Néllczeas+or) + 1€ lc2eam+0.r)
<cu I:”fHCO((BJr(O,R)) + [l L2+ 0.r)) + ||g||c2-u(3+(o,R))]

=<C15 [||f||cu(3+(o,R)) + ||g||c2~a(3+(o,R)) + ||”||L2(B+(0,R))] .
(13.2.32)

In order to finally treat the situation of Theorem 13.2.2, as in Sect. 11.3, we trans-
form a neighborhood U of a boundary point x, € 92 with a C2-diffeomorphism
¢ to the ball B(0, R), such that the portion of  that is contained in §2 is mapped
to B¥(0, R), and the intersection of U with 952 is mapped to 3° B (0, R). Again,
it == uo¢ ! on B *(0, R) satisfies a differential equation of the same type as
Lu = f, Li = f, again with different constants A, K in (A) and (B). By the
preceding considerations, we obtain a C2“-estimate for iz in B* (0, R/2). Again ¢
transforms this estimate into one for u on a subset U’ of U. Since £2 is bounded,
052 is compact and can thus be covered by finitely many such neighborhoods U’.
The resulting estimates, together with the interior estimate of Theorem 13.2.1,
applied to the complement §2y of those neighborhoods in 2, yield the claim of
Theorem 13.2.2.

Corollary 13.2.1. In addition to the assumptions of Theorem 13.2.2, suppose that
c(x) <0in $2. Then

lull c2aqay < €16 (I1f lco@) + 1€llcraca)) - (13.2.33)

Proof. Because of ¢ < 0, the maximum principle (see, e.g., Theorem 3.3.2) implies

sup |u| < max |uf 4-c17sup | f| = max |g| 4 c17sup [ f].
Q 982 Q 982 Q

Therefore, the L2-norm of u can be estimated in terms of the C°-norms of f and g,
and the claim follows from (13.2.21). O

13.3 Existence Techniques I'V: The Continuity Method

In this section, we wish to study the existence problem

Lu=f in§£2,
u=g onoas2,
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in a C>%-region 2 with f € C%(2), g € C**(£2). The starting point for our
considerations will be the corresponding result for the Poisson equation, Kellogg’s
theorem:

Theorem 13.3.1. Let §2 be a bounded domain of class C* in R?, f e C*(R2),
g € C>%(2). The Dirichlet problem

Au=f inf2,
(13.3.1)
u=g onoas2,

then possesses a unique solution u of class C*%(82).

Proof. Uniqueness follows from the maximum principle (see Corollary 3.1.1). For
the existence proof, we first assume that f and g are of class C*°. The variational
methods of Sect. 10.3 yield a weak solution, which then is of class C*°(£2) by
Theorem 11.3.1. Moreover, by Corollary 13.2.1,

lullczaqay < 1 (1f lco@) + Igllcraqe)) - (13.3.2)

We now return to the C%%-case. We approximate f and g by C*-functions f,
and g, that are defined on 2. Let u, be the solution of the corresponding Dirichlet
problem

Au, = f, in £,
u, =g, onoas2.

For n > m, u,, — u,, then satisfies (13.3.2) on £2, i.e.,
1ty = tmllc2ay < €1 (1o = fullcaqay + 180 — gmllc2eq)) - (13.3.3)

Here, the constant ¢; does not depend on the solutions; it depends only on the C2*-
geometry of the domain. We assume that f, convergesto f in C%(£2),and g, to g
in C>%(£2), and so the u, constitute a Cauchy sequence in C*%(£2) and therefore
converge towards some u € C>%(£2) that satisfies

Au= f in$2,
u=g onds2,
and the estimate (13.3.2). O

We now state the main existence result of this chapter:

Theorem 13.3.2. Let 22 be a bounded domain of class C® in R?. Let the
differential operator

d

L= Z a’(x)

ij=1

2

0
oxiox/

i

d
+ Zbi(x)% + ¢(x) (13.3.4)
i=1



348 13 Existence Techniques IV

satisfy (A) and (B) from Sect. 13.2, and in addition,
c(x) <0 inS2. (13.3.5)

Forany f € C%(82), g € C>%(82) there then exists a unique solution u € C>%(£2)
of the Dirichlet problem

Lu=f in$2,
(13.3.6)
u=g onas2.

Remark. Tt is quite instructive to compare this result and its assumptions with
Theorem 11.4.4.

Proof. Considering, as usual, u = u — g in place of u, we may assume g = 0, as
our problem is equivalent to

Li= f:=f—LgeC%R),
u=0 ondsf2.
We thus assume g = 0 (and write u in place of u). We consider the family of
equations
Liu=f for0<t<l1,
(13.3.7)
u=0 onas2,
with
Ly =tL+ (1-1)A. (13.3.8)

The differential operators L, satisfy the structural conditions (A) and (B) with
A =min(1,4), K, = max(l, K). (13.3.9)
We have Ly = A, L = L. By Theorem 13.3.1, we can solve (13.3.7) for t = 0.
We intend to show that we may then also solve this equation for all z € [0, 1], in
particular for # = 1. The latter is what is claimed in the theorem.
The operator

L B :=C*™@)N{u:u=0 ond} - C*R)=:B,

is a bounded linear operator between the Banach spaces B; and B;. Let u, be a
solution of L,;u; = f, u; = 0 on 952. By Corollary 13.2.1,

luellcraqey < 2 1f lcaqey »
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i.e.,
lullp, < callLiulp, . (13.3.10)

for all u € B;. Here, the constant ¢, does not depend on 7, because by (13.3.9), the
structure constants A,, K, of the operators L; can be controlled independently of ¢.
We want to show that for any f € B, there exists a solution u, of (13.3.7), i.e., of
L;u, = f,in By. In other words, we want to show that the operators L; : By — B;
are surjective for 0 < ¢ < 1. This, however, follows from the general result stated as
the next theorem. With that result, we then conclude the proof of Theorem 13.3.2.

Theorem 13.3.3. Let Ly, L : By — B, be bounded linear operators between the
Banach spaces B, B,. We put

L= —-t)Lo+1tL; forO<t <1.
We assume that there exists a constant ¢ that does not depend on t, with

lullg, <clLiullg, forallue B. (13.3.11)

If then Ly is surjective, so is L.

Proof. Let L. be surjective for some t € [0, 1]. By (13.3.11), L, then is injective
as well, and thus bijective. We therefore have an inverse operator

L7": B, — B.

For ¢t € [0, 1], we rewrite the equation

Liu=f forfebB (13.3.12)
as

Liu=f+ (L, —Lu=f+(t—1)(Lou— Lu),
or
u=L'f+ (@t —1)L7"(Lo— L\)u=: Au.
Thus, for solving (13.3.12), we need to find a fixed point of the operator A : B; —
B,. By the Banach fixed point theorem, such a fixed-point exists if we can find some
q < 1 with
[Au—Av|p, = qllu—vp, .

We have

| Au—Av] < [ LT Lol + DLaD e = ol = v
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By (13.3.11),

LT_l || < c. Therefore, it suffices to choose

1 _
It =7l = 5 (€ (lLoll + IIL1ID) f=ip

for obtaining the desired fixed point. This means that if L,u = f is solvable, so is
L,u = f forall t with |t — 7| < 7. Since Ly is surjective by assumption, L, then is
surjective for 0 <t < n. Repeating the preceding argument, this time for t = 7, we
obtain surjectivity for n <t < 2n. Iteratively, all L, for¢ € [0, 1], and in particular
L, are surjective. O

Basic references about Schauder’s approach are [2, 12]. Our treatment of the
fundamental C“-estimate for the Poisson equation uses scaling relations in place
of the usual weighted Holder spaces and is hopefully a little simpler.

Summary

A solution of the Poisson equation
Au=f

with a-Holder continuous f is contained in the space C 2oy je., it possesses -
Holder continuous second derivatives for 0 < o < 1. (This is no longer true for
a = 0 or o = 1. For example, if f is only continuous, a solution need not be twice
continuously differentiable.) By linear coordinate transformations this result can be
easily extended to linear elliptic differential equations with constant coefficients.
Schauder then succeeded in extending these results to solutions of elliptic equations

0%u(x)
oxiox/

Lu(x) := Z a’ (x)

i.j

D
+3 b (x)a—;li +e(@ulx) = f(x)

with o-Holder continuous coefficients, by considering such an operator L as a local
perturbation of an operator with constant coefficients a/, b’ , c.
The continuity method reduces the solution of

Lu=f
to that of the Poisson equation

Au=f
by considering the operators

Lii=tL+(1-0)A
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for 0 <t < 1, and showing that the set of ¢ € [0, 1] for which
Ltu = f

can be solved is open and closed (and nonempty, because the Poisson equation can
be solved). The proof of closedness rests on Schauder’s estimates.

Exercises

13.1. Let K C R¢ be bounded, f, : K — R (n € N) a sequence of functions with
| fullce(xy < const  (independent of n),
for some 0 < o < 1. (Here and in the next exercise, in the case « = 1, we consider

the space C*! of Lipschitz continuous functions.) Show that ( f;),en has to contain
a uniformly convergent subsequence.

13.2. Is it true that for all domains 2 C RY, 0 <o < B <1,
CP(R2) c c¥()?
13.3. Letu € CK%(£2) satisfy
Lu=f

for some f € CK%(2) (k € N,0 < o < 1). Here, we assume that the operator L
from (13.2.1) satisfies the ellipticity condition (A) as well as

Haij Hck-a(g)’ b’ ”c’w(m ’ ||C||ck-“(9) =K

forall i, j. Show that u € C¥+2%(£2) for any 29 CC £2, and

lullcitzaigy < cUlf llcra@) + lull2(@)-

with a constant ¢ depending on K and the quantities of Theorem 13.2.1.



Chapter 14
The Moser Iteration Method and the Regularity
Theorem of de Giorgi and Nash

14.1 The Moser—Harnack Inequality

In this chapter, as in Chap. 11, we shall consider elliptic differential operators of
divergence type. In order to concentrate on the essential aspects and not to burden
the proofs with too many technical details, in this chapter we shall omit all lower-
order terms and consider only solutions of the homogeneous equation. Thus, we
shall investigate (weak) solutions of

d

d . ad
Lu = Z T (a’/ (x)ﬁu(x)) =0,

ij=1

where the coefficients a”/ are (measurable and) bounded and satisfy an ellipticity
condition. We thus assume that there exist constants 0 < A < A < oo with

d

AEP < ) dT(EE < AJEP (14.1.1)

ij=1

for all x in the domain of definition 2 of u and all £ € R¢.!

'As an alternative sometimes adopted in the literature, one could define the constant A by the
inequality

sup |aij (x)| <A

i.j.x
for all x € £2. Of course, these two possible definitions of A are not equivalent, but the relevant
difference is only that, in the estimates below, A would have to be replaced by d A if the alternative
definition were adopted. In fact, in subsequent sections, we shall also switch to that alternative
convention.

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 353
DOI 10.1007/978-1-4614-4809-9_14,
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Definition 14.1.1. A function u € W'?2(£2) is called a weak subsolution of L, and
we write this as Lu > 0, if for all ¢ € Hol’z(.Q), ¢ >0in £2,

/ Zaij (x)DjuDjpdx < 0. (14.1.2)
25

Similarly, it is called a weak supersolution (Lu < 0), if we have > in (13.1.2).

Inequalities like ¢ > 0 are assumed to hold pointwise almost everywhere, here
and in the sequel. Likewise, sup and inf will denote the essential supremum and
infimum, respectively. Finally, as always, # will denote the average mean integral:

1
pdx = —/ @dx.
]é 121 Je

In order to familiarize ourselves with the notions of sub- and supersolutions, we
shall demonstrate the following useful lemma.

Lemma 14.1.1. (i) Let u be a subsolution, i.e. u € CZ(Q), Lu > 0, and let
f € C*(R) be convex with f' > 0. Then f o u is a subsolution as well.

(ii) Let u be a supersolution, f € C*(R) concave with f' > 0. Then f ouis a
supersolution as well.

(iii) Let u be a solution, and f € C*(R) convex. Then f o u is a subsolution.

Proof.

0
L(f ou) = Za,(”ﬂ) <) - ' e 2 L

(14.1.3)

which implies all the inequalities claimed. O

We now wish to verify that the assertions of Lemma 14.1.1 continue to hold for
weak (sub-, super-)solutions. We assume that f”(«) and f”(u) satisfy approximate
integrability conditions to make the chain rules for weak derivatives

Di(f ou) = f'(u)D;(u)
and

Di(f ou)= f"(u)Diu fori =1,...,d
valid. (By Lemma 10.2.3 this holds if, for example,

sup | f'(y)| + sup | f"(»)] < 00.)
yER yER
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We obtain
/QZaUD,-(fou)DN) :/Zaijf’(u)DiuDjw
i,j i,
- / S a DD (f (w)g)
i.j

- / ZaijDiuf”(u)Djufp.
i.j

The last integral is nonnegative because of the ellipticity condition, if f is convex,
ie., f"(u) > 0, and ¢ > 0, and consequently yields a nonpositive contribution
because of the minus sign in front of it, if u is a weak subsolution and f”(u) > 0.
Therefore, under those assumptions,

/ Y a Di(fouyD;jp <0,
2 ij

and f o u is a weak subsolution.
In the same manner, one treats the weak versions of the other assertions of
Lemma 14.1.1 to obtain the following result:

Lemma 14.1.2. Under the corresponding assumptions, the assertions of
Lemma 14.1.1 hold for weak (sub-,super-)solutions, provided that the chain rule
for weak derivatives is satisfied for f € C*(R).

From Lemma 14.1.2 we derive the following result:

Lemma 14.1.3. Let u € W'2(82) be a weak subsolution of L, and k € R. Then
v(x) := max(u(x), k)

is a weak subsolution as well.

Proof. We consider the function
f:R—->R,
S (y) := max(y, k).
Then
v= fou.
We approximate f by a sequence ( f,),en of convex functions of class C? with

fi5) = £ fory ¢(k—%,k+ 1)

n
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and

£/ <1 forally.

Then, as in the proofs of Lemmas 10.2.2 and 10.2.3, by an approximation argument,
f, ouconvergestov = f ouin W2, Therefore,

/QZa’/D,-ijqo:nli)n;OLZa”Di(fnou)quo
i.j i.J
<0 forge H()I’Z(Q),go >0

by Lemma 14.1.2. O
Remark. Of course, we also have a result analogous to Lemma 14.1.3 for weak
supersolutions. For k € R, if u € W12(£2) is a weak supersolution, then so is

min(u(x), k).

We now come to the fundamental estimates of J. Moser:

Theorem 14.1.1. Let u be a subsolution in the ball B(xy,4R) C RY (R > 0), and
assume p > 1. Then

2 1
sup u <c¢ (L) ! (][ (max(u(x), 0))” dx) ’ , (14.1.4)
B(x0.R) p—1 B(x0.2R)

with a constant ¢y depending only on d and 3.

Remark. If u is positive, then obviously max(u,0) = u in (14.1.4), and this case
will constitute our main application of this result.

Theorem 14.1.2. Let u be a positive supersolution in B(xo,4R) C R%. For 0 <
p< ﬁ, and if d > 3, then

% (&) .
(][ ur dx) < ——— inf u (14.1.5)
B(x0.2R) (ﬁ _ p) B(x0.R)

with ¢, again depending on d and % only. If d = 2, this estimate holds for any

0 < p < oo, with a constant c; depending on p and % in place of c2/ (ﬁ — p)z.

we let L be the

Remark. In order to see the necessity of the condition p < #,

Laplace operator A and

u(x) = min (|x|2_d,k) for some k > 0.
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According to the remark after Lemma 14.1.3, because |x|>~¢ is harmonic on R? \

{0}, this is a weak supersolution on R, If we then let k increase, we see that the
d .

L 7=z -norm can no longer be controlled by the infimum.

From Theorems 14.1.1 and 14.1.2, we derive Harnack-type inequalities for solutions
of Lu = 0. These two theorems directly yield the following corollary:

Corollary 14.1.1. Let u be a positive (weak) solution of Lu = 0 in the ball
B(x9.4R) CR? (R > 0). Then

sup u <c3 inf u, (14.1.6)
B(xo,R) B(xo,R)

with c3 depending on d and % only.
For general domains, we have the following result:

Corollary 14.1.2. Let u be a positive (weak) solution of Lu = 0 in a domain 2 of
R4, and let 2y CC 2. Then

supu < cinfu, (14.1.7)
20 20

. . A
with ¢ depending on d, 2, §2o, and 7.

Proof. This Harnack inequality on £2, follows by the standard ball chain argument:
Since £2y is compact, it can be covered by finitely many balls B; := B(x;, R) with
B(x;, R) C £ (we choose, e.g., R < %dist(aﬂ,.{?o)), i = 1,...,N. Now let
V1, V2 € £2¢; without loss of generality y; € By, y» € B+, for some m > 1, and
the balls are enumerated in such manner that B; N B # @ for j =k,... .k +
m — 1. By applying Corollary 14.1.1 to the balls By, Bj41, ..., we obtain

u(y1) < supu(x) < czinfu(x)
By By

< c3 sup u(x) (since By N Biy1 # 0)
Byt

fcg inf u(x) <...
Bj+1

m+1

m—+1
=¢ 3

inf u(x) <" u(yr).
Bitm

Since y; and y; are arbitrary, and m < N, it follows that

supu(x) < c§v+1 infu(x). (14.1.8)
2 - 20
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We now start with the preparations for the proofs of Theorems 14.1.1 and 14.1.2.
For positive u and a point x(, we put

1

¢(p,R) := (][ u”dx)p .
B(x0,R)

Lemma 14.1.4.

lim ¢(p,R) = sup u =:¢(c0, R), (14.1.9)

P> B(x0.R)

lim ¢(p,R)= inf u=:¢(—o0, R). (14.1.10)
p—>—00 B(xo,R)

Proof. By Holder’s inequality, ¢(p, R) is monotonically increasing with respect to
p. Namely, for p < p’ andu € L7 (£2),

(k) < )7 (L) =G )

Moreover,

#(p.R) < ( (supu)p)p = ¢(co, R). (14.1.11)

|B(‘x07 R)l B(X(),R)

On the other hand, by the definition of the essential supremum, for any ¢ > 0, there
exists some § > 0 with

> 6.

x € B(xo,R) :u(x) > sup u—e
B(xo,R)

Therefore,

- 1
1 ’ 8 »
R - p _° _
s )2(|B(xo,R)| ) = (Tgeemn) oru=o:

XEB(x0.R)

and hence
lim ¢(p,R) > supu—c¢
p—>00

for any € > 0, and thus also

lim ¢(p, R) > supu. (14.1.12)
p—>00
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Inequalities (14.1.11) and (14.1.12) imply (14.1.9), and (14.1.10) is derived similarly
(or, alternatively, by applying the preceding argument to l). O

Lemma 14.1.5. (i) Let u be a positive subsolution in §2, and for q > 3, assume

vi=ul e L*(2).
Foranyn € HOI’Z(.Q), we then have

2
/n |Dv|* < Az( ) /|Dn|2 2, (14.1.13)

(ii) If u is a supersolution instead, this inequality holds for q < 3.

Proof. The claim is trivial for ¢ = 0. We put
f(u) =u*?  forg >0,
f(u) = —u* forg <O0.

By Lemma 14.1.2, f(u) then is a subsolution in case (i), and a supersolution in case
(i1). The subsequent calculations are based on that fact. (In the course of the proof
there will also arise integrability conditions implying the needed chain rules. For
that purpose, the proof of Lemma 10.2.3 requires a slight generalization, utilizing
varying Sobolev exponents, the Holder inequality, and the Sobolev embedding
theorem. We leave this as an exercise for the reader.) As a test function in (14.1.2)
(or in the corresponding inequality in case (ii), we then use

o= f'(w-n. (14.1.14)
Then

/Zaij(x)Diuquo
Q=
ij
:/ ZaijDiuDjuf’/(u)nz—f-/ Zai/Diuf/(u)ZnDjn
25 2
ij i.j

/ 2|q] 2q — I)Za’/D ubD; w2 4 /94|q|2a’7D,-u uzq—lnDjr).
i i

(14.1.15)

In case (i), this is < 0. Applying Young’s inequality to the last term, for all ¢ > 0,
we obtain

2|q|(2q—m/|Du|2 22,2 <2|q|Ae/|Du|2 22,2

2141 A
+—|i| /u2‘1|Dn|2.
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With
2qg — 1

. A
o2 A

we thus obtain

4 A2
Dul? 22 < /ZqDZ,
[ 1pu < GoTa | 1P

A2 [ 29 \?
D22<_ /2D 2.
[ <55 (525) [ 210

In case (ii), (14.1.15) is nonnegative, and since in that case also 2¢g — 1 < 0, one can
proceed analogously and put

i.e.,

_1-2g 2
2 A
to obtain (14.1.13) in that case as well. O

We now begin the proofs of Theorems 14.1.1 and 14.1.2. Since the stated inequali-
ties are invariant under scaling, we may assume, without loss of generality, that

R=1 and x,=0.
We shall employ the abbreviation
B, := B(0,r).

Let
0<r <r<2r, (14.1.16)

andletn € Hol’z(B,) be a cutoff function satisfying

n=1 on B,
_ d
}’}:O OHR \Br7 (14.1.17)
|D77| = /A
r—r

For the proof of Theorem 14.1.1, we may assume without loss of generality that
u is positive, since otherwise, by Lemma 14.1.3, we may consider the positive

subsolutions
vi (x) = max(u(x), k)
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for k > 0 (or the approximating subsolutions from the proof of that lemma), perform
the subsequent reasoning for positive subsolutions, apply the result to the v, and
finally let k tend to 0.

We consider once more

v=ul

and assume that v € L?(£2). By the Sobolev embedding theorem (Corollary 11.1.3),
for d > 3, we obtain

d—2
d
‘fvﬂf gmr”f|Dﬁ+f V. (14.1.18)
B,/ B B

If d = 2 instead of dz—fz, we may take an arbitrarily large exponent p and proceed
analogously. We leave the necessary modifications for the case d = 2 to the reader

and henceforth treat only the case d > 3. With (14.1.13) and (14.1.17), (14.1.18)

yields
o d
(f W4) 55%‘; (14.1.19)
B,s '\
/ 2 2
2
ES%((riﬂ)(ngl)_%O' (14.1.20)

Thus, we get v € L7 (£2). We shall iterate that step and realize that higher and
higher powers of u are integrable.
We put s = 2q and assume

with

Is| > p >0,

choosing an appropriate value for u later on. Because of r < 2r/, then

N s N2
¢ < 14.1.21
C_Cb(r—r’) (s—l) ' ( )

with c¢ also depending on w. Thus, by (14.1.19) and (14.1.21), since v = uz, we
get for s > pu,

dS ’ % ds r/ s %
¢(d—2’r) = (][/v ) 567(r_r/) (s—l) o(s,r) (14.1.22)

@ I
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1
with ¢; = ¢¢ . For s < —pu, analogously,

ds 1 Fo\TH
¢(d __2”) 2c—7(r_r,) P (s.7) (14.1.23)

(we may omit the term (‘i—l)_'%' here, since it is greater than or equal to 1).

We now wish to complete the proof of Theorem 14.1.1, and therefore, we return
to (14.1.22). The decisive insight obtained so far is that we can control the integral
of a higher power of u by that of a lower power of u. We now shall simply iterate
this estimate to control even higher integral norms of # and from Lemma 14.1.4 then
also the supremum of u. For that purpose, let

d—2
I'n :1+2—n,
= gy >
n n+1 2-

Then (14.1.22) implies

2
1+277 (G5)p )p(/_z)”
T (Gh) e

<@ (s,

& (Sn+1,7nt1) < C7 ( & (S Tu)
and iteratively,

()™ »
G (Sn+1,Tnt1) < ng (@) d(s1.71) < c9 (p —

1)p d(p.2). (14.1.249)

(Since we may assume u € L?(£2), therefore ¢ (s,, r,) is finite for all n € N, and
thus any power of u is integrable.) Using Lemma 14.1.4, this yields Theorem 14.1.1.

In order to prove Theorem 14.1.2, we now assume u > ¢ > 0, in order to ensure
that ¢ (o, r) is finite for ¢ < 0. This does not constitute a serious restriction, because
once we have proved Theorem 14.1.2 under that assumption, then for positive u, we
may apply the result to u 4 ¢. In the resulting inequality for u 4 ¢, namely

; o
(][ (u+ 8)”) <——— inf (u+e),
B(x0.2R) (ﬁ _ p) B(x0.R)

we then simply let ¢ — 0 to deduce the inequality for u itself.
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Carrying out the above iteration analogously for s < —p withr, =2 + 27", we
deduce from (14.1.23) that

d (=1, 3) < cro9(—00,2) < crop(—0o0, 1). (14.1.25)
By finitely many iteration steps, we also obtain
¢(p.2) < cugp(p,3). (14.1.26)
d

(The restriction p < —= in Theorem 14.1.2 arises because according to Lemma
14.1.5,1n (14.1.19) we may insert v = u? only for g < % The relation p = Zqﬁ
that is needed to control the L”-norm of u with (14.1.19), by (14.1.20) also yields
-2,
the factor (745 — p)  in (14.1.5).)
The only missing step is

¢ (., 3) < cogp(—p, 3). (14.1.27)

Inequalities (14.1.25)—(14.1.27) imply Theorem 14.1.2. For the proof of (14.1.27),
we shall use the theorem of John—Nirenberg (Theorem 11.1.2). For that purpose,
we put

1
v=Ilogu, ¢ = ;7}2

with some cutoff function 7 € HOI'Z(B4). Then
/ ZaijDiquju = —/ }'}zzaijDiijV—‘r / ZnZaijDinDjv.
B By By
Since u is a supersolution, the left-hand side is nonnegative; hence

)L/ n2|Dv|2§/ nZZaijDiijv§2/ nZaijDinDjv
By By By

1 1

2 2

sZA(/ n2|Dv|2) (/ |Dn|2)
By By

by the Schwarz inequality, and thus

A2
/ n* |Dv]* < 4 (—) |Dyl*. (14.1.28)
By A By
If now B(y, R) C B3+% is any ball, we choose 7 satisfying

n=1 onB(y,R),
n =0 outsideof B(y,2R) N By,

8
Dn| < —.
InI_R
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With such an 7, we obtain from (14.1.28)
2 1 .
|Dv|” < y—5 with some constant y.
B(y.R) R

Thus, by Holder’s inequality,

/ |Dv| < wq /YR
B(y,R)

Now let « be as in Theorem 11.1.2. With u = #, applying that theorem to
1 1
w= V= log u,

Wiy @iV

we obtain
Lo

B3 B3

and hence

2
¢(n.3) < prop(—p.3),
and hence (14.1.27), thus completing the proof.

In order to see what the Harnack inequality for supersolutions can tell us about
subsolutions, we now state

Corollary 14.1.3. Let v be a bounded weak subsolution on B(xy,4R). There exists
a constant 0 < &y < 1, independent of v and R, with

sup v<(1—=23p) sup v+ VB(x0.R)- (14.1.29)
B(x0,R) B(x0.4R)
Proof. We abbreviate
V4 R = Sup v
B(x0.R)

and have
V4 4R — VR =][ (V44r—V)
B(x0.R)

< Zd][ [Vyar — V|
B(x0.2R)

<c(V44r —V4R)
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by Theorem 14.1.2 (for p = 1), since vy 4 — v is a nonnegative supersolution on
B(x0,4R). Consequently,

c—1 1
V4 4R + EVB(XO,R)- O

V+ R =

This corollary tells us that unless v is constant, its supremum on the smaller ball is
smaller than the one on the larger ball in a way controlled by the difference between
the supremum and the average. Thus, it can be interpreted as a quantitative version
of the maximum principle. More generally, a (sub)solution defined on some ball is
more tightly controlled on a smaller ball. Such explicit quantitative controls are very
important in the regularity theory for solutions of elliptic equations, as we shall see
in subsequent sections.
A reference for this section is Moser [27].

Krylov and Safonov have shown that solutions of elliptic equations that are not of
divergence type satisfy Harnack inequalities as well. In order to describe their results
in the simplest case, we again omit all lower-order terms and consider solutions of

d 2
Mu := i __ =0.
u ”2;1 a’ (x) FE u(x)

Here the coefficients a/ (x) again need only be (measurable and) bounded and
satisfy the structural condition (14.1.1), i.e.,

d
k|§|2 < Z a"f'(x)g,-gj forallx € 2,& € RY
ij=1
and
sup la”/ (x)] < A
i,j.x

with constants 0 < A < A < oo.
We then have the following theorem:

Theorem 14.1.3. Let u € W?>(R2) be positive and satisfy Mu > 0 almost
everywhere in B(xy,4R) C R?. For any p > 0, we then have

1/p
sup u < ¢ (][ u? dx)
B(x0.R) B(x0.2R)

A

with a constant ¢y depending on d, 5, and p.
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Theorem 14.1.4. Let u € W24 (2) be positive and satisfy Mu < 0 almost
everywhere in B(xo,4R) C RY. Then there exist p > 0 and some constant cs,
depending only on d and % such that

1/p
(][ u? dx) <c¢p inf u.
B(x0,R) B(xo.R)

As in the case of divergence-type equations (see Sect. 14.2 below), these results
imply Harnack inequalities, maximum principles, and the Holder continuity of
solutions u € W24 (£2) of

Mu =0 almost everywhere £2 C R?.

Proofs of the results of Krylov—Safonov can be found in Gilbarg—Trudinger [12].

14.2 Properties of Solutions of Elliptic Equations

In this section we shall apply the Moser—Harnack inequality in order to deduce
the Holder continuity of weak solutions of Lu = 0 under the structural condi-
tion (14.1.1). That result had originally been proved by E. de Giorgi and J. Nash
independently of each other, and with different methods, before J. Moser found the
proof presented here, based on the Harnack inequality.

Lemma 14.2.1. Letu € Wl’z(.Q) be a weak subsolution of L, i.e.,

d
9 . 0
Lu— Z Pl (a” (x)ﬁu(x)) > 0 weakly,
ij=1

with L satisfying the conditions stated in Sect. 14.1. Then u is bounded from above
on any §20 CC $2. Thus, if u is a weak solution of Lu = 0, it is bounded from above
and below on any such §2y.

Proof. By Lemma 14.1.3, for any positive k,
v(x) := max(u(x), k)

is a positive subsolution (by the way, in place of v, one might also employ the
approximating subsolutions f, o u from the proof of Lemma 14.1.3). The local
boundedness of v, hence of u, then follows from Theorem 14.1.1, using a ball chain
argument as in the proof of Corollary 14.1.2. O

Theorem 14.2.1. Let u € W'2(2) be a weak solution of



14.2  Properties of Solutions of Elliptic Equations 367

d

d . ad
_ U (x)— =
Lu= i;I T (a (x) P u(x)) 0, (14.2.1)

assuming that the measurable and bounded coefficients a” (x) satisfy the structural

conditions
d

MEP <= ) d"(0EE. |a ()] <A (14.2.2)

ij=1

forall x € 2, & € R, with constants 0 < A < A < oo. Then u is Holder
continuous in §2. More precisely, for any 2o CC 2, there exist some « € (0,1)
and a constant ¢ with

lu(x) —u(y)| < clx—yl* (14.2.3)
forall x,y € §2o. o depends on d, %, and $2y, ¢ in addition on supg u — infg, u.
Proof. Let x € 2. For R > 0 and B(x, R) C £2, we put

M(R) := sup u, m(R):= inf u.
(R) B(X’I;) (R) A

(By Lemma 14.2.1, —oo < m(R) < M(R) < 00.) Then
w(R) := M(R) —m(R)

is the oscillation of u in B(x, R), and we plan to prove the inequality

o R
w(r) < ¢ (%) o(R) for0<r= (14.2.4)
for some « to be specified. This will then imply
R
u(x) —u(y) < sup u— inf u=w(r) < cow( ) |x — y|*. (14.2.5)

B(x.r) B(x.r) R~

for all y with |[x — y| = r. This, in turn, easily implies the claim.
We now turn to the proof of (14.2.4):

M(R)—u and u—m(R)

are positive solutions of Lu = 0 in B(x, R).l Thus, by Corollary 14.1.1,

'More precisely, these are nonnegative solutions, and as in the proof of Theorem 14.1.2, one adds
& > 0 and lets & approach to 0.
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M(R)—m (5) = sup (M(R)—u) <c; inf (M(R)—u)
4 B(x, %) B(x. %)

o wn-u (%))

M (5) —m(R) = sup (u—m(R)) <c; inf (u—m(R))
4 B(x.®) B(x. )

o (2) ).

(By Corollary 14.1.1, ¢; does not depend on R.) Adding these two inequalities

and analogously,

yields
R R cp—1
M- - — | < M(R) —m(R)). 14.2.6
(5)-m(5) = @ -mwy. as20
: a1
With 9 := f,l‘+1 < 1, thus

) (;) < vw(R).

Iterating this inequality gives

R
10) (4_;1) <v"w(R) forn eN. (14.2.7)
Now let
R R
yTER <r< TR (14.2.8)

We now choose « > 0 such that
o
U< l .
—\4

R
o) <o (4_;1) since w is obviously monotonically increasing

Then

<9%"w(R) by (14.2.7)

< () o
<4 (%)a o(R) by (14.2.8),

whence (14.2.4). O
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We now want to prove a strong maximum principle:

Theorem 14.2.2. Let u € W'2(2) satisfy Lu > 0 weakly, the coefficients a’/ of L
again satisfying

LR <) al (0EE. (x| <A
i.J
forall x € 2, € € RY. If for some ball B(yy, R) CC £2,

sup u = supu, (14.2.9)
B(yo.R) 2

then u is constant.

Proof. 1f (14.2.9) holds, we may find some ball B(xq, Ry) with B(xy,4Ry) C £2
and
sup u = supu. (14.2.10)
B(x0.Ro) 2
Without loss of generality supg, u < 00 because sup g, gy # < 00 by Lemma 14.2.1.
For
M > supu,
2

M — u then is a positive supersolution, and we may apply Theorem 14.1.2 to it.
Passing to the limit, the resulting inequalities then continue to hold for

M = supu. (14.2.11)
2

Thus, as in the proof of Corollary 14.1.3, we get from Theorem 14.1.2 for p =1

M—-u)y<c inf M—-—u)=0
ﬁ(xolRo) B(x0.Ro)

by (14.2.10) and (14.2.11). Since by choice of M, we also have u < M it follows
that
u=M (14.2.12)

in B(X(), ZR()).

Now let y € £2. We may find a chain of balls B(x;, R;), i = 0,...,m, with
B(.X,', 4R,) C £, B(.X,'_l, R,-_l)ﬂB(xi, Rl) 75 Ofori =1,...,m, y € B(Xm, Rm)
We already know that u = M on B(xq,2Ry). Because of B(xy, Ro) N B(x1, Ry) #
0, this implies

sup u=M,;
B(x1,R1)

hence by our preceding reasoning

u=M onB(x;,2Ry).
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Iteratively, we obtain
u=M on B(x,,2R,),

and because of y € B(x,,,, Rin),
u(y) = M.
Since y was arbitrary, it follows that

u=M inS2. O

As another application of the Harnack inequality, we shall now demonstrate a result
of Liouville type:

Theorem 14.2.3. Any bounded (weak) solution of Lu = 0 that is defined on all of
R?, where L has measurable bounded coefficients a'/ (x) satisfying

Mgl = Y al (EE. o ()] < A
i.j

for fixed constants 0 < A < A < oo and all x € R?, £ € R?, is constant.

Proof. Since u is bounded, infr © and supys u are finite. Thus, for any
u < infu,
R4
u — 1 is a positive solution of Lu = 0 on RY. Therefore, by Corollary 14.1.1,

O< supu—pu<c inf u—
- B(O,II)Q) f=a (B(O’R) M)

forany R > 0 and any p¢ < infRs u, and passing to the limit, then this also holds for

n= 1ﬂgdfu.

Since ¢3 does not depend on R, it follows that
0<supu—pu=<cs (infu—p,) =0,
R4 R4

and hence
u = const. O
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14.3 An Example: Regularity of Bounded Solutions
of Semilinear Elliptic Equations

In this section, we shall show how the Harnack inequality naturally applies for the
regularity of solutions of nonlinear equations. We take up once more the semilinear
equation (12.2.7)

Au+ I'(u)|Du)* =0 (14.3.1)

with a smooth function I'(x), on an open and bounded 2 C R?. In Sect. 12.2,
we have shown that a weak solution u € W'71(£2) for some p; > d is smooth.
We recall that this condition implies that u is bounded, by the Sobolev embedding
Theorem 11.1.1 (see also Morrey’s Theorem 11.1.5). In this section, we wish to
show that all bounded solutions are smooth, as an application of the Harnack
inequality. The crucial point will be to find auxiliary functions constructed from
a solution that are subharmonic and to which therefore a Harnack inequality can be
applied.

We start with the following computation for a smooth solution u. Let xo € §2,
and C > 0, and p some constant.

u(x)—p)? d u(x)—p)?
AeCU®)=p)" — Z ﬁ(ZC(M—p)MXieC( (x)=p) )
i

= 2C(u— p) AueCW>)=p)’
+2C|Duf2eC =’
+4C2(u — p)?| Du|2eCw—p)
= —2CT(u)(u— p)| Duf2eC@®)=p?
+2C| Duf2eCw0=r?
+4C2(u— p)?| Du?eC =P,

If we now assume

I'(u) <a, (14.3.2)
and choose C with
a’ <C, (14.3.3)
then
AeCEI=P? > (14.3.4)

i.e., we have constructed a subharmonic function from a solution of (14.3.1).

Since we wish to prove a regularity result, we cannot yet assume that u is a
classical solution of (14.3.1). We need to consider weak solutions; u € W12(2)
with I" (u) bounded is called a weak solution of (14.3.1) if



372 14 Moser Iteration Method and Regularity Theorem of de Giorgi and Nash

/ (Z DiuD;¢p — F(u)|Du|2(p) dx =0forallg € Hi? N L™®(2); (14.3.5)
i

here, we need to require that the test function ¢ be bounded in order to ensure that
the integral | |Du|?¢ be finite. For a weak solution of (14.3.4), (14.3.5) then is
also satisfied in the weak sense when the conditions (14.3.2) and (14.3.3) hold (see
Sect. 14.1 for weakly subharmonic functions), i.e.,

/ Z D; (e€“=P")Dyn(x)dx < 0 forall n € HI2(2).n>0;  (14.3.6)
2

here, we need to require u to be bounded in order to ensure that, computed by the
chain rule, D;(e€“®=P?) is in L2(£2). For the details, so that you can see how
a computation in the smooth case is translated into one in the weak case via an
integration by parts (the reasoning is the same as in the proof of Lemma 14.1.2):
The inequality (14.3.6) then is obtained via

/Z D; (ec(“_]’)zD,-n = /ZZC(H - p)DiueC(”_”)zDin
i i
i
-2 / > DiuD; ((u— p)e“)n

= / | Dul*T (u)2C (u — p)eC@P’y
—/2C|Du|2ec(“_mzn

—/4C2|Du|2(u - p)zec(”_p)zn
<0
for n > 0, using (14.3.2), (14.3.3) as before.

Lemma 14.3.1. Letu : B(xy,4R) — R (B(x0,4R) a ball in R?) be bounded, with

sup  fu(yn) —u(y2)l = M, (14.3.7)
Y1,Y2€B(x0,2R)

and satisfy
AeCU®=p? > ¢ (14.3.8)
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in the weak sense for every p € R. Then there exists some
M <M
with

sup  |u(z1) —u(z)| = M'. (14.3.9)

21,22€ B(x0,R)

Proof. By (14.3.7), we can find some x; € B(x,2R) with

meas ({x € B(xo, R) : Ju(x) —u(x))| < %}) > imeas(B(xo, R) = %Rd.

4 4
(14.3.10)
We consider the auxiliary function
(x) 1= A eClu =)
g(x) = o .
We have
pwi= sup g(x) <1 (14.3.11)
x€B(x0,2R)
On the other hand, by (14.3.7), there exists some y € B(x¢,2R) with
M
lu(y) —ulx)l = —-
hence
p> e iCeM? (14.3.12)
On {x € B(xo., R) : |u(x) — u(x1)| < %} [as in (14.3.10)], we have
—_Lom?
g(x) <e 1", (14.3.13)
We then consider the auxiliary function
h(x) = p—g(x) = 0on B(xp,2R). (14.3.14)

From (14.3.12)and (14.3.13), we have
_QCMZ _ECMZ M
h(x) > e 4 —e 16 on {x € B(xp, R) : |u(x) —u(xy)| < T( (14.3.15)

By (14.3.8) and the definitions of g, &,

Ah(x) < 0 weakly in B(xo,2R), (14.3.16)
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so that, with (14.3.14), we can apply the Harnack inequality for positive
superharmonic functions, Theorem 14.1.2, to obtain

¢
inf h(x) > — / h(x)dx for some constant ¢ > 0
X€B(x0,R) R B(x0,R)

S (e_gcw _ e—%CMZ) (14.3.17)

for some constant ¢’ that is independent of u, by (14.3.15) and (14.3.10). O

The key of the proof was, of course, the Harnack inequality. The principle is that
when we can control a supersolution 4 on some sufficiently large part of the ball
B(xo,2R) from below, then we can control /1 everywhere from below on the smaller
ball B(xy, R).

Clearly, we can iterate the proof of this lemma, to show that, given ¢ > 0, we
find some 6 > 0 with

sup  [u(r) —u(&)| <e.

&1.62€ B(x0,6)

The iteration works because, by (14.3.15), whenever supg ¢ ep(x,2r) |u(j§1)2 —
u(£,)| > €, then we can decrease that supremum on B(xo, R) by at least ¢/(e €€ —
e_%cgz) for some constant ¢’ that does not depend on u.

Thus, we have

Theorem 14.3.1. Let u be a bounded solution of

/ (Z DiuD;¢p — F(u)|Du|2(p) dx = Oforallp € Hy* N L™®(2) (14.3.18)
2\

with a smooth and bounded function I'. Then u is continuous in §2.

Once we know that u is continuous, we can derive further regularity properties
of u. As in Sect. 12.2, one shows in the end that u« is smooth. In the special case
where u is a solution of the variational problem (12.2.8), this is particularly easy.
We simply take a function f with f’(u) = /g(u) which is possible since u, hence
g(u) is continuous. Then the variational problem [ g(u)|Du|*> — min becomes
the variational problem f |Dv|2 — min for v = f o u, i.e., the Dirichlet integral,
that we have already treated in Sects. 10.1 and 11.2. Since f is differentiable with
positive derivative, the regularity of v then translates into the regularity of u, indeed.
Actually, inspired by this argument, we may also want to treat (14.3.1) in a similar
manner. We simply solve

@' (u) = I'(u) and f’(u) = e®® (14.3.19)
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and then have

A(f ou) = f'wAu+ f"w)| D@
= e®O(Au+ &' ()| DW)?)
= e®“(Au+ I'w)|Dw)P),

and so, f o u is harmonic, hence regular, when u solves (14.3.1). There are
technical issues involved, like the solvability of (14.3.19) for a continuous u, the
weak formulation of the preceding formula, and the necessary iteration to get from
continuity to smoothness, however, that we do not address here.

When we want to proceed in a more analytical manner, we can obtain the
following Caccioppoli inequality:

Lemma 14.3.2. Let u € W'2() be a bounded and continuous weak solution of
(14.3.18) in 2. Assume |I'(u)| < a. For all xo € $2, there then exists a radius
Ry < dist(xo, 052), depending only on the modulus of continuity of u and the bound
ain(14.3.2), such that for all radii 0 < r < R < Ro, with up = up(x,,r) (the mean
value of u on the ball B(xy, R)), we have

2 32 2
Duf? < ——— = ugl?. (14.3.20)
B(xo.r) (R —71)? JB(xo.R)\B(xo.r)

Proof. We choose 1 € HOI’Z(B(xO, R)) with

n=1 on B(x,r); hence Dn =0 on B(xo,r),

Dy < :
1Dl = 2 —

As in Sect. 11.2, we employ the test function
¢ = (u—up)y’

and obtain

/ \DuPr = — / 2DyunDin(u— ug) + / I ()| DuP(u — )
B(xo.R) B(xo,R)

B(x0,R)
1
<o iuas | w-wllonf
4 JB(xo.R) B(xo,R)
+a sup |u—ug| | Du|*n?.

B(x0.R) B(x0.R)
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By continuity of u, we may choose R so small that a suppg(,, ) [u — ur| < %. We
then obtain

/ |Du|2n258/ (u—up)?| D
B(x,R) B(xo,R)

32

< lu—ugl>. (14321
(R = 1) JB(xo. R\ B(xo.r)

This yields (14.3.20). O

The key point here is that we can use a test function like u(x) — ug or u(x) —
u(xo) that, because of the continuity of u, on a sufficiently small ball B(xy, R) leads
to an arbitrarily small factor for the nonlinear term I (u)|D(u)|* so that it can be
dominated by the linear term.

We have seen the use of such an inequality already in Sect. 11.2, and we shall
see in Sect. 14.4 below how the Caccioppoli inequality can be used to show higher
results.

References for continuity results via Moser’s Harnack inequality for equations
and systems of the type (14.3.1) are [15,26]. As the example at the end of Sect. 12.2
shows, weak solutions of elliptic systems of the type considered here need not
be continuous, even if they are bounded. However, continuous weak solutions are
smooth; see [24].

14.4 Regularity of Minimizers of Variational Problems

The aim of this section is the proof of (a special case of) the fundamental result of
de Giorgi on the regularity of minima of variational problems with elliptic Euler—
Lagrange equations:

Theorem 14.4.1. Let F : RY — R be a function of class C™ satisfying the
following conditions: For some constants K, A < co, A > 0 and for all p =

(p1.....pa) €RY:

i [Lp=kipl (=14

.. 2
(ii) M|EP <X GranlkiE; < A& forall § € RY.

Let 2 C R? be a bounded domain. Let u € W'*(2) be a minimizer of the
variational problem

Iv) = /Q F(Dv(x))dx,

ie.,

Iw) < I(u+¢) foralge Hy*(82). (14.4.1)
Then u € C*(£2).
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Remark. Because of (i), there exist constants ¢y, ¢, with
|F(p)| <c1+alpl. (14.4.2)

Since §2 is assumed to be bounded, this implies
I(v) = / F(Dv) < o0
2

forall v € Wl'z(.Q). Therefore, our variational problem, namely, to minimize / in
W12(£2), is meaningful.

We shall first derive the Euler—Lagrange equations for a minimizer of /:

Lemma 14.4.1. Suppose that the assumptions of Theorem 14.4.1 hold. We then
have for all ¢ € H(}’Z(.Q),

d
/ Y Fp(Du)Digp =0 (14.4.3)
2

i=1

(using the abbreviation F,, = oF

_
Proof. By (i),

d
| 0o <k [ 1DvI1D] = d K IDVg) 1Dl
i=1

and this is finite for ¢, v € W12(£2). By a standard result of Lebesgue integration
theory, on the basis of this inequality, we may compute

d
—1 t
5 (u+1t9)

by differentiation under the integral sign

d
3 tip) = /9 > F,(Du+tDg)Di¢. (14.4.4)

In particular, I(« + t¢) is a differentiable function of # € R, and since u is a
minimizer,

d

Equation (14.4.4) for t = 0 then implies (14.4.3). O
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Lemma 14.4.1 reduces Theorem 14.4.1 to the following:

Theorem 14.4.2. Let A" : R? — R, i = 1,...,d, be C®-functions satisfying
the following conditions: There exist constants K, A < oo, A > 0 such that for all
peRY:

(i) |[A(p)| =Klpl (G =1.....4d).

(i) MEP < - Y REE, forall § € RY.

ap
A (p)
(iii) ’_ap, ‘fA.

Let u € W'2(82) be a weak solution of

d
0 .

§ :TAI(DM) =0 inf2CR?, (14.4.6)
xl

i=1

i.e., forall p € HOI’Z(Q), let

d
/ Z A" (Du)D;p = 0. (14.4.7)
fo

i=l1

Then u € C*(£2).

The crucial step in the proof will be Theorem 14.2.1, of de Giorgi and Nash.
Important steps towards Theorem 14.4.2 had been obtained earlier by S. Bernstein,
L. Lichtenstein, E. Hopf, C. Morrey, and others.

‘We shall start with a lemma.

Lemma 14.4.2. Under the assumptions of Theorem 14.4.2, for any ' CC 2
we have u € W*2('), and moreover; lullw22i0y < ¢ lullprzg), where ¢ =
c(A, A,dist(£2/,082)).

Proof. We shall proceed as in the proof of Theorem 11.2.1. For
|h| < dist(supp ¢, 082),

Ok —n(x) := @(x — hey) (ex being the kth unit vector) is of class Hol’z(.Q) as well.
Therefore,

d
():LZAi(Du(X))Di(pk,—h(x)dx

i=1

d
:/ ZAi(Du(x))Difp(x—hek)dx

i=1

d
- /9 > A'(Du(y + he) Dig(y)dy

i=1

d
- /Q ZAi ((Du)y) Dig.

i=1
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Subtracting (14.4.7), we obtain
/Z (A" (Du(x + her)) — A" (Du(x))) Dig(x) = 0. (14.4.8)
For almost all x € 2
Al (Du(x + hey)) — Al (Du(x))

1
::/ gAf@DMx+hq)+(r—nDuu»dr
0

= /01 Zd: A;j (tDu(x + heg) + (1 —t)Du(x)) D; (u(x + heg) — u(x)) | dr.
. (14.4.9)
We thus put
al (x) = /01 AL, (tDu(x + hey) + (1 — 1) Du(x)) dt,
and using (14.4.9), we rewrite (14.4.8) as
/9 > a4 (0D, (”(x + he}i‘) _ ”(x)) Dig(x)dx = 0. (14.4.10)
i.j

Here, because of (ii) and (iii),
MEP <) a) (&g <dAJE] forall§ e RY.
i.J
We may thus proceed as in Sect. 11.2 and put
0 = 3 (Wl + heg) —u(e) 7’
with n € CJ(£2"), where we choose 2 satisfying
Q' cc R’ cce,

dist(£2”, 02), dist(£2/, 082" > i dist(£2’, 0£2), and require
0<n=l,
n(x)=1 forx e £,

Dyl<-—o
1Dl = G a0
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as well as
|2h| < dist(£2”, 352).
Using the notation
u(x + hey) —u(x)
h 9

Azu(x) =

(14.4.10) then implies
x/ |DAzu|2n2§/ Za (D; Alu) (D; Alu)
2
——/ > aj D A{u2n(Din)Afu by (14.4.10)
2 .
dA
< sdA/ DA + —/ | ALul*|Dn? forall e > 0,
Q & Jo

A
244>

/|DAku| n <c1/ |Azu|25c1/ |Dul®
Qr 2

by Lemma 11.2.1, with ¢, independent of /. Hence

and with ¢ =

|DALu 2oy < e1 1 Dull 2 - (14.4.11)

Since the right-hand side of (14.4.11) does not depend on /, from Lemma 11.2.2 we
obtain D?u € L?(£2’) and the inequality

| D%ul 20y < c1 DUl 2(q) - (14.4.12)
Consequently, u € W22(£2'). O
Performing the limit 2z — 0 in (14.4.10), with
a’ (x) = A;j (Du(x)),
(14.4.13)

V= Dku,

we also obtain

2
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By (ii), (iii), (@ (x)); j=1...a satisfies the assumptions of Theorem 14.2.1. Applying
that result to v = Dju then yields the following result:

Lemma 14.4.3. Under the assumptions of Theorem 14.2.1,

Du e C%(R2)
for some o € (0,1), i.e.,
ue CH(R).
Thusv = Dyu,k = 1,...,d,is a weak solution of
d
>~ Di(a’(x)D;v) =0. (14.4.14)
i,j=r

Here, the coefficients @’/ (x) satisfy not only the ellipticity condition

d
MEP < Y aV(0EE, a7 ()] <A

ij=1

forall £ € RY, x € 2,i,j = 1,....d, but by (14.4.13), they are also Holder
continuous, since A’ is smooth and Du is Holder continuous by Lemma 14.4.3. For
the proof of Theorem 14.4.2, we thus need a regularity theory for such equations.
Equation (14.4.14) is of divergence type, in contrast to those treated in Chap. 13,
and therefore, we cannot apply the results of Schauder directly. However, one can
develop similar methods. For the sake of variety, here, we shall present the method
of Campanato as an alternative approach. As a preparation, we shall now prove
some auxiliary results for equations of type (14.4.14) with constant coefficients. (Of
course, these results are already essentially known from Chap. 11.)

The first result is the Caccioppoli inequality:

d
MEP < Y AUk, forallE e RY
ij=1
with A > 0. Let u € W'2(2) be a weak solution of
d

Z D; (AVDiu) =0 inS2. (14.4.15)

ij=1
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We then have for all xy € §2 and 0 < r < R < dist(xg, d82) and all n € R,
C 2
|Duf < ——— lu—pl*. (14.4.16)
/l;(xo,r) (R—r)? B(x0,R)\ B(xo.r)

Proof. We choose 1 € HOI’Z(B(xO, R)) with

n=1 on B(xg,r), hence Dn=0 on B(xg,r),

Dyl < :
1Dl = 2 —

As in Sect. 11.2, we employ the test function

o= @—wn
and obtain

OzleﬂDmDAW—m#)
i.j

:i/EZAUDﬂdbuﬁ4—/2§:AUDMOF—MMDjW
i.j i.j

Using the ellipticity conditions, we deduce the inequality

A | Dul*n? f/ X:A"]AD,-uDjun2
B(xo,R) B(x0,R)

<eAd | Dul* n?
B(x0,R)

A
+=d 1Dyl u— ),
€ B(x0.R)\ B(xo.r)

since Dn = 0 on B(xo, r). Hence, with ¢ = A

1
24d’

C
/ |Dul’ p? < —2— 5 / lu—pul*,
B(x0.R) (R = 1) JB(xo,R)\B(xor)

and because of

/ |Du|zs/ |Dul? 7,
B(xq,r) B(x0.R)

the claim results.
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The next lemma contains the Campanato estimates:

Lemma 14.4.5. Under the assumptions of Lemma 14.4.4, we have

d
/ ul* < c3 (L) / Ju? (14.4.17)
- R
B(xo,r) B(x0,R)

as well as

2 r\d+2 2
/ ‘M — MB(xo,r)| <y <§> / |u — MB(xo,R)| . (14418)
B(xo.r) B(x0.R)

Proof. Without loss of generality r < §. We choose k > d. By the Sobolev
embedding theorem (Theorem 11.1.1) or an extension of this result analogous to
Corollary 11.1.3,

W*2(B(xo, R)) C C°(B(xo, R)).

By Theorem 11.3.1, now u € wk2 (B (xo, é)), with an estimate analogous to
Theorem 11.2.2. Therefore,

d
2 d 2 r
lul” < csr® sup |ul” < co———r llullyro R
/B(xo,r) B(xo.r) RA—2k WE(B(x0.3))

d

r 2
<37 |u|” .

R Jp(xo.8)

(Concerning the dependence on the radius: The power r¢ is obvious. The power R?
can easily be derived from a scaling argument, instead of carefully going through
all the intermediate estimates). This yields (14.4.17). Since we are dealing with an
equation with constant coefficients, Du is a solution along with u. For r < é, we
thus obtain

d
/ |Duf < ¢7— |Dul?. (14.4.19)
B(xo.r) RE JB(x0, %)
By the Poincaré inequality (Corollary 11.1.4),
/ |t — upgn|” < c8r2/ |Dul®. (14.4.20)
B(xo.r) B(xo,r)

By the Caccioppoli inequality (Lemma 14.4.4)

C9 2
|Dul* < — u—upeop)| - (14.4.21)
/B(X(»l;) R? B(xo,R) | (o
Then (14.4.19)—(14.4.21) imply (14.4.18). u]

We may now use Campanato’s method to derive the following regularity result:
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Theorem 14.4.3. Let a'/ (x),i,j =1,...,d, be functions of class C*, 0 < a < 1,
on 2 C RY, satisfying the ellipticity condition

d
MEP < Y dV(x)EE; forall €RY x € 2 (14.4.22)
i,j=1
and
la"(x)| <A forallx € R.i,j=1,....d, (14.4.23)

with fixed constants 0 < A < A < co. Then any weak solution v of
d
> D;(a’(x)Div) =0 (14.4.24)
i,j=1
is of class C'*' (2) for any o with0 < o/ < a.

Proof. For xy € §2, we write

a’ = a" (xo) + (a” (x) — a” (xo)) .

Letting
AV = aV (xo),
(14.4.24) becomes
> D (A"Div) = " D; (@’ (x0) —a”’ (x)Div) =Y D; (f7(x))
ij=1 ij=1 j=1
with
d
Sy =" ((@" (xo) — a” (x)) Div) . (14.4.25)

i=1

This means that

d d
/ > ATDwD;g :/ > fiDjp forallg € Hy?*(2).  (14.4.26)
2 =1 2=

For some ball B(xy, R) C £2, let

w e H'"*(B(xo, R))
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be a weak solution of
d
> D, (A7Diw) =0 in B(xo. R),
ij=1 (14.4.27)
w=1v ondB(xg, R).

Thus w is a solution of

d
/ > AYD;wDjp =0 forallg € Hy*(B(xo.R)). (14.4.28)
B(xo.R) ;7=

Such a w exists by the Lax-Milgram theorem (see appendix). Note that we seek
z=w—vwith

B(¢,2) ::/ZAifDisz<p
=: F(p) forallg € Hy?(B(xo, R)).

Since (14.4.27) is a linear equation with constant coefficients, then if w is a solution,

sois Dyw, k = 1,...,d (with different boundary conditions, of course). We may
thus apply (14.4.17) from Lemma 14.4.5 to u = D w and obtain
2 r\¢ 2
/ IDw] < 10 (—) / |Dw|?. (14.4.29)
B(xo.r) R/ JBxo.R)

(Here, Dw stands for the vector (Diw, ..., Dgw).) Since w = v on dB(xg, R),
¢ = v —w is an admissible test function in (14.4.28), and we obtain

d d
/ > ATDwDjw = / > ATD;wD;v. (14.4.30)
B(x0,R) B(xo,R)

ij=1 i.j=1

Using (14.4.27), (14.4.23) and the Cauchy—Schwarz inequality, this implies

Ad\?
/ |Dw|* < (—) / |Dv|*. (14.4.31)
B(xo.R) A B(x0.R)

Equations (14.4.26) and (14.4.28) imply

d

/B(xo,R) Z

i,j=1

d
4D -mbe= [ 3 fidgg
Bo.R) 2



386 14 Moser Iteration Method and Regularity Theorem of de Giorgi and Nash

for all ¢ € Hol’z(B(xo, R)). We utilize once more the test function ¢ = v —w to

obtain
1 ..
/ |D(v—w)|2§X/ > ATDi(v—w)D;(v—w)
B(x0.R) B(x0.R) ij
1 .
= fDj(v—w)
A B(x0,R) Xj: /

IA

by the Cauchy—Schwarz inequality, i.e.,

1 12
D —w) < —/ £if.
/Bm,m A% Jxo.r) Z]:| |

We now put the preceding estimates together. For 0 < r < R, we have

/ |Dv|2§2/ |Dw|2+2/ |ID(v — w)|?
B(xo.r) B(xo.r) B(xo.r)

! - 2)2
l(/B(xo,R)W(V W /Bm,m;v

1
2

j|2

(14.4.32)

r\¢ 2 2
= (%) DV 42 [ D —w)
R7 Jp(xo.R) B(xo.r)

by (14.4.29) and (14.4.31). Now

/ IDv—w)[? S/ |ID(v—w)|*, sincer <R
B(xo.r) X0.R)

1 / P2
1 by (14.4.32)
2 B(xo,R) Z]: | ‘ g

IA

=

<5z o @G-’ [ |pvf
ij B(xo,R)

L]
XEB(x0.R)

by (14.4.25)

< Clsza/ |Dv|*,
B(xo,R)

since the a”/ are of class C*. Altogether, we obtain

d
/ |Dv* <y ((L) + Rz"‘) / |Dv|?
B(xo.r) R B(xo.R)

(14.4.33)

(14.4.34)
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with some constant y. If (14.4.34) did not contain the term R?® (which is present
solely for the reason that the a/ (x), while Holder continuous, are not necessarily
constant), we would have a useful inequality. That term, however, can be made to
disappear by a simple trick. For later purposes, we formulate a somewhat more
general result:

Lemma 14.4.6. Let o(r) be a nonnegative, monotonically increasing function
satisfying
ANZ
o(ry<y ((E) + 8) o(R) + kR’

forall0 <r < R < Ry, with i > v and § < 8o(y, i, v). If 8 is sufficiently small,
for0 <r < R < Ry, we then have

o(r) <y (%)V o(R) + kr',

with y1 depending on y, L, v, and k| depending in addition on k (k; = 0 ifk = 0).
Proof. Let0 < t < 1, R < Ry. Then by assumption

o(zR) < yt* (1 +8t7")a(R) + kR".
We choose 0 < t < 1 such that

2pth =1t

with v < A < pu (without loss of generality 2y > 1), and assume that
ot < 1.
It follows that
o(tR) < t*0(R) + kR"
and thus iteratively for k € N

a(rk“R) < rxo(th) + k" RY

k
T(k+l)Aa(R) + K_L,kvRv Z tj()k—v)
j=0

)/()‘L'(k"’_l)v (O'(R) + KRU)

IA

IA

(where Yy, as well as the subsequent y;, contains a factor %). We now choose k € N
such that

_L,k+2R <r< 'L'k+1R,
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and obtain

o(r) < U(Tk+1R) <y (%)V o(R) + k1. O

Continuing with the proof of Theorem 14.4.3, applying Lemma 14.4.6 to (14.4.34),
where we have to require 0 < r < R < R, with R(z)" < &y, we obtain the inequality

d—e
/ IDVP < e (i) / |Dv)? (14.4.35)
B(xo.r) R B(x0.R)

for each ¢ > 0, where c¢;3 and R, depend on &. We repeat this procedure, but this
time applying (14.4.18) from Lemma 14.4.5 in place of (14.4.17). Analogously to
(14.4.29), we obtain
2 r\d+2 2
/ |DW - (DW)B(X()J)| =cCu (ﬁ) / ’DW - (DW)B(X(),R)| :
B(xo,r) B(xo,R)
(14.4.36)

We also have
2 2
/ |Dw — (DW) pxo.r)|” < / |Dw — (DV) Bxo.i)| -
B(x0.R) B(x0.R)

because for any L2-function g, the following relation holds:

2 .
/ |2 — gB(o.0)| = inf / lg—«l”. (14.4.37)
B(x.R) *€ER JB(x0.R)

(Proof: For g € L*(R2), F(x) = fQ lg — /c|2 is convex and differentiable with
respect to «, and

Fi0 = [ 20c- o
2
hence F’ (k) = 0 precisely for

a1l
k=—1_ g,
121 Jo

and since F is convex, a critical point has to be a minimizer.)

Moreover,
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[ 1pw= O]
B(xo,R)

1

= A7 (Diw — (Div) pxo.r)) (Djw — (D V) Bxo.r))
B(xo,R) i.j

1

=7 / > AT (Diw = (Div)o.w) (Djv = (D) Bxg. 1)
B(x0.R) i

+ A Z AV (Div)B(x(),R) (D/V - Djw)
B(xo,R) ij

by (14.4.30). The last integral vanishes, since A" (D; V) B(x,R) 1S constant and v—w €

Hol’2 (B(xo, R)). Applying the Cauchy—Schwarz inequality as usual, we altogether
obtain

A2
/ |Dw— (DW) g | < = d> / |Dv — (DV) oy |* - (144.38)
B(x0.R) B(x0.R)

Finally,
2 2
/ ‘DV — (DV)B(_X()J‘)‘ = 3/ |DW - (DW)B(X()J)‘
B(xo.r) B(xo.r)

+3 / |Dv — Dwl|?
B(xo,r)

2
+ 3/ ((DV)B(X()J) - (DW)B(X()J)) :
B(xo.r)

The last expression can be estimated by Holder’s inequality

1 2
/ (— (Dv — Dw)) < / (Dv — Dw)>.
B(X(),r) IB()C(), r)l B(X(),r) B(X(),r)

Thus

2
/ ‘DV - (DV)B(X()J)‘
B(xo.r)
2
< 3/ |Dw — (DW) pron|” + 6/ |Dv — Dw|?
B(xo,r) B(xo,r)

< 3/ |Dw — (Dw)B(XO,,)\2 + clsto‘/ |Dv]* (14.4.39)
B(xo.r) B(x0,R)
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by (14.4.33). From (14.4.36), (14.4.38), and (14.4.39), we obtain

[ by @vmnf
B(xo,r)

r\d+2 2 2 2
<cis (—) |Dv— (DV)pxo.n|” + c17R | Dv|
R B(x0.R) B(x0.R)

r

d+2 5 ot
< ci6 (ﬁ) / iDV - (DV)B(xO,R)| + cig R (14.4.40)
B(x0.R)

applying (14.4.35) for 0 < R < Ry in place of 0 < r < R. Lemma 14.4.6 implies

2
/ |DV_ (DV)B(X()J)|
B(xo.r)

r

d+20—¢ 2 _
<cC9 (—) / |DV - (DV)B(XO,R)| + Czord+2a 3
R B(x0.R)

The claim now follows from Campanato’s theorem (Corollary 11.1.7). O

It is now easy to prove Theorem 14.4.2:

Proof of Theorem 14.4.2: We apply Theorem 14.4.3 to v = Du and obtain v €
C'"; hence u € C2¥. We may then differentiate the equation with respect to
x* and observe that the second derivatives D jku, jok = 1,...,d, again satisty
equations of the same type. By Theorem 14.4.3, then D%u € C'"; hence u €
c3e’, Iteratively, we obtain u € C™ %" for all m € N with 0 < «,, < 1. Therefore,
ue C*®.

Remark. The regularity Theorem 14.4.1 of de Giorgi more generally applies to
minimizers of variational problems of the form

1(v) = /Q F(x,v(x), Dv(x))dx,

where F € C®(2 x R x R x RY) again satisfies conditions like (i), (ii)
of Theorem 14.4.1 with respect to p, and #F (x,v, p) satisfies smoothness
conditions with respect to the variables x and v uniformly in p.

References for this section are Giaquinta [10, 11].
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Summary

Moser’s Harnack inequality says that positive weak solutions u of

ad
Lu= Z o ( ’](x)—u(x))

satisfy an estimate of the form

sup u < const inf u
B(x0.R) B(x0.R)

in each ball B(xp, R) in the interior of their domain of definition 2. Here,
the coefficients a”/ need to satisfy only an ellipticity condition, and have to be
measurable and bounded, but they need not satisfy any further conditions like
continuity. Moser’s inequality yields a proof of the fundamental result of de
Giorgi and Nash about the Holder continuity of weak solutions of linear elliptic
differential equations of second order with measurable and bounded coefficients.
These assumptions are appropriate and useful for applications to nonlinear elliptic
equations of the type

0
Yo ( Y (u (x))—u(x))

Namely, if one does not yet know any detailed properties of the solution u, then,
even if the AY themselves are smooth, one can work only with the boundedness of
the coefficients

a’ (x) := AV (u(x)).
Here, a nonlinear equation is treated as a linear equation with not necessarily regular
coefficients.
An application is de Giorgi’s theorem on the regularity of minimizers of
variational problems of the form

/ F(Du(x)) (14.4.38)x — min

under the structural conditions

@ 15 (p)| < Klpl,

(i) AEP <Y gpFa(;)Széj < A|g|* forall £ € RY,

with constants K, A < co, A > 0.
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Exercises

14.1. Formulate conditions on the coefficients of a differential operator of the form

d d
Lu = igl % (aij (x)a_?clu(X)) + ; %(bi(x)u(x)) + c(x)u(x)

that imply a Harnack inequality of the type of Corollary 14.1.1. Carry out the
detailed proof.

14.2. Asin Lemma 14.1.4, let

1/
¢(p,R>=(]£( Rupdx) ’

for a fixed positive u : B(xg, R) — R.

Show that
lim ¢(p, R) = exp (][ log u(x) dx) .
=0 B(xo,R)

14.3. Show the regularity of bounded minimizers of

/Qg(x, u(x))| Du(x)|*dx

where g is smooth, bounded, and > A for some constant A > 0.



Appendix. Banach and Hilbert Spaces.
The L?-Spaces

In this appendix we shall first recall some basic concepts from calculus without
proofs. After that, we shall prove some smoothing results for L”-functions.

Definition A.1. A Banach space B is a real vector space that is equipped with a
norm ||-|| that satisfies the following properties:

(1) |lx|| > Oforallx € B, x # 0.
(i) |lex] = || - ||x|| foralle € R, x € B.
(iii) [|x + y|| < ||x|| + [|¥| forall x, y € B (triangle inequality).
(iv) B is complete with respect to ||-|| (i.e., every Cauchy sequence has a limit in
B).

We recall the Banach fixed-point theorem
Theorem A.1. Let (B, | - ||) be a Banach space, A C B a closed subset, and
f 1 A— B amap with f(A) C A which satisfies the inequality

I/ (x) = fODII = Ollx =yl forallx,y € A,

for some fixed 8 with0 < 0 < 1.

Then f has unique fixed point in A, i.e., a solution of f(x) = x.

For example, every Hilbert space is a Banach space. We also recall that concept:
Definition A.2. A (real) Hilbert space H is a vector space over R, equipped with a
scalar product

(w):HxH—>R

that satisfies the following properties:

) (x,y)=(y,x)forallx,y € H.
(i) (A1x; + Aaxa, y) = A1(x1, y) + Aa(xz, y) forall A, Ar € R, x1,x2,y € H.
(iii) (x,x) >Oforallx #0,x € H.

J. Jost, Partial Differential Equations, Graduate Texts in Mathematics 214, 393
DOI 10.1007/978-1-4614-4809-9,
© Springer Science+Business Media New York 2013
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(iv) H is complete with respect to the norm
1
Xl = (x,x)>.

In a Hilbert space H, the following inequalities hold:

— Schwarz inequality:

G, = lxl - Nyl (A.D

with equality precisely if x and y are linearly dependent.
— Triangle inequality:

lx+ I < llx[l + Iyl (A2)
Likewise without proof, we state the Riesz representation theorem:

Let L be a bounded linear functional on the Hilbert space H, i.e., L : H — R is
linear with

L
1L = sup 22 < o

w0 [1X]l
Then there exists a unique y € H with L(x) = (x,y) forall x € H, and

ILI = N>l

The following extension is important, too:

Theorem of Lax—Milgram: Let B be a bilinear form on the Hilbert space H that
is bounded,

|B(x,y)| < K| x|||ly] forallx,y € H with K < oo,
and elliptic, or, as this property is also called in the present context, coercive,
|B(x,x)| > A|lx||* forall x € H with A > 0.
For every bounded linear functional T on H, there then exists a unique y € H with
B(x,y) =Tx forallx € H.
Proof. We consider

L:(x) = B(x,2).
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By the Riesz representation theorem, there exists Sz € H with
(x,S7) = L;x = B(x, 7).
Since B is bilinear, Sz depends linearly on z. Moreover,
ISzl < K izl

Thus, S is a bounded linear operator.
Because of

Mizl? < B(z.2) = (2. 52) < |lz]l Sz
we have
Szl = Allz]l.

So, S is injective. We shall show that S is surjective as well. If not, there exists
x # 0 with

(x,Sz) =0 forallze H.
With z = x, we get
(x,Sx) =0.
Since we have already proved the inequality
(x.8x) = A x|,

we conclude that x = 0. This establishes the surjectivity of S. By what has already
been shown, it follows that S~ likewise is a bounded linear operator on H. By
Riesz’s theorem, there exists v € H with

Tx =(x,v)
= (x,Sz) forauniquez € H,since S is bijective
= B(x,z) = B(x,S ).
Then y = S~ !v satisfies our claim. O

The Banach spaces that are important for us here are the L?-spaces:
For 1 < p < oo, we put

LP(£2) .= {u : £2 — R measurable,

1
with Jull, = Nl o ey = [f lul” dx]7 < oo}
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and

L>®(2) := {u : 2 — R measurable,

with [Julloq = lu] s ) = supu] < o0
Here
sup |u| := inf{k € R: {x € 2 : |u(x)| > k} is a null set}

is the essential supremum of |u|.
Occasionally, we shall also need the space

L} (£2) := {u: 2 — R measurable with u € L”(2") forall 2’ CcC £},

l<p<=oo

In those constructions, one always identifies functions that differ on a null set.
(This is necessary in order to guarantee (i) from Definition A.1.)

We recall the following facts:

Lemma A.1. The space L?(82) is complete with respect to |||, Inductively and
hence is a Banach space, for 1 < p < oco. L*(2) is a Hilbert space, with scalar
product

(u,v) 120 ::/Qu(x)v(x)dx.

Any sequence that converges with respect to |||, contains a subsequence that

converges pointwise almost everywhere. For 1 < p < oo, C%(8) is dense in
LP(R2); i.e., foru € L?(2) and & > 0, there exists w € C°(£2) with

lu—wl, <e. (A.3)

Holder’s inequality holds: If u € L?(82),ve L1(£2), 1/p + 1/q = 1, then

LWEWMmyMWm- (A4)

Inequality (A.4) follows from Young’s inequality

a? b4 . 1 1
ab< —+ —, ifa,b>0, pg>1, —+—-—=1. (A.5)
p q p q
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To demonstrate this, we put

A= ull, . B =l

and without loss of generality A, B # 0. With ¢ := 23l p .= ‘V(;;)‘ , (A.5) then
implies

[l 14 L8
AB p AP ¢q B4

ie., (A4).
Inductively, (A.4) yields thatif u; € L?', ... u, € L,

1
2 =1L

iz Pi

then
/ -t < Nt s = Nt o - (A6)
2

By Lemma A.1, for 1 < p < oo, C°(£2) is dense in L?(£2) with respect to
the L”-norm. We now wish to show that even C{°(£2) is dense in L”(§2). For
that purpose, we shall use so-called mollifiers, i.e., nonnegative functions o from

Cs°(B(0, 1)) with
/de =1.

B(O,1):={x e R? : x| < 1}.

Here,

The typical example is

exp (|x|2;—1) for |x| <1,

for |x| > 1,

o(x) :=

where ¢ is chosen such that [odx = 1. Foru € L?(2), h > 0, we define the
mollification of u as

1 —
)= [ (52 uay. (A7)
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where we have put u(y) = 0 for y € R? \ £2. (We shall always use that convention
in the sequel.) The important property of the mollification is

up € Cooo (Rd)

for a bounded 2.

Lemma A.2. For u € C°(82), as h — 0, uy, converges uniformly to u on any
QR cc.

Proof.

1 X—y
w =gz [ o)
Y

= / o(2)u(x —hz)dz withz = Xy
lz|I<1

(A.8)
h

Thus, if 2’ CC £2 and 2/ < dist(£2’, §2), employing
u) = [ outd:
lzl=1
(this follows from flz\ <1 0(2)dz = 1), we obtain

sup i — up) < sup / 0(2) [u(x) — u(x — h2)) dz.
Q' xe’ Jlz|<1

IA

sup sup |u(x) — u(x — hz)|.

X€R |7]<1

Since u is uniformly continuous on the compact set {x : dist(x, £2') < h}, it
follows that

sup |u —up| - 0 forh — 0. O
Q/

Lemma A.3. Letu € L?(§2),1 < p < oo. For h — 0, we then have

llu —unll L2y = O.

Moreover, uj converges to u pointwise almost everywhere (again putting u = 0

outside of $2).
Proof. We use Holder’s inequality, writing in (A.8)

0@u(x — hz) = 0(2)7 0(2) 7 u(x — h2)
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with 1/p 4+ 1/g = 1, to obtain

()7 < ( / | lg(z)dz)” / IRCIZCE IR

= / 0(2) lu(x — hz)|? dz.
lz|<1

We choose a bounded 2" with 2 CC £2'.
If 21 < dist(£2, 082’), it follows that

/9 ()] dx < /Q /| IRCIZCR

= /|z|51 (Q(Z)/Q lu(x — hz)|? dx) dz

< / u(y)|” dy (A.9)
Q/

(with the substitution y = x — hz). For ¢ > 0, we now choose w € C%(£2’) with
lu—=wliron <e
(cf. Lemma A.1). By Lemma A.2, for sufficiently small £,
w—=wnllpry <e

Applying (A.9) to u — w, we now obtain

/ 0 () — w01 dx < / () — w(y)|? dy
2 koid
and hence

lu—unll o2y < le=wllir@y + W —=wallLoe) + lun —wallLr (o)
<2+ [lu—wlLrqy < 3e.
Thus u;, converges to u with respect to [|-|| ,. By Lemma A.1, a subsequence of uy,

then converges to u pointwise almost everywhere. By a more refined reasoning, in
fact the entire sequence u;, converges to u for h — 0. O

Remark. Mollifying kernels were introduced into PDE theory by K.O. Friedrichs.
Therefore, they are often called “Friedrichs mollifiers.”
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For the proofs of Lemmas A.2 and A.3, we did not need the smoothness of p at all.
Thus, these results also hold for other kernels, and in particular for

L for x| <1,

o(x) = g‘“d

0 otherwise.

The corresponding convolution is

1 xX—y 1
, = — d = —— d = N
() = = /Q o () umay = s [y ]ém)”

i.e., the average or mean integral of u on the ball B(x,r). Thus, analogously to
Lemma A.3, we obtain the following result:

Lemma A4, Letu e L?(§2),1 < p < oo. Forr — 0, then

|
B(x,r)

converges to u(x), in the space LP(§2) as well as pointwise almost everywhere.

For a detailed presentation of all the results that have been stated here without proof,
we refer to Jost [19].
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L(x)= [ e t*"'dt forx > 0,108
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A

«-Holder continuous, 267

alternating method of H.A. Schwarz, 72
Arzela—Ascoli, 23

B
Banach fixed point theorem, 393
Banach space, 393
barrier, 70, 80
bilinear form, 236

coercive, 236, 394

elliptic, 236, 394
boundary point

nonregular, 80
boundary point lemma of E. Hopf, 41, 96
boundary regularity, 283, 289
boundary value problem, 6
boundedness, 284
Brownian motion, 196, 198
Burgers’ equation, 156

C
Caccioppoli inequality, 375, 381
calculus of variations

direct method, 234
Calderon—Zygmund inequality, 311, 316
Campanato estimates, 383
Cauchy—Riemann equations, 2, 10
chain rule for Sobolev functions, 225
Chapman—Kolmogorov equation, 194, 195
characteristic curve, 159
characteristic equation, 153
compactness theorem of Rellich, 228, 292, 297
comparison theorem, 49
complete integral, 160

concave, 44, 354

conservation of mass, 208
constructive method, 59
constructive technique, 7
continuity equation, 154, 208
continuous semigroup, 175
contracting, 175

convex, 26, 354

convolution, 97

Courant’s minimax principle, 304
Courant’s nodal set theorem, 308
cutoff function, 274, 314

D
Darboux equation, 165
decomposition of Laplace operator, 11
decomposition of wave operator, 150
delta distribution, 222
difference equation, 59
difference method, 59
difference quotient, 271
forward and backward, 60
difference scheme, 66
consistent, 66
convergent, 66
differential equation
parabolic, 85
differential operator
elliptic, 65
linear elliptic, 37
diffusion process, 2
Dirac delta distribution, 13
Dirichlet boundary condition, 296
Dirichlet integral, 217,230, 235
transformation behavior, 234
Dirichlet principle, 215, 230, 280
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Dirichlet problem, 17, 19, 28, 29, 40, 50, 61, global existence, 131
71,99, 215, 280, 347 Green function, 14, 17, 28, 63
weak solution, 284 for a ball, 16
Dirichlet problem on the ball Green representation formula, 12
solution, 18 Green’s formulae, 9
discretely connected, 60 first Green’s formula, 9
discretization second Green’s formula, 9

heat equation, 122
discretization of the heat equation, 122

distribution, 14, 221 H

distributional derivative, 221 Hadamard, 6

divergence theorem, 9 Hamilton equations, 160
Duhamel principle, 113 Hamilton-Jacobi equation, 159
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harmonic polynomials, 10

E Harnack convergence theorem, 33, 69, 74

edge path, 60 Harnack inequality, 32, 365

edges, 60 heat equation, 2, 85,97, 119, 164, 173

eigenvalue, 136, 142, 144,295 semidiscrete approximation, 123

eigenvalue problem, 300 strong maximum principle, 95

Einstein field equation, 3 heat kernel, 89, 112, 173, 198

elliptic, 5, 48, 49 Hilbert space, 393

elliptic differential operator Hille-Yosida theorem, 188
divergence type, 353 Holder continuous, 329

elliptic regularity theory, 279 Holder’s inequality, 396

ellipticity, 37, 284, 340 holomorphic, 10

ellipticity condition, 51 Huygens principle, 169

energy, 162 hyperbolic, 6

energy norm, 162
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estimates of J. Schauder, 340 I

Euler—Lagrange equations, 233, 235 infinitesimal generator, 176

example of Lebesgue, 80 inhomogeneous Neumann boundary
existence, 6 conditions, 294

existence problem, 346 initial boundary value problem, 90, 111, 114,
extension of Sobolev functions, 291 128

exterior sphere condition, 80 initial value problem, 98, 151, 166, 168, 174

integration by parts, 219
isolated singularity, 28
F iteration argument, 288
first eigenvalue, 307
Fisher equation, 134
fixed point, 393 J
fully nonlinear equation, 5 jump condition, 157
fundamental estimates of J. Moser, 356
fundamental solution, 312

K
Koopman semigroup, 182
G Korteweg—de Vries equation, 2
gamma function, 108
generalized solution, 152
Gierer-Meinhardt system, 140 L
global bound, 280 Laplace equation, 1, 12,59, 61, 99

global error, 66 discrete, 61
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discretized, 123
fundamental solution, 12
weak solution, 231

Laplace operator, 1,37, 198
eigenvalues, 295
rotational symmetry, 12
transformation behavior, 234

Lax-Milgram theorem, 239

linear, 10

linear equation, 4

Liouville theorem, 31

Lipschitz continuous, 267, 329

local error, 66

local existence, 128

logarithmic cut-off function, 279

M
Markov process, 195

spatially homogeneous, 196
Markov property, 194
maximum principle, 24, 27, 49, 51, 73, 91, 101,

114,210

discrete, 61

of Alexandrov and Bakelman, 44

strong, 27, 68

of weak subsolutions, 369

strong, E. Hopf, 41

weak, 27, 38
Maxwell equation, 3
mean, 260, 262
mean value formula, 19
mean value inequality, 24
mean value property, 20, 23, 123
method of characteristics, 153
methods of Campanato, 381
minimal surface equation, 3
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Monge—-Ampere equation, 2, 48, 49
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Moser iteration scheme, 362
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Navier—Stokes equation, 3
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nonlinear equation, 5

nonlinear parabolic equation, 127
numerical scheme, 7
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parabolic, 6
partial differential equation, 1
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periodic boundary condition, 16
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plate equation, 4
Poincaré inequality, 226, 232, 265, 298, 303
Poisson equation, 1,27-30, 32, 235, 347
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weak solution, 232, 240, 273
Poisson representation formula, 18
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propagation of waves, 2

Q

quasilinear equation, 5

R
Rankine-Hugoniot condition, 156, 158
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Rayleigh—Ritz scheme, 305
reaction-diffusion equation, 128, 132
reaction-diffusion system, 135, 139
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regular point, 71
regularity issues, 119
regularity result, 273
regularity theorem of de Giorgi, 376
regularity theory, 232
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representation formula, 17, 151
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Riesz representation theorem, 273, 394

S
scalar product, 393
Schauder estimates, 340
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Schrodinger equation, 4
Schwarz inequality, 394
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continuous, 175, 186
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semigroup property, 195
semilinear equation, 5
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spatial variable, 2
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for the heat equation, 95
of E. Hopf, 41
strong solution, 312
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theorem of Campanato, 269, 271
theorem of de Giorgi and Nash, 366, 378
theorem of Jacobi, 160
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theorem of Kellogg, 347
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theorem of Turing, 144
Thomas system, 141

time coordinate, 2

transport equation, 149
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triangle inequality, 394
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uniqueness, 6
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uniqueness result, 50
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variational problem
constructive method, 243
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wave equation, 2, 149, 164, 166, 168

wave operator, 150
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weak maximum principle, 27

weak solution, 210, 274, 280, 313, 317, 333,
381

Holder continuity, 366

weak solution of first order hyperbolic
equation, 157

weak solution of the Dirichlet problem, 284

weak solution of the Poisson equation, 240

weakly differentiable, 219

weakly harmonic, 231

Weyl’s lemma, 22

Y
Young inequality, 274, 396



	Partial Differential Equations
	Preface
	Contents
	Chapter 1: Introduction: What Are Partial Differential Equations?
	Chapter 2: The Laplace Equation as the Prototype of an Elliptic Partial Differential Equation of Second Order
	Chapter 3: The Maximum Principle
	Chapter 4: Existence Techniques I: Methods Based on the Maximum Principle
	Chapter 5: Existence Techniques II: Parabolic Methods. The Heat Equation
	Chapter 6: Reaction–Diffusion Equations and Systems
	Chapter 7: Hyperbolic Equations
	Chapter 8: The Heat Equation, Semigroups, and Brownian Motion
	Chapter 9: Relationships Between Different Partial Differential Equations
	Chapter 10: The Dirichlet Principle. Variational Methods for the Solutionof PDEs (Existence Techniques III)
	Chapter 11: Sobolev Spaces and L2 Regularity Theory
	Chapter 12: Strong Solutions
	Chapter 13: The Regularity Theory of Schauder and the Continuity Method (Existence Techniques IV)
	Chapter 14: The Moser Iteration Method and the Regularity Theorem of de Giorgi and Nash
	Appendix. Banach and Hilbert Spaces. The Lp-Spaces
	References
	Index of Notation
	Index



